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To my wife 



Preface 



The aim of this book is to present an exposition of the theory of alge- 
braic numbers, excluding class-field theory and its consequences. There are 
many ways to develop this subject; the latest trend is to neglect the classical 
Dedekind theory of ideals in favour of local methods. However, for numeri- 
cal computations, necessary for applications of algebraic numbers to other 
areas of number theory, the old approach seems more suitable, although its 
exposition is obviously longer. On the other hand the local approach is more 
powerful for analytical purposes, as demonstrated in Tate's thesis. Thus the 
author has tried to reconcile the two approaches, presenting a self-contained 
exposition of the classical standpoint in the first four chapters, and then 
turning to local methods. 

In the first chapter we present the necessary tools from the theory of 
Dedekind domains and valuation theory, including the structure of finitely 
generated modules over Dedekind domains. In Chapters 2, 3 and 4 the clas- 
sical theory of algebraic numbers is developed. Chapter 5 contains the fun- 
damental notions of the theory of p-adic fields, and Chapter 6 brings their 
applications to the study of algebraic number fields. We include here Shafare- 
vich's proof of the Kronecker- Weber theorem, and also the main properties 
of adeles and ideles. 

In Chapter 7 we apply analytical methods, and derive functional equations 
for various zet a- functions, including Dedekind zeta-functions and Dirichlet's 
L- functions. These functions are then applied to the study of asymptotic 
distributions of ideals and prime ideals. In Chapter 8 we consider Abelian 
extensions of the rationals. We prove the Siegel-Brauer theorem in this case, 
obtain the class-number formula, and give an effective bound for negative 
quadratic discriminants with class-number one. The last chapter deals with 
factorization of algebraic integers into irreducibles. 

Each chapter ends with a section containing comments and a short review 
of the relevant literature. A short selection of exercises is also given. 

At the end of the book we present a choice of open problems containing 
some classical questions, and also some problems of more recent vintage. 
In the first edition this list contained 35 problems, 14 were added in the 
second edition, and now we added 10 more. Some of them were solved in the 
meantime. They are marked by an asterisk in our list. 



VIII Preface 



We expect the reader to have an elementary knowledge of algebraic and 
topological notions, including elements of Galois theory. 

There are three appendices dealing with locally compact Abelian groups, 
Dirichlet series and Baker's method, presenting results utilized in the main 
text. 

The comments at the end of each chapter have been rewritten to take 
account of the development of the subject up to 2003, and the bibliography 
has been extended accordingly. To keep the size of the book reasonable some 
changes in the main text have been made in comparison to the previous edi- 
tions. Certain proofs were simplified, and we decided to omit a few theorems. 
In contrast to the previous editions, written on a typewriter, this time a com- 
puter was used, and this gave the possibility to improve the text on several 
places. I am grateful to several friends and colleagues, who commented on the 
previous editions. A particular thank goes to Dr.Tadeusz Pezda, who carefully 
read the out prints of the new version, and suggested several clarifications and 
improvements. 

Finally I would like to thank the Springer Verlag for the cooperation in 
the realization of this book. 



Wroclaw, January 2004 



Wladyslaw Narkiewicz 
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Notation 



We shall use the following standard notation: 

The letter C will denote the complex field, R the field of real numbers, 
Q the field of rationals, Z the ring of all rational integers, N the set of all 
positive integers and P the set of all rational primes. F q will denote the finite 
field of q elements. By [x] and {x} we shall denote the integral resp. fractional 
part of x. 

The letter p with or without indices will be reserved for prime numbers, 
except when explicitly stated. For prime p the notation p a \\ n means that 
p a is the largest power of p dividing n. The cardinality of a set A will be 
denoted by #A 

The ra-th primitive root of unity will be denoted by £ m . In fields of zero 
characteristic we shall assume £ m = exp(27ri/ra). 

By A ~ B we shall indicate that two algebraic structures A and B are 
isomorphic. 

We shall use the Kronecker symbol 5j defined by 



and the sign of a real number a will be denoted by sgna. 

By GRH we shall mean the General Riemann Hypothesis (called some- 
times the Extended Riemann Hypothesis), which states, that all zeros of 
zeta-functions of Riemann, Dedekind, and Hecke in the strip 0 < Re s < 1 
lie on the line Re s — 1/2. 

The symbol □ will indicate the end of a proof. Empty sums are considered 
to be equal 0, and empty products are equal 1. 




1. Dedekind Domains and Valuations 



1.1. Dedekind Domains 

1. This chapter is introductory, and contains the fundamental properties of 
Dedekind domains including their behaviour under finite extensions and the 
structure of finitely generated modules. Moreover, we include elementary facts 
about valuations needed in the sequel. 

Consider a commutative domain R, and let K be its field of quotients. Any 
non-zero i?-module / contained in K, and such that for a certain non-zero 
a G R we have al C R, will be called a fractional ideal of R. Every fractional 
ideal contained in R is an ideal in the usual sense, and the converse holds for 
all non-zero ideals. If ii, I2 are fractional ideals, then their product I1I2 is 

defined as the set of all sums a\b\ H ha m 6 m with G I\ and hi Eh- This 

set is also a fractional ideal. Indeed, it is a non-zero i?-module contained in 
K, and if x, y ^ 0 lie in R and satisfy xl\ C R, ylz C R, then for a — ^ afti 
in I1I2 we get 

(xy)a = ^jT,(xai)(ybi) G R. 

i 

Observe that for a non-zero a G K the set aR is a fractional ideal. Such 
ideals are called principal fractional ideals. It is clear that the set of all 
fractional ideals of R forms a commutative semigroup with a unit element 
equal to R. 

Any commutative ring with a unit element, but possibly with zero- 
divisors, is called a Noetherian ring if every ascending chain of distinct ideals 
is necessarily finite. 

Proposition 1.1. A commutative ring with a unit element is Noetherian if 
and only if every its ideal is finitely generated. 

Proof : Let R be Noetherian and assume that / C R is an ideal which is 
not finitely generated. Select a non-zero element X\ G / arbitrarily, and if 
the elements x±,X2, • • • ,x n are already selected, then choose for x n+ i any 
element of / not contained in the ideal x\R + X2R + • • • + x n R. Such a choice 
is possible because / is not finitely generated. This leads to an ascending 
chain X\R, X\R + X2R, . • of distinct ideals, contrary to our assumption. 
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Conversely, let R be a ring in which every ideal is finitely generated, and 
consider any ascending chain I\ C I 2 C . . . of its ideals. The union IJ^Li In is 
an ideal in R, and so has a finite set of generators. But this set must already 
lie in some 7 n , which shows that our chain has at most n distinct terms. □ 

Corollary. If every ideal of R is principal, then R is Noetherian, provided it 
is commutative and has a unit element. □ 

We shall need also the notion of a Noetherian module. If R is a commu- 
tative ring with a unit element, then an i^-module M is called a Noetherian 
module if every ascending chain of its submodules has only a finite num- 
ber of distinct terms. In the same manner as in Proposition 1.1 one shows 
that an i^-module is Noetherian if and only if every its submodule is finitely 
generated. 

Proposition 1.2. (i) The direct sum of a finite number of Noetherian mo- 
dules is again a Noetherian module. 

(ii) A homomorphic image of a Noetherian module is again Noetherian. 
Proof : We start with a simple lemma: 

Lemma 1.3. If M is a Noetherian R-module and the sequence 

0 — >M 1 — y M — > M 2 — > 0 (1.1) 

is exact (i.e., Mi is a sub-R-module of M and M 2 ~ MjM\), then the mo- 
dules Mi and M 2 are also Noetherian. Conversely, if there exists a sequence 
(1.1) with Noetherian Mi,M 2 , then M is Noetherian. 

Proof : Let M be Noetherian and let (1.1) be exact. As every submodule 
of Mi is a submodule of M, the noetherianity of Mi results. If {I m } is an 
infinite ascending chain of distinct submodules of M 2l then the reciprocal 
images of I m in M form an infinite ascending chain of distinct submodules 
of M, contradicting our assumption. 

Assume now M\,M 2 to be Noetherian and (1.1) to be exact. Let {Im} 
be an ascending chain of submodules of M, and let J m be the image of 7 m 
in M 2 . The sequence {J m } is ascending, thus for sufficiently large n we have 
Jn — Jn+i — Jn+2 = • • •? and similarly we obtain for J m = I m n Mi the 
equalities J' ni = J^i+i = • • • for sufficiently large n\. Put iV = max{n, rii} 
and let r > N. If a G 7 r , then for a certain b G In we have a — b G Mi, 
whence 

a-b G I r n Mi C I Nl 

and a G In- Thus I r C In, and the sequence {I m } has only finitely many 
distinct terms, which implies that M is Noetherian. □ 
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To prove our proposition note that its part (ii) is already contained in the 
lemma, and (i) follows by induction owing to the observation that for any 
i2-modules A and B the sequence 

0 — > A — > A®B — > B — >0 

is exact. □ 



Corollary. A finitely generated module over a Noetherian ring R is Noethe- 
rian. 



Proof : Applying part (i) of the proposition we obtain that R k is Noetherian 
for every positive integer /c, and it remains to observe that every finitely 
generated .R-module is a homomorphic image of R k for a suitable and so 
part (ii) of the proposition is applicable. □ 

From now on we shall assume that R is a commutative domain, and by 
K we shall denote its field of fractions. If / is a fractional ideal of R, then we 
shall denote by V the set 

{x e K : xl C R}. 

Obviously V is a non-zero .R-module. Observe that it is a fractional ideal. 
In fact, if y is a non-zero element of /, and r is a non-zero element of R 
satisfying ry £ R, then ry lies in Rnl, and for every a e I' we have ary e R. 

It is easy to see that II' C R. If for a fractional ideal / the equality 
ii 7 = R holds, then we say that / is invertible, and write I~ 1 instead of I'. 

Proposition 1.4. Every principal fractional ideal is invertible, and the set 
of all invertible fractional ideals forms a group under multiplication. 

Proof : li I — aR with a non-zero a e K, then evidently i" 7 = a~ x R and 
II' = R follows. Now note that if for two fractional ideals ii, I 2 the equality 
= R holds, then they are both invertible and I 2 = If 1 . Indeed, we have 
I 2 C I[, thus R = I X I 2 C Iil[ C R, hence Iil[ = R, and we see that I x is 
invertible, and, moreover, I[ = I[R = I^hh = Rh = h- This observation 
shows that if /, J are both invertible, then in view of IJ{I~ X J -1 ) = R we 
get the invertibility of I J, and it remains to observe that (J -1 ) -1 = /. □ 

If a domain R is not a field, and every fractional ideal of R is invertible, 
then we say that R is a Dedekind domain. Since a finite domain is a field it 
follows that every Dedekind domain is infinite. 

The first part of the last proposition implies that every principal ideal 
domain is Dedekind, and this applies in particular to the ring Z of rational 
integers. Two important properties of Dedekind domains are given by the 
following theorem: 
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Theorem 1.5. If R is a Dedekind domain, then R is Noetherian, and every 
non-zero prime ideal of R is maximal. 

Proof : Let / be a non-zero ideal in R. In view of J/ -1 = R there exist 
elements ai £ /, bi £ J -1 (i = 1, 2, . . . , m) such that YmLi a ^ = 1- ^ now 
x £ I, then x = YliLi( x ^i) a i an( ^ ^ ^ whence / is generated, as an 
i?-module, by the finite set {ai, . . . , a m }, and the noetherianity of R follows. 

Now let p be a non-zero prime ideal in R, and let ^3 be a maximal ideal 
containing it. We have p^P -1 C *P*P _1 = R, and so p^P -1 is an ideal of R. As 
p*P _1 *P = p, we must have either p^P -1 C p or *P C p, because p is a prime 
ideal. The first possibility leads to *P _1 C p _1 p = R, which implies *P -1 = R 
and *P = i?, but this is not possible, hence the second possibility must hold, 
and it leads to p — *p. □ 

2. To obtain further results on Dedekind domains we have to introduce the 
notion of integrality. Let R be a domain, and let L be any field containing 
R (there is no need for L to coincide with the field of fractions of R). An 
element x G L is said to be integral over R, or shortly R-integral, if for some 
n > 1 there exist elements ao, ai, . . . , a n _i of R such that the equality 



holds, i.e., if # is a root of a monic polynomial of positive degree and coeffi- 
cients in R. 

Note that if R is a field, then the elements integral over R are exactly 
those which are algebraic over R, i.e., which are roots of non-zero polynomials 
over R. 

One can define i?-integrality in another way, which is sometimes better 
suited for applications. This is the content of the next proposition: 

Proposition 1.6. The following properties of an element x, lying in a field 
L containing R, are equivalent: 

(i) x is R-integral, 

(ii) The ring R[x] generated by R and x is a finitely generated R-module, 

(Hi) There exists a finitely generated and non-zero R-module M C L with 
xM c M. 

Proof : (i) =>► (ii) Observe that the elements 1, x, . . . , x n ~ l , with n as in (1.2), 
generate R[x]. 

(ii) =>► (hi) The i?-module R[x] may serve as M. 

(hi) =>► (i) Let zi,...,z r be generators of M. Prom xM c M we obtain 
the existence of bij G R (i, j = 1, 2, . . . , r) such that 



x n + a n -xx 



,n-l 



+ . . . + a 0 = 0 



(1.2) 



r 
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holds. Since M is non-zero, not all Zi can vanish, and so we have 

det[b i:i - xSi] = 0, 

where 

Expanding this determinant we get an equation of the form (1.2). □ 

Corollary. The set of all R-integral elements of a field L (with R being a 
subring with unit of L) forms a ring. 

Proof : Let a, b G L be i2-integral. Choose finitely generated and non-zero 
iZ-modules M,N in L, satisfying aM c M and bN C N. The iZ-module 
MN = {^2 rrijUj : rrij G M, rij G A/"} is finitely generated and non-zero, and 
we have 

(a ± b)MN C MN, (ab)MN C MiV, 
whence a±b and a& are i2-integral. □ 

The ring whose existence is asserted in this corollary is called the integral 
closure of R in L. A domain which is equal to its integral closure in its 
quotient field is called integrally closed. We prove now the transitivity of this 
notion. 

Theorem 1.7. Let R be a domain contained in a field K, and let S be the 
integral closure of R in K. Then S is integrally closed. 

Proof : Let x G K be 5-integral, i.e., for some n > 1 and a 0 , . . . , a n _i in S 
we have x n + Y%=o a j xj = 0- Tne rin & generated by R and the a/s, is 
a finitely generated i^-module, as can be seen from the consideration of the 
chain 

R C R[a 0 ] c i?[ao,ai] C . . . C R[a 0 , . . . ,a n _i] = 

in which every ring is a finitely generated module over its predecessor. Since x 
is clearly R 1 -integral, Proposition 1.6 shows that Ri[x] is a finitely generated 
Ri -module, and it follows that it is a finitely generated i2-module. As it 
is obviously non-zero and xRi[x] C Ri[x], Proposition 1.6 implies the R- 
integrality of x. □ 

We shall now use the notion of integrality to give a characterization of 
Dedekind domains: 

Theorem 1.8. A domain R is Dedekind if and only if it satisfies the following 
three conditions: 

(i) R is Noetherian, 

(ii) Every non-zero prime ideal of R is maximal, 
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(iii) R is integrally closed. 

Proof : Necessity. Let first it!bea Dedekind domain. Theorem 1.5 shows that 
the conditions (i) and (ii) are satisfied, and to prove (iii) let x be an ir!-integral 
element of the field K of fractions of R. By Proposition 1.6 the ring R[x] is 
a finitely generated ir!-module. Let ai, . . . , a m be its generators, and choose 
b ^ 0 in R so that bai G R holds for i = 1, 2, . . . , m. Then bR[x] C R, showing 
that R[x] is a fractional ideal. Since it is a ring, we get i?[x]J?[x] = R[x] and 

R[x] = RR[x] = i^i^x] -1 ^] = R[x\R[x\R[x}- 1 = i^i^x]" 1 = 

and thus x e R. This shows that R is integrally closed. 

Sufficiency. For the proof of this part of the theorem we need three lem- 
mas. 

Lemma 1.9. If R is a Noetherian domain and I is an ideal in R, distinct 
from {0} and R, then there exist prime ideals pi, . . . , p r of R such that 

Pip2---Pr c/cpinp 2 n---np r . 



Proof : Let I be the maximal element of the set of all those ideals of R which 
do not have the asserted property. This ideal cannot be prime, since in that 
case we may take r = 1, pi = I. Hence there exist elements a,b ^ I with 
ab G I. Put A = I + aR and B = I + bR. Then AB C/ciflR The 
ideals A, B are non-zero and not equal to R, since e.g. A = R would imply 
the equality B — I. Hence A and B have the property formulated in the 
lemma, and this implies that / has it as well. This contradiction proves the 
lemma. □ 

Lemma 1.10. If a domain R satisfies the conditions (i), (ii) and (iii) of the 
theorem, then every non-zero prime ideal of R is invertible. 

Proof : Let p be a non-zero prime ideal in R, and choose a non-zero element 
a G p, so that the principal ideal aR contains a product pi • • • p r of the least 
possible number of non-zero prime ideals. Such choice is possible by Lemma 
1.9. If r = 1, then p = aR is clearly invertible, so we may assume r > 2. Now 
one of the ideals p;, say pi, must be contained in p, and so by (ii), pi = p. 
The product p2 • • • p r is not contained in aR, so choose b G p2 • • • pr \ &R- 
Then bp C pp2 • • • p r C aR, and ba~ x p C R, i.e., ba~ x G p' \ R, showing that 
.Rep' and R ^ p' . 

The product pp' is an ideal in R, and, moreover, 

p = #p c pp' C R. 

We have to prove pp' = R. Assume this to be false. Then pp' = p, and 
consequently for n — 1, 2, . . . the equality p(p') n = p holds. Hence for every 
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non-zero x G p and y £ p' \ R we have xy n £ p C R for all n. This in 
turn implies xR[y] C i2, thus ziify] is an ideal of R. By (i) it has a finite 
set of generators, say a±, . . . , a m , and it follows that the i^-module R[y] has 
aix -1 , . . . , a m x _1 for generators. Proposition 1.6. shows that y is i2-integral, 
and (iii) implies y £ R, contrary to the choice of y. □ 

Lemma 1.11. If a domain R satisfies the conditions (i), (ii) and (iii) of the 
theorem, then every non-zero ideal in R, except R itself, is either a prime 
ideal, or a product of prime ideals. 

Proof : Let / ^ R be a non-zero ideal in R which is not a product of prime 
ideals. Lemma 1.9 shows that / contains a product pi • • • p r of non-zero prime 
ideals, and we may assume that / is selected so that r is minimal. If r = 1, 
then (ii) shows that / is a prime ideal, so assume r > 2. Let p be a prime 
ideal containing /. Then p = pi, say, and 

P2--Pr C p -1 / C p _1 p = R, 

whence p -1 / is an ideal in R. By the choice of / we have p~ x I = qi • • • q s 
with some prime ideals q^, and finally / = pqi • • • q s , contradiction. □ 

Now we may prove our theorem. Let / be a non-zero fractional ideal of 
R, and let a ^ 0 in R be such that al C R. Since al is an ideal of R, we 
may apply Lemma 1.11 to get al = pi • • - p r with suitable prime ideals p^, 
and thus 

/ = a _1 pi • • • p r = (a~ 1 R)pi • • • p r . 

Lemma 1.10 shows now that / is a product of invertible ideals, and so it must 
be invertible himself. □ 

Corollary. In a Dedekind domain every proper non-zero ideal is either prime 
or can be represented as a product of prime ideals. 

Proof : Apply the last theorem and Lemma 1.11. □ 

It turns out that this representation is unique. This is the main property 
of Dedekind domains. 

Theorem 1.12. If R is a Dedekind domain, then every proper non-zero ideal 
I of R can be represented uniquely in the form 

I = Pi • "Pr, 

where pi are prime ideals, if products differing in order will not be regarded 
as distinct. 
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Proof : Only the uniqueness remains to be proved. Let / ^ {0} be a proper 
ideal of R with two different representations as a product of prime ideals, say 

I = p 1 ...p r = qi---q s (r < s) 

We may assume that / is chosen so that r is minimal possible. Now qi • • • q s C 
pi, hence one of the q^'s, say qi, is contained in pi. By Theorem 1.5 qi — pi, 
and by Lemma 1.10 we obtain 

p2p3-"Pr =Pr 1/ = C l2q3---qs. 

Thus the ideal p 2 p3 • • • p r has two different factorizations into prime ideals, 
which are different, as the factorizations of / were different. This contradicts 
the minimality of r. □ 

Corollary 1. Every non-zero ideal I of a Dedekind domain R can be uniquely 
written in the form 

I = J]p^, 

P 

where the product is taken over all non-zero prime ideals of R, and the expo- 
nents a p are nonnegative integers, of which only finitely many are non-zero. 

□ 



Corollary 2. The group of all fractional ideals of a Dedekind domain R is 
a free Abelian group generated by the non-zero prime ideals of R. 

Proof : Let i" be a fractional ideal of R, and let al C R with a non-zero 
a e R. Then al is an ideal of R, hence / = (aR)~ 1 (aI) is a product of powers 
of prime ideals with integral, not necessarily positive, exponents. Hence the 
prime ideals generate the group of all fractional ideals, and the last theorem 
shows that they do it freely. □ 

Corollary 3. A non-zero ideal in a Dedekind domain is contained only in 
finitely many distinct ideals. □ 

Now we regain for the ideals of a Dedekind domain many results of ele- 
mentary number theory connected with the notion of divisibility. 

We shall say that a fractional ideal B divides A (and write B\A) if, with a 
suitable ideal C of R, one has A = BC. The greatest common divisor of two 
ideals A, B is an ideal which divides both A and B, and is divisible by every 
other ideal having this property. The existence and uniqueness of the greatest 
common divisor results from Corollary 1 to the last theorem. It should only 
be noted that if A = [} p P ap and B = ]J p p^ , then B divides A if and only 
if for all p one has /3 p < a p . This implies that the greatest common divisor 
of A and B equals ]J p p 7 ^ with 7 P = mm{a p , /3 P }. 
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Similarly, the least common multiple of two ideals is defined as an ideal 
divisible by both, and dividing every other ideal with this property. It is easy 
to see that the least common multiple of A = Y\ p^p and B = p^ p is the 
ideal p 5 p with S p = max{a p ,/? p }. 

In accordance with the elementary number theory we shall denote the 
greatest common divisor of ideals A and B by (A, B), and their least common 
multiple by [A, B]. In the case (A, B) — R one says that the ideals A and B 
are relatively prime. In this case we shall write also (A, B) = 1. 

The reader may prove himself other properties of (A, B) and [A, B] which 
are analogous to those known from elementary number theory, e.g. the equa- 
lity (A,B)[A,B] =AB. 

We conclude this subsection with establishing certain links between the 
notion of divisibility and set-theoretical properties: 

Proposition 1.13. Let R be a Dedekind domain. 

(i) If A,B are fractional ideals, then the inclusion A C B holds if and 
only if B\A, 

(ii) If A,B are relatively prime ideals in R, then AB = AnB, 
(Hi) If A and B are ideals in R, then (A, B) = A + B. 

Proof : The implication B\A A C B in (i) is trivial. If A C B, then 
AB' 1 C BB~ X = R, hence C = AB' 1 is an ideal of R, satisfying BC = A. 

If A and B are relatively prime ideals of R, then by (i) both A and B 
divide An B, and so AB\AnB, whence AnB C AB. The converse inclusion 
being trivial, (ii) follows. 

Finally, to obtain (hi) note that in view of (i) A + B divides (A, B), and, 
on the other hand, A + B is the minimal ideal containing A and B, hence it 
has to be divisible by (.A, B), and it remains to apply (i). □ 

3. This subsection is devoted to linear congruences modulo an ideal in a 
Dedekind domain R. Imitating once again the theory of rational integers we 
shall write a = b (mod I) to mean a — b G /, where / is an ideal of R. The 
following proposition solves the problem of solubility of a linear congruence 
in any domain, not necessarily Dedekind: 

Proposition 1.14. If R is a domain, I is an ideal in R and a,b € R, then 
the congruence ax = b (mod I) has a solution x G R if and only if the element 
b lies in the ideal I + aR. 

Proof : If the congruence ax = b (mod /) has a solution x, then for a suitable 
y G I we have b = y-\-ax£l + aR, proving the necessity of the condition 
stated. To prove its sufficiency, observe that b G I + aR implies b = ax' + y 
for certain x' G R and t/Gl, i.e., x' is a solution of our congruence. □ 
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Corollary 1. If p is a prime ideal in a Dedekind domain R, and a G R \ p, 
then for every b G R and natural n the congruence ax = b (mod p n ) is solvable 
in R. 

Proof : It suffices to observe that p n + aR = R. □ 

Corollary 2. //pi, . . . ,p m are distinct prime ideals in a Dedekind domain 
R, then for any given ai,...,a m in R and every natural n there exists a 
common solution of the congruences x = (mod pf) (i — 1,2, . . . ,m). 

Proof : For i — 1, 2, . . . , m choose bi in (pi • • • pj_ipj+i • • • p m ) n \ pi, and let 
xi be a solution of the congruence biXi = ai (mod pf). The element x — 
Y^ILi has the desired property. □ 

Corollary 3. (Chinese remainder theorem) 7/7i,...,7 m are pairwise re- 
latively prime ideals in a Dedekind domain R and a\ , . . . , a m G R are gi- 
ven, then there exists a common solution of the congruences x = ai (mod Ii) 
(i = l,2,...,m). 

Proof : Observe that if I — [} p ap , then every congruence of the form 

x = a (mod I) 

is equivalent to the system of congruences x = a (mod p ap ), and apply Corol- 
lary 2 with n — maxp|/{a p }. □ 

Corollary 4. Let I, J be relatively prime ideals in a Dedekind domain R. 
Then one can find an element x G I, which satisfies (xR, J) = 1, (x/ -1 , 1) = 
1, and, moreover, for every ideal I\ relatively prime to I there exists y G 7 
with (yR, 7i) = 1, {yl' 1 , 7) = 1 and xR-\-yR = 7. 

Proof : Write 7 - []™ i P?\ and let x { G pf* \ pf 4 +1 for i - 1, 2, . . . , m. By 
Corollary 3 the system 

x = Xi (modpf* +1 ) (i = 1,2, . . . ,ra), 
x = 1 (mod J) 

has a solution x e R. We may write xi? = 772 with an ideal 72, satisfying 
(72, 7 J) = 1. Applying once more Corollary 3 we obtain the existence of 
y G R, satisfying the system 

y = Xi (modpf i+1 ) (i = 1, 2, . . . , m), 
?/ee1 (mod7i7 2 ). 

Finally we see that yR = 773 holds with a suitable 73, satisfying (Is^h) = 
(73, 7i) = 1, which is equivalent to our final assertion. □ 
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Corollary 5. Every ideal in a Dedekind domain R is generated as an R- 
module by at most two elements. 

Proof : This follows immediately from Corollary 4. □ 

Corollary 6. If I and J are ideals in a Dedekind domain R, then there exists 
an ideal A such that (A, I J) — 1 and the product AI is principal. 

Proof : Write / = J~J p p^ p , J — J"J pf p , and let P be the set of prime ideals 
dividing I J. For every p G P choose x p G p ap \ p ap+1 . Corollary 3 implies 
the existence of a G R satisfying a = x p (mod p a p +1 ) for p G P, and for such 
a we have 

aR = \\p ap A = IA 

p 

with some A relatively prime to the product IJ. □ 

The next theorem reduces the determination of the structure of the factor 
ring R/I to the case when / is a power of a prime ideal: 

Theorem 1.15. If I is a non-zero ideal in a Dedekind domain R, and 

I = l[p a > 

p 

is its factorization into prime ideal powers, then the factor ring R/I is iso- 
morphic to the direct sum 

P 

and the group of invertible elements of R/I is isomorphic with the product of 
the groups of invertible elements of the rings R/p ap . 

Proof : Consider the homomorphism / : R — > 0 p R/p ap given by 

f(x) = [x mod p a >]p. 

Corollary 3 shows that / is surjective, and if x lies in its kernel, Ker /, then 
x G p ap for all p, and so x G /, whence Ker / is contained in /. Since the 
inclusion / C Ker / is trivial, we get Ker f — P The last assertion follows 
immediately □ 

4. In this subsection R will be a Dedekind domain having the following finite 
norm property ((FN)-property): 

For every non-zero ideal I of R the factor ring R/I is finite. 

The number of elements in R/I will be called the absolute norm of /, or 
norm, for short, and will be denoted by N(I). Observe that for every / the 
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ideal N(I)R is divisible by /, since the canonical image of N(I)e (where e is 
the unit element of R) in R/I is zero. Moreover the norm of a prime ideal is 
a prime power, since, in this case, by Theorem 1.5, R/I is a finite field. The 
main properties of the norm are given in the following theorem: 

Theorem 1.16. (i) For non-zero ideals I, J we have N(IJ) = N(I)N(J). 

(ii) For any given positive T the number of ideals I ofR, satisfying N(I) < 
T is finite. 

Proof : (i) We need a lemma: 

Lemma 1.17. Ifp is a non-zero prime ideal in a Dedekind domain R and n 
is an arbitrary natural number, then the factor rings R/p and p n /p n+1 have 
isomorphic additive groups. 

Proof : Choose a G p n \ p n+1 , and consider the mapping g : x i-> ax of the 
additive group R + of R into the additive group of p n . Since g{p) C p n+1 , g 
induces a homomorphism g of the additive group of R/p into the additive 
group of p n /p n+1 . Observe that if x lies in the kernel of g and x is any 
representative of x in R, then ax G p n+1 . This implies xGp, i.e., x = 0, and 
we see that g is an injection. 

To prove that it is also surjective, take any y G p n /p n+1 , and let y be a 
representative of y. Since (ai?,p n+1 ) = p n , Propositions 1.13 (hi) and 1.14 
imply the existence of £ G R with a£ = y (mod p n+1 ), and for the element £ 
of R/p containing £ we clearly have #(£) — y. Hence g is an isomorphism. □ 

This lemma implies that for every prime ideal p the factor ring p n /p n+1 
has N(p) elements, and since #(R/p n+1 )/#(R/p n ) - #(p n /p n+1 ), we get 
N(p n ) = N(p) n for all n, so it remains to apply Theorem 1.15. 

(ii) Since R is infinite, consider a set of more than 1 + T distinct elements 
of R, say ai, . . . , a m . For every ideal / with N(I) < T there exist i ^ j such 
that ai and aj are congruent mod /. The set of differences a* — aj being 
finite, our assertion follows now from Corollary 3 to Theorem 1.12. □ 

This theorem shows that the norm is a homomorphism of the semigroup of 
all non-zero ideals of R into the multiplicative semigroup of natural numbers. 
Corollary 2 to Theorem 1.12 enables us to extend this homomorphism to the 
group of all fractional ideals of R, the value group being the multiplicative 
group of positive rationals. This extended homomorphism we shall again 
denote by N(I), and call it the norm. 

We shall now prove two results generalizing the theorems of Fermat and 
Euler in the elementary theory of numbers. 

Theorem 1.18. If p is a non-zero prime ideal of R, then for all x G R one 

has 
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x 



MP) = 



x (mod p). 



Moreover, N(p) is the least rational integer n > 1 such that for allx G R the 
congruence x n = x (mod p) holds true. 

Proof : It suffices to consider the case x 0 p. Since R/p is a field with N(p) 
elements, and its multiplicative group is of order N(p) — 1, Lagrange's the- 
orem implies x N ^ _1 = 1 (mod p) . This proves the first part. To prove the 
second it suffices to observe that the multiplicative group of any finite field 
is cyclic, and so for any representative x G R of its generator the powers 
1, x, x 2 , ... , x N ^~ 2 are distinct mod p. □ 

The number of invertible elements of the factor-ring R/I will be denoted 
by *(/). 

Theorem 1.19. One has 



P \i x vr// 

where the product is extended over all prime ideals p dividing I. Moreover, if 
x G R and (xR, I) — 1, then 

i^ = l (mod/). 

Proof : In view of Theorem 1.15 and Theorem 1.16 (i) it suffices to prove the 
first assertion in the case when / = p n is a power of a prime ideal. In this 
case it is sufficient to observe that 



5. We shall now investigate the behaviour od Dedekind domains under the 
operation of integral closure. The main result concerning this problem is 
contained in the following theorem: 

Theorem 1.20. Let R be a Dedekind domain with field of quotients K. Let 
L/K be a separable extension of K with n = [L : K], and denote by S the 
integral closure of R in L. Then S is again a Dedekind domain. Moreover, if 
R satisfies the finite norm property, then S does so as well. 

Proof : We shall check the conditions (i), (ii) and (iii) of Theorem 1.8. Since 
the extension L/K is separable and finite, it can be generated over K by a 





The second assertion is a consequence of Lagrange's theorem. 
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single element, which may be taken from S. In fact, if a generates L/K and 
is a root of the polynomial 

with coefficients A{ G R, then the element A n a is a root of 

X n + A^X 71 - 1 + A n - 2 A n X n ~ 2 + • • • + AoA^" 1 , 

and so it is integral over R, i.e., lies in S. 

Consider a fixed algebraic closure Q of K, and let Lq, Li, . . . , L n _i (n = 
[L : K]) be the embeddings of L into i?. For any x G L denote by #M its 
image in L^. We need a lemma which will also be used in the next chapter: 

Lemma 1.21. Let be an element of S generating the extension L/K . If 
=o,...,n-i> then D is a non-zero element of R and S C 
cR\d] holds with c = D~ 2 . 

Proof : The non-vanishing of D follows from the observation that it is a 
Vandermonde determinant. Now let a be an arbitrary element of S. With 
suitable c&o, ai , . . . , a n -i E K we can write 

n-1 

It follows that for i = 1, 2, . . . , n we have 

and thus Cramer's formula shows that a/~ = Ak/D, where ^4/- is a determi- 
nant whose elements are integral over R. Observe that D 2 is invariant under 
automorphisms from the Galois group of the least normal extension of K 
containing L, whence D 2 G K. But D 2 is integral over R, thus lies in R. 

Since a/~ = AkD/D 2 (k = 0, 1, . . . , n — 1) and a/~ e K, D 2 e i?, hence 
A/cD G K, but A/cD is integral over K, hence A^D G R, and we obtain 
L> 2 a G The inclusion 5 C cR[tf\ follows now with c = L>~ 2 . □ 

The mapping / : R n — > cR[ff\ given by 

n-1 

f: (x 0 ,...,x n _i) H> c^xid 1 

i=0 

is a surjective homomorphism of i?-modules, and by Proposition 1.2 we see 
that cR[d} is a Noetherian i^-module, and, since S C cR[d], S must be also 
Noetherian. But every ideal of S is an i?-module, and so S is a Noetherian 
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ring. This proves that condition (i) of Theorem 1.8 is satisfied by S. Since 
the quotient field of S equals L, Theorem 1.7 implies that condition (hi) is 
also satisfied by S, and it remains to show that every non-zero prime ideal of 
S is maximal. For this purpose we prove a lemma: 

Lemma 1.22. Under the assumptions of Theorem 1.20, if *P is a prime ideal 
of S, then *P D R is also a prime ideal of R, and the ring R/(ty Pi R) is a 
subring of S/ty. Moreover, if for prime ideals *Pi, *p 2 of S we have 

*Pi C <p 2 and qji H R = <p 2 n R, 

then qji = <p 2 . 

Proof : Clearly I = *P n R is an ideal of R. The injection R — > S carries I 
into *P, and so it induces a homomorphism of the factor rings R/I — > S/ty, 
which is clearly again an injection. Since *P is prime, S/ty has no zero-divisors, 
and so R/I has the same property, showing that I is a prime ideal. 

Now assume that *Pi, *p 2 are distinct prime ideals of S, satisfying *Pi Hi? = 
<P 2 H R and <Pi C <p 2 . Take any element z G <p 2 \ <Pi, and let 

m— 1 

xrn + aiXi 

i=0 

be its minimal polynomial over R. If all coefficients a; lie in *Pi D R, then 
x m G ^Pi and x G ^Pi, contrary to the choice of x. Therefore there is a minimal 
index j such that aj 0 ^Pi H ii. Then we have 

x>(x m - j + a m _iar m -^ 1 + • • • + a 5 ) G qj x , 

thus 

x m_j + a™.!^™-^- 1 + • • • + a j+ ix + a, G ^Pi C <p 2 . 

But x rn ~ j H + aj + i^ lies in *p 2 , implying G ^3 2 , hence G ^3 2 C\ R = 

*Pi H ii, contrary to the choice of j. This contradiction proves the lemma. □ 

Now it is easy to verify the condition (ii). If *Pi is a non-zero, non-maximal 
prime ideal of S, then it is contained in a maximal (and a fortiori prime) 
ideal *p 2 . The lemma just proved shows that the prime ideals *Pi D R and 
^3 2 PI R of R are distinct, but clearly the first of them is contained in the 
second, which is possible only if *Pi D R = {0}. However in this case we have 
*Pi PI R — {0} PI ii, and the lemma gives *Pi = {0}, contradiction. 

Assume finally that R satisfies the finite norm property. Lemma 1.22 
shows that for an arbitrary non-zero prime ideal *P of S the field fci = S/<p is 
an extension of the finite field k = R/p, with p = *pn R. Since every element 
of S is a root of a monic polynomial over R of degree not exceeding n, it 
follows that every element of fci is algebraic over k of degree < n. Therefore 
the extension [fci : fc] is finite, hence fci is a finite field. This shows that the 
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norm of every non-zero prime ideal of S is finite, and it remains to apply 
Theorem 1.15 to obtain the finite norm property for S. □ 

Corollary. If K is a finite extension of the field of rational numbers, then 
the integral closure of Z in K is a Dedekind domain with the (FN) -property. 

Proof : This follows from the theorem and the observation that every finite 
extension of Q is separable, and Z is a Dedekind domain with the (FN)- 
property. □ 



1.2. Valuations and Exponents 

1. In this section we present the definitions and properties of valuations which 
will be needed in the sequel. 

Let K be any field. A homomorphism v of its multiplicative group K* into 
the group of positive reals is called a valuation, if it satisfies the condition 

v(x + y) < v(x) +v(y) 

for all x, y G K*. By putting v(0) = 0 one extends any valuation to the whole 
field K. 

Since from v(l) = v(— l) 2 follows v(—l) = 1, we get for all x G K the 
equality v(—x) — v[x\ and this implies that every valuation v induces in 
K a metric d(x,y) — v(x — y) under which the additive and multiplica- 
tive groups of K become topological groups. In fact, continuity of addition 
is a consequence of v(—x) = v(x), and to check the continuity of multi- 
plication choose a,b G K* and a positive e. If M = max{v(a), v (b)} and 
6 < min{l, e(l + 2M) -1 }, then the equalities v(x — a) < 6 and v(y — b) < S 
easily imply v(xy — ab) < e. Finally, the continuity of the inverse in K* fol- 
lows from v(x~ 1 ) = v(x)~ 1 . Hence K becomes a topological field. Note that 
it is not necessarily complete or locally compact, as is shown by the example 
of the field Q of rational numbers under the valuation v(x) = \x\. 

The valuation defined by v(x) — 1 for all x G K* is called the trivial 
valuation. It induces the discrete topology. 

Two valuations are said to be equivalent if they define the same topology. 
The connection between such valuations is given in the following proposition: 

Proposition 1.23. If v and w are equivalent valuations of a field K, then 
with a suitable positive a one has the equality w(x) = v{x) a for all x G K. 

Proof : If v(x) — 1 for all a;/0, then v induces the discrete topology, and so 
w(x) = 1 must hold for all since the existence of an element x with 

0 < w(x) ^ 1 would imply either lim x n = 0 or limx~ n = 0. Assume thus 
that v is non-trivial, choose xq with v(xq) > 1, and put 
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a = logw(x 0 ) 
logv(x 0 ) ' 

Note that the sets {x G K : v(x) > 1} and {x e K : w(x) > 1} coincide, 
since they are formed by those elements x G K for which x~ n tends to zero 
in the induced topology. Now fix a non-zero x G K, put 

logw(:r) logf(x) 

h = 7 \" and & 2 = ; pr, 

logw(£ 0 ) logf(xo) 

and let r = ra/n be any rational number larger than b\. Then w(xq 1 ) > w(x n ), 
whence w(xq 1 x~ 71 ) > 1, and thus v(xQ l x~ n ) > 1, i.e., f (xq 1 ) > t> (x n ) and 
r > & 2 - Thus bi >b 2 , and by symmetry we get & 2 > &i, thus &i = 6 2 , showing 
that the ratio logtt;(x)/ log^(x) does not depend on x, and our assertion 
follows. □ 

If a valuation v satisfies the condition 

v(x + y) < mdix{v(x), v(y)} (1.3) 

for all x,y E K, then it is called a non- Archimedean valuation. Otherwise it 
is called an Archimedean valuation. 

Proposition 1.24. If v is a non- Archimedean valuation and v(a) ^ v(b), 
then 

v(a + 6) = max{v(a),v(b)}. 

Proof : Assume v(a) < v(b). Then v(a + b) < v(b), but on the other hand we 
have 

v(b) — v((a + b) — a) < max{v(a + 6), v(a)}, 

and since the inequality v(b) < v(a) is ruled out, we must have v(b) < v(a-\-b). 

□ 

The traditional formulation of the Archimedean axiom runs as follows: 

(A) // a and b are non-zero elements of K, then with a suitable positive 
integer n we have v(na) > v(b). 

(Here and below we identify the natural number n with the sum of n 
copies of the unit element of the field). 

The non- Archimedean valuations are exactly those which disobey the ax- 
iom (A). This is contained in the next proposition. 

Proposition 1.25. If v is a valuation of a field K, then the following pro- 
perties are equivalent: 

(i) v is non- Archimedean, 
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(ii) For every positive integer n one has v(n) < 1, 

(iii) There exists a number B > 0 such that for every positive n one has 
v(n) < B, 

(iv) v does not satisfy (A). 

Proof : (i) (ii). Inequality (1.3) implies v(n) < v(l) = 1. 

(ii) =^> (iii). Obvious. 

(iii) =^> (iv). For every positive integer a we have v(na) — v(n)v(a) < 
Bv(a), whence if we choose b so that v(b) exceeds Bv(a), then (A) will fail. 
Such a choice is always possible for non-trivial v, since v(x) > 1 implies 
lim m _^oo v(x rn ) = oo. If, however, v is trivial, then (A) clearly does not hold. 

(iv) (ii). Choose a, b so that for all positive integers n we have v(na) < 
v(b). Then v(n) < v(ba~ x ). If, for some no, v(no) > 1 holds, then with a 
suitable k we have v(n§) > v(ba~ l ), a contradiction. 

(ii) (i). Let a, b be elements of K. If at least one of them is zero, then 
the assertion becomes obvious, so assume that 6^0. Clearly we have 

v((a + br) < f> f^y**-*) < j2v(a) k v(br- k . 

k=0 ' k=0 

Now, if k = 0,1,..., n and v(a) < v(b), then we get v(a) k v(b) n - k < v(b) n , 
and if v(b) < v(a), then v(a) k v(b) n ~ k < v(a) n , thus in any case we arrive at 

v((a + b) n ) < (n + 1) max{v(a) n , v(b) n }, 

hence 

+ 6)<(n+l) 1 / n max{t;(a),t;(6)}, 
and (1.3) follows. □ 

Corollary. // the field K has a non-zero characteristic, then all its valuations 
are non- Archimedean. 

Proof : The set {1, 1 + 1, 1 + 1 + 1, . . .} being finite, the condition (iii) is 
obviously satisfied. □ 

2. A valuation v is called discrete if the set of values of logv is discrete. Such 
valuations are closely connected with the exponents of K, i.e., surjective 
homomorphisms v : K* —> Z which satisfy the condition 

v(a + b) > min{i/(a), v(b)} (1.4) 

for all non-zero a, 6 G K. 

If 0 < c < 1 and v is an exponent of K, then v(x) — c v( ^ is a discrete 
valuation of K, non- Archimedean by (1.4). Conversely, one can easily see 
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that every non-trivial discrete non- Archimedean valuation can be obtained 
in such way from a suitable exponent. 

There is a standard way of constructing exponents in the field K of quo- 
tients of a Dedekind domain R. Take any non-zero prime ideal P of R, and 
let x be a non-zero element of K. We may write xR = P U ^I where v(x) G Z 
and / is a fractional ideal whose decomposition into prime ideals does not 
contain P. In this way one defines a function v{x) which is an exponent of K. 
One may define a valuation using that exponent in many ways, depending 
on the choice of c in the formula v(x) = c u ^ x \ However, in the case when R 
satisfies the finite norm condition it is convenient to make a particular choice 
of c, namely c = N(P)~ 1 . In this case we speak of a normalized valuation 
corresponding to P, and denote it by vp. 

Note that different prime ideals Pi, P 2 induce non-equivalent valuations. 
In fact, if x n G Pf \ P2, then x n tends to zero in the topology induced by 
vp 15 but not by vp 2 . 

The topology induced in K by the valuation v P is called the P-adic topol- 
ogy. In the ring of rational integers every prime ideal is generated by a rational 
prime p, and the resulting topology is called the p-adic topology. 

For an arbitrary exponent v of K put 

R v = {x G K : v{x) > 0} and P v = {x G K : v(x) > 0}. 

Theorem 1.26. The set R v is a principal ideal domain (hence Dedekind) 
and Pjy is its unique non-zero prime ideal. It is generated by every element 
7r G K, satisfying v(n) = 1, and for k = 1,2,... one has 

pfc = Tt k R v - {a G K : v{a) > k}. 

Proof : It follows from the definition of the exponent that R v is a ring, and 
P u is an ideal in R v . If a is a non-zero element of R V \P V , then v(a) = 0, thus 
v(a~ x ) — 0 and a -1 G R„, i.e., a is invertible. This shows that P v consists of 
all non-invertible elements of R v , and so it is the only maximal ideal of R v . 
To show that P v is principal consider any element tt with 1/(71-) = 1. Obviously 
ttRj, C P u , and for every a G P v with, say, v{a) — m we have a7r~ m G i?^. 
Thus 

a = 7r m (a7r- m ) G 7r m i^ C tt^, 

whence P^ C 7rR„, and finally P^ = itR v . This implies immediately the last 
assertion of the theorem, hence it remains to show that every ideal in R v 
is principal. Let / be a non-zero proper ideal of R v . Since P v is the unique 
maximal ideal, we have / C P v . As the intersection of all powers of P v equals 
the zero ideal we may choose a positive integer N such that / C P™ and 
I <fc P^ + \ therefore there exists a e I with v(a) = N. Then a = 7r N b with 
b e R u and 1/(6) = 0, and this shows that b is invertible in R v . Thus the 
ideals aR v and 7r N R v coincide, but 
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P? =ir"R l/ = aR 1/ Cl, 
and we obtain / = . It follows that I is principal. □ 

The ring R v is called the exponent ring of is, and if v is a valuation induced 
by z/, then R v is also called the valuation ring of v. Similarly, the ideal P v is 
called the ideal of the exponent v (or the valuation ideal ofv). 

We shall now consider more closely the case when v is the exponent 
induced by a prime ideal of a Dedekind domain. 

Proposition 1.27. Let R be a Dedekind domain with field of quotients K, 
let P be a non-zero prime ideal of R, and let v be the exponent induced by P. 
Then we have: 

(i) R v = { a /b G K : a G R,b G R\P} and P v = {a/b e K : a e P,b e 
R\P}, 

(ii) P™nR = P m , (m = l,2,...), 
(hi) P™ = P™R„, (m = l,2,...), 

(iv) The factor-rings R/P 171 and R v /P™ are isomorphic for m = 1, 2, . . 

(v) The intersection of the rings R v , taken over all non-zero prime ideals 
P of R, equals R. 

Proof : (i) If a,b G P, b 0 P, then v(a/b) > 0, hence a/b G R v . If x G R v , 
then we can write xR — IJ~ l , where I, J are ideals of R and P { J. By 
Corollary 6 to Proposition 1.14 there is an ideal A <z R not divisible by P, 
for which the product A J is principal. Then xR = (AI) (A J) -1 , both ideals 
AI and A J are principal, and if AI = ai?, A J = bR, then b 0 P, and with 
a suitable c G R we get x = ac/6. This establishes the first equality, and to 
obtain the second it suffices to observe that if n is an element of P \ P 2 , then 
Theorem 1.26 shows that P v = -kR v . 

(ii) This assertion follows from the observation that 

P rn = {aeR: v{a) > m}. 

(hi) Theorem 1.26 shows that P v = -kR v with n e P\P 2 , thus P v C PR V . 

On the other hand, every x G PR V can be written as x = a\b\ H Vdkbk with 

ai G P, v(ai) > 1 and b{ G if, v(bi) > 0. Hence !/(#) > min^{i/(a^i)} > 1. 
This implies x G P^, hence Pii^ C P^. Thus PPi, = P v follows, and the 
equality P™ = P m i?^ results immediately. 

(iv) In view of the embedding P m C P rn R v = P™ the embedding R C R v 
induces a homomorphism / : R/P 171 — > R v /P™ . We shall now show that / 
is an isomorphism. Let a G R/P 171 , a G a, and assume that a G Ker /. Since 
f(a) is the coset mod P™ determined by a in P^, we have a G P m P^ D P = 
P m in view of (ii), thus a — 0. So / is an embedding. 

Now let a G P^ and put r = i/(a). To prove that / is surjective it suffices 
to find x G R satisfying a — x G P^. If r > m, then we can take x = 0, so 
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assume r < m. By (i) we may write a — a\ja 2 with a\ G R and a 2 G P \ P. 
By Corollary 1 to Proposition 1.14, the congruence a 2 x = ai (mod P m ) has 
a solution in P, and for this solution we have 

v(a — x) — v(a\ — a 2 x) — v{a 2 ) > ra, 

i.e., a — x e P™, and /(# mod P m ) = a mod P™, proving the surjectivity 
of/. 

(v) The inclusion R C f]Rjy is obvious, and if a G K is such that for all 
prime ideals of R the corresponding exponents are non-negative at a, then 
aR is an ideal of P, whence a G P. □ 

3. In this subsection we shall prove the weak approximation theorem for valu- 
ations, due to Artin and Whaples [45], which can be regarded as an abstract 
version of the Chinese remainder theorem, to which it reduces in the case 
when all valuations occurring in its statement are induced by prime ideals of 
a Dedekind domain P with quotient field K, and the elements a* belong to 
P. 

Theorem 1.28. Let . . . ,v t be non- equivalent and non-trivial valuations 
of a field K, let ai, . . . ,a t G K, and let e > 0 be given. Then there exists 
a G K such that for i = 1, 2, . . . , t one has Vi(a — a$) < e. 

Proof : We follow the argument of Artin and Whaples: 

Lemma 1.29. Under the assumptions of the theorem there exists x G K with 
vi(x) > 1 and Vi(x) < 1 for i — 2, 3 . . . , t. 

Proof : First let t = 2. Since v\ and v 2 are inequivalent, there exists a sequence 
{x n } such that v 2 (x n ) tends to zero, whereas vi(x n ) > S holds for a certain 
fixed 6 > 0. Select c G K with v\{c) > 1/5. If we take n to be sufficiently 
large, so that v 2 (x n ) < ^(c) -1 holds, then for a = cx n we get 

v 2 {a) = v 2 (c)v 2 (x n ) < 1 and v 1 (a) = vi{c)vi{x n ) > 1. 

In the general case we proceed by induction, and assume that t > 3 and 
the lemma is true for all systems of t — 1 valuations. Choose a, b G X so that 
the inequalities 

«i(a) > 1, Vj(a) < 1 (j = 2, 3, . . . , t - 1), 
vi(6)>l, v t (b)<l 

are satisfied. If i>t(a) < 1, then for sufficiently large n the element x = a n b 
fulfils our assertion, and if v t (a) > 1, then define x n e K (for n = 1,2, . . .) 
by x n = a n b(l + a 71 )- 1 . For j = 2, 3, . . . , t - 1 we obtain 

„ - Pj( fl ) w Pj( & ) ^ Pj(<O w ttj(fr) 
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and for j = t we obtain 

vt(x n ) < v t (a) n v t (b)(v t (a) n - l)" 1 . 

In both cases, for sufficiently large n, the right-hand side of the inequalities 
is less than 1, since if v t (a) > 1, then 

lim y = L 

Moreover, we have 

v 1 (x n )>v 1 (a) n v 1 (b)(l^v 1 (a) n )-\ 
and we see that for large n the element x n satisfies our needs. □ 

Lemma 1.30. Under the assumptions of the theorem there exists an element 
y G K satisfying 

vi{y-l)<e and Vj(y)<e (j = 2, 3, . . . , t). 

Proof : The preceding lemma gives the existence of a G K with v\ (a) > 1 
and Vj(a) < 1 for j = 2, 3, . . . , t. It suffices now to put y = a n (l + a n ) _1 with 
n sufficiently large. □ 

The theorem follows now easily. Let M be a positive integer exceeding 
max; ? j Vi(a,j), and choose X{ G K satisfying 

Vi (Xi - 1) < ^L, Vj(Xi) <^ {j^ i) 

for i = 1, 2, . . . ,t. The element a = X)!=i a i x i satisfies our assertion. □ 

Corollary. Letvi, • • • ? Vt be non- equivalent and non-trivial non- Archimedean 
valuations of a field K. If non- zero ai, . . . , a t G K are given, then there exists 
x G K satisfying Vj(x) = Vj(aj) for j = 1, 2, . . . , t. 

Proof : Applying Theorem 1.28 with e = min^ Vj(dj) we get an element x G K 
with (x — dj) < e for j = 1, 2, . . . , t. If for a certain j we had (a?) ^ Vj (dj), 
then by Proposition 1.24 we would have 

Vj(x — dj) = max{v j(x),Vj(dj)} > Vj(dj) > e, 

contradicting the choice of x. □ 
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4. We conclude this section with a description of all valuations of the field Q 
of rational numbers. In Chap. 3 we shall describe valuations of finite extensions 
of Q. 

Theorem 1.31. If v is a non-trivial valuation ofQ, then either v is equiva- 
lent to the ordinary absolute value \a\ or it is equivalent to one of the p-adic 
valuations induced by rational primes. 

Proof : Assume first that v is Archimedean. Let m,n > 1 be integers, and 
write 

m = ao + a\n H + a r n r 

with integers 0 < ai < n and non-zero a r . Then 

v(m) < v(ao) + • • • + v(a r )v(n) r , 

and since for all positive rational integers N we have 

N 

v(j\o < £>(i) = 

it follows that 

v(m) < n(l + v(n) + • • • + v(n) r ) < n(r + 1) max{l, v(n) r }. 
However, n r < m and so r < log mj logn, implying 

v(m) <n(l+ max{l,^(n) logm / logn }. 
V logn/ 

Now put m = M k with a fixed M > 1, extract the fcth roots of both sides, 
and let k tend to infinity. In this way we get the inequality 

v(M) < max{l,u(n) logM / logn }, (1.5) 

valid for every pair M, n of integers larger than 1. Since v is Archimedean, 
we may choose M with v(M) > 1, and obtain 

„( n )logM/logn > 

which proves v(n) > 1 for all integers n > 1. But this together with (1.5) 
implies 

u(M)<u(n) logM / logn >l, 

i.e. 

log^(M) ^ log^(n) 
log M ~ log n 

for all integers M, n > 1 . Interchanging M and n we finally obtain that the 
ratio 



24 



1. Dedekind Domains and Valuations 



log v(n) 
logn 

does not depend on n, i.e., for all integers n > 1 we have v(ri) = n c with 
a certain constant c. This implies v(x) = \x\ c for all rational x, and so v is 
equivalent to the usual absolute value. 

Now let v be non- Archimedean. By Proposition 1.25 we have v(ri) < 1 for 
all integers n. Let A be the set of all those integers n for which v(ri) < 1. If 
A = {0}, then v is trivial, which case we excluded. Thus A is a non-zero, and 
since 1 0 A we get from (1.3) that A is a proper non-zero ideal in Z, thus 
A = mZ with a suitable positive integer m. Since obviously m is the smallest 
positive element of A, it must be prime, because a factorization m — rs 
with r, 5 > 1 would imply 1 > v(m) = v(r)v(s) = 1, which is impossible. Put 
v(m) = a and denote by v the exponent induced by the prime ideal mZ. Then 
v(x) = a^ x ), hence v is a p-adic valuation induced by the prime p — m. □ 

Corollary. If v is a discrete valuation of a field K , then it is non- Archi- 
medean. 

Proof : Assume that v is Archimedean. Corollary to Proposition 1.25 implies 
that K is of zero characteristic, and thus contains Q. The restriction of v to 
Q must be Archimedean, and so by the theorem it must be equivalent to \x\, 
whence non-discrete. □ 



1.3. Finitely Generated Modules 
over Dedekind Domains 

1. We shall now be concerned with the structure of finitely generated modules 
over a Dedekind domain R with the field of quotients K. This structure is 
described by the following result, essentially due to Steinitz [12]: 

Theorem 1.32. Let M be a finitely generated R-module, and let A be its 
submodule consisting of all torsion elements, i.e., of all elements x £ M 
which, for some non-zero r £ R, satisfy rx = 0. Then M can be written as a 
direct sum 

M = R k © I © A, 
where k is a non-negative integer, and I is an ideal of R. 

For the proof of this theorem we shall need various results concerning 
projective modules over commutative rings, not necessarily Dedekind. 

If R is a commutative ring with unit element 1, then an i?-module M is 
called projective if every diagram of the form 
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M 

i 

A — y B — > 0 

with exact row and arbitrary .R-modules A, B can be embedded in a commu- 
tative diagram 

M 

S i 
A — y B — y 0. 

Proposition 1.33. The direct sum P = 0P a of R-modules is projective if 
and only if every summand P a is projective. 

Proof : Denote by i a the canonical injection of P a into P and by p a the 
canonical projection of P onto P a . Assume now that P is projective, the 
sequence A — y B — y 0 is exact, and / : P a — y B is a homomorphism. 
Then f\ — f op a is a homomorphism of P into £?, hence, by our assumption, 
there exists a homomorphism g : P — y A such that the diagram 

P 

A — y B — > 0 

commutes. Now it suffices to observe that the mapping h = g o i a makes the 
diagram 

Pa 

)/ h if 

A — y B — > 0 

commutative, and so P a is projective. 

To prove the second part of the proposition assume that all modules P a 
are projective, the sequence A — y B — y 0 is exact, and a homomorphism 
/ : P — y B is given. Then f a = / oi a maps P a in B, hence with a suitable 
9a • Pa — > A the diagram 

Pa 

^/ 9a if a 

A — y B — > 0 

commutes. The projectivity of P follows now from the observation that the 
map h = ®g a makes the diagram 

P 

)/ h if 

A —^B—±0 

commutative. □ 
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Corollary. Every free R-module if projective. 

Proof : As every free .R-module is a direct sum of i?-modules R, it suffices to 
establish the projectivity of R. Let / : R — > B be a homomorphism, and 
let the sequence A— B — > 0 be exact. If f(l) = b and a is any element 
of A with g(a) — 6, then the map h : R — > A given by h(x) — xa has the 
required property. □ 

The properties of an J?-module equivalent to its projectivity are estab- 
lished in the following simple proposition: 

Proposition 1.34. The following properties of an R-module M are equiva- 
lent: 

(i) If the sequence 0 — > A — > B — > M — > 0 is exact, then A&M ~ B, 

(ii) M is a direct summand of a suitable free R-module, 
(hi) M is projective. 

Proof : (i) =4> (ii). The module M is a homomorphical image of a free module 
F, and so for a suitable N the sequence 0 — > N — > F — > M — > 0 is 
exact. By (i) we have F~M®iV. 

(ii) (hi). If M 0 N ~ F and F is free, then by the Proposition 1.33 
and its Corollary we get the projectivity of M. 

(hi) (i). Assume that the sequence 

0 — > A-^ B-^ M — > 0 

is exact. Condition (iii) implies the existence of / : M — > B making the 

composition M — >B — >M the identity map. Obviously / is an injection. If 
x e B, then / op{x) = y lies in Im / ^ M. Moreover p(x — y) =0, thus x — y 
lies in the image of i, and we may write x — z + y with z G Im i. Finally we 
see that Im / n Im i = 0, since for x G Im / D Im i = 0 one has x — f{u) 
with some u G A and p(x) — 0, giving u = p(f(u)) = 0. Thus x = /(0) = 0. 
This implies B ~ Im i 0 Im /, which in turn implies B ~ A ® M. □ 

Another characterization of projective modules is provided by the next 
result: 

Proposition 1.35. An R-module M is projective if and only if there exists 
a system (at) teT of elements of M and a family (ft) teT of homomorphisms 
of M into R such that every element a G M can be written in the form 

a = ^f t (a)a u (1.6) 

teT 

where only for finitely many t one has ft(o) ^ 0. 
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Proof : Assume first that M is projective, and let F be any free i^-module 
whose image by a homomorphism, say /, is M. Proposition 1.34 (i) shows 
that M is a direct summand of F, and so, with a suitable homomorphism 
i : M — > F, we have / o i = the identity on M. If (x t )teT is a system of 
free generators of F, then for every a G M we have 

K a ) = ^ft{a)x t 

t 

with some ft {a) £ R- Putting a t — f(x t ) we get 

a = ^2f t {a)a t 

t 

with only finitely many non-zero summands. Since, obviously, the maps f t : 
M — > R are homomorphisms we arrive at our assertion. 

To prove the converse assume that each a G M has the form (1.6). Let 
F be the free i2-module with free generators x t (t G T), and define a homo- 
morphism / : F — > M by putting f(x t )=a t . If now g : M — > F is given 
by 

t 

for a = ^2 t f t (a) at, then the composition M-^ F-^-t M equals the identity, 
showing that M is a direct summand of F, which allows us to conclude, by 
Proposition 1.34 (ii), that M is projective. □ 

Our next proposition connects the notion of projectivity with concepts 
developed in Sect. 1. 

Proposition 1.36. If R is a domain and I is a non-zero ideal in R, then I 
is projective as an R-module if and only if it is invertible. 

Proof : Let I be an invertible ideal in R, i.e., II~ X = R. Then, with suitable 
ai, . . . , a n G I and x\,...,x n G I~ x we have 

n 

^^Xiai = 1. 

If we now define, for t = 1, 2, . . . , n, homomorphisms f t of I into R by ft(x) = 
xxt, then 

^2ft{x)a t = Y^ xx td t = x, 
t t 

and so, by Proposition 1.35, I is projective. 

Conversely, assume I to be projective. The previous proposition implies 
the existence of a set of elements (a t )teT an d homomorphisms (ft)teT of I 
into R such that every element x of I can be written in the form 
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x = ^2f t (x)a t 

t 

with only a finite number of non-zero summands, Observe that for x, y G I 
we have 

yft(x) = f t (yx) = f t (xy) = xf t (y), 

and so the ratio x t — ft(x)x~ 1 is, for non-zero x G an element of the 
quotient field K of R, independent of the choice of x. Moreover x t I C R, thus 
x t G and for any fixed x e I only finitely many elements ft(x) — xx t are 
non-zero, whence only a finite number of x t 's do not vanish, say xi, . . . ,x n . 
Thus for any x G / we obtain an equality of the form 

n n n 

x = ^2 ft(x)a t = ^2 xx ^ = x $Z XtCLu 
t=i t=i t=i 

which implies 

n 

1 = ^2x t a t , 

and so R C II' C R, i.e., R — IV and / is invertible. □ 

Corollary. In a Dedekind domains all non-zero ideals are projective. 

Proof : In fact, all non-zero ideals of R are invertible, □ 

To prove Theorem 1.32 we need two lemmas: 

Lemma 1.37. Let R be a domain in which every ideal is projective. If M is 
a finitely generated R-module contained in a free R-module F, then M can 
be represented as a direct sum of a finite number of ideals of R. 

Proof : Observe first that M is contained in a finitely generated free R- 
module. Indeed, if ai, . . . ,a m generate M, then the set of free generators of 
F occurring in the canonical form of those elements is finite, and consists, say, 
of elements xi,...,x n . The i^-module generated by xi, . . . ,x n is obviously 
free and contains M. 

Now we apply induction in n. For n = 0 there is nothing to prove. Assume 
thus the truth of our lemma for all i^-modules contained in a free i^-module 
with n — 1 free generators. Let M be a i^-module contained in a free i^-module 
F n with n free generators xi,...,x n , and let F n _i be the free i^-module 
generated by the first n — 1 of them. Every element x of M can be written as 
r\X\ + • • • + r n x n with G R, and the map / : x i— > r n is a homomorphism 
of M into R. Since the sequence 

0 — > Ker / — > M — > Im / — > 0 
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is exact, and Im / is an ideal of R, projective by assumption, we may apply 
Proposition 1.34 to obtain M ~ Im / © Ker /. This implies that Ker / 
is finitely generated, being a homomorphic image of M, and since Ker / C 
F n -i , we may apply the inductional assumption to find that Ker / is a direct 
sum of ideals of R. Since Im / is also an ideal, the lemma follows. □ 

Lemma 1.38. For every domain R any finitely generated and torsion-free 
R-module M is a submodule of a free R-module. 

Proof : Write M = Rxi H h Rx n , and let K be the field of fractions of R. 

Then Kx\ + • • • + Kx n = M ® K is a finite-dimensional linear If -space. If 
• • • » 2/m is its basis, then with suitable r^ G K we may write 

m 

Xi^^rijyj (i = l,2,...,n). 

i=i 

Now let # be a non-zero element of R satisfying qnj G R for all i and j. Then 
M = Rxi H h Rx n c ifyi/g H h i?2/ m /9, 

and on the right-hand side of this inclusion we obviously have a free R- 
module. □ 



Proof of Theorem 1.32: Let M be a finitely generated module over a Dedekind 
domain R, and let A be its submodule consisting of all torsion elements of M. 
The factor-module Mi = M/A is torsion- free and finitely generated. Hence 
the Corollary to Proposition 1.36 and Lemmas 1.37, 1.38 imply that Mi is a 
direct sum of ideals of R. The same corollary jointly with Proposition 1.33 
shows that Mi is projective, and so the exactness of the sequence 

0 — > A — > M — ^ Mi — > 0 

gives, in view of Proposition 1.34, the decomposition 

M - A © Mi - A © h © • • • © J m , 

where ii , . . . , J m are ideals of i2. 

Now we prove that with a suitable ideal / C R we have 

^©•••©/m-iT 1 - 1 ©/. 

For this purpose it suffices to show that for any pair J\ , J 2 of ideals of R 
there exists an ideal J such that J\ © J 2 ~ © J. First we show that there 
is an ideal J{ of R which is isomorphic to J\ as an .R-module, and satisfies 
(J{, J 2 ) = R. Choose A C R so that the ideal Ji^4 = ai2 is principal and 
(A, J 2) — R, which is possible according to Corollary 6 to Proposition 1.14. 
Write A = fjLi P t > and choose b G so that for 2 = 1, 2, . . . , t one has 



30 1. Dedekind Domains and Valuations 

beP, ai \ P? i+1 

and b=l (mod J 2 ). Then bR is divisible by A, hence we may write bR = AJ[ 
with some ideal J{, relatively prime to J 2 . Finally we get 

a j[ = J X AJ[ = bJi, 

which shows that J\ ~ bJ\ — aJ[ ~ J{, as required. 
Now consider the exact sequence 

0 — > J[ H J 2 — > J[ © J 2 — * J( + J 2 — * 0. 

Since the ideals J( and J 2 are relatively prime, Proposition 1.13 (ii),(iii) shows 
that this sequence can be written as 

0 — * J[J 2 — > J{ © J 2 — ► i? — ^ 0, 

and the projectivity of R implies finally 

J\ © J 2 ~ J( © J 2 ~ R © J( J 2 

as asserted. As we have seen above, this establishes the theorem. □ 

Corollary. Every non-zero finitely generated and torsion-free module over 
a Dedekind domain is projective. 

Proof : Follows from the theorem, Proposition 1.33 and the Corollary to 
Proposition 1.36. 

2. Now we shall consider the question of uniqueness of the direct summands 
occurring in Theorem 1.32. Since the torsion submodule A is clearly unique, 
we may assume that our module is torsion-free. 

Theorem 1.39. If R is a Dedekind domain and Mi, M 2 are torsion-free 
R-modules written in the form 

Mi = h © • • • © 7 m , M 2 = Ji © • • • © J n , 

where Ii, Ji are fractional ideals of R, then Mi and M 2 are isomorphic if 
and only if ' m = n, and with a suitable element a of the field K of quotients 
of R one has 

h ' ' ' Im — OjJi - - • J n . 

Proof : The sufficiency of the condition given was already established in the 
last part of the proof of the preceding theorem. To prove its necessity assume 
that the modules Mi and M 2 are isomorphic. The embedding of R in K 
induces an embedding of Mi in K™ and of M 2 in K n , and obviously Mi 
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spans K™ and M 2 spans K n . The isomorphism of Mi onto M 2 extends to a 
if-isomorphism of the spanned spaces, and so m = n. 

To prove the remaining part of the theorem we assume that all ideals 7^, 
Ji contain the ring R. In fact, if / is one of those ideals, then with a suitable 
non-zero a in K we have, say, R C al — I' . The mapping x \^ ax shows that 
I ~ I', whence 

Mi - i[ e • • • e r m , m 2 - j[ e • • • e 

If we prove the theorem in this case, then we shall have I[- • • I m = cJ[ • • • J m 
with some c G K, and this obviously implies the equality I\ • • • J m = 
dJi • • • Jm with a suitable d G if. 

Now let / be an isomorphism of Mi onto M 2 , and let f r be its restriction 
to I r . If l r G I r is the unit element of R, then denote its image / r (lr) by 
[a r i, . . . , a rm ], with a ri G (z — 1, 2, ... , m). We shall establish the equality 

J s = a la h H K flmJm (5 = 1,2,..., m). 

Note first that if a, x and ax all lie in J r , then f r (xa) = xf r (a). Indeed, if 
x = A/B with A,BeR, then 

B/ r (aa;) = Bf r (aA/B) = f r (aA) = Af r (a), 

hence 

f r (xa) = — / r (a) = x/ r (a). 
If we denote by p s the projection of M 2 onto J s , then in view of 

m m 

f{[x u ...,x rn \) = ^2fi(xi) = ^rxifi(ii), 

i=l i=l 

we obtain the following chain of equalities: 

m Cm \ 

^ ^ Q>isli — \ ^ ^ CLi s Xi . X{ ^z. I{\ 

i=i U=i J 

={p a (/l(ll)Xl + h / m (lm)^m) : € ^i} 

={p a (/([a;i,...,x m ])) : x» G I*} = J s . 

Now, if C = det[afj] = J2p s S n P'Ap is the expansion of the determinant 
of [a,ij], then, multiplying all the equalities just obtained, we get 

m m 

Jl • • Jm = Y\ ^2 aisIi = X/ ' ' ' Im H , 

s=l i=l P 

which implies 

Ap/i • • • Im C Ji • • • J m . 

p 
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From this we shall now deduce the inclusion CI± • • • I m C J\ • • • J m . Let 
P be any permutation of m letters, and let X{ G 1% for i — 1, 2, . . . , m. If 

{sgnP • x\ for i = l, 
for i — 2, . . . , m, 

then 

A P yi • • • 2/ m = sgnP • A P ^i • • • x m G A P h • • • C J\ • • • J m , 

and so the sum 

^sgnP • Apxi • • -£ m , 
p 

which equals Cx\ • • • x m , lies in Ji • • • J m . 

If we now exchange the roles of Mi and M2 , we get C\ J\ • • • J m C /1 • • • I m , 
where Ci is the determinant of the matrix [bij] defined by 

9r{pr) — [^rl? • • • •> ^rm]? 

where e r G J r is the unit element of R, and g r is the restriction of g, the 
mapping inverse to /, to J r . One sees easily that the matrices [aij] and [6^-] 
are inverses of each other, and so CC\ = 1, which at once implies the equality 
h " ' Im — C\J\ • • • J m . □ 

Corollary. // A, B are ideals in a Dedekind domain R, and M is a finitely 
generated torsion-free R-module such that 4©M and B 0 M are isomorphic, 
then A and B are isomorphic. 

Proof : Theorem 1.32 implies that M ~ R n 0 / with a certain n > 0 and an 
ideal / of R, therefore 

A 0 R n 0 I - B 0 R n 0 /, 
and it suffices to apply Theorem 1.39. □ 

3. To conclude the study of finitely generated modules over Dedekind do- 
mains we shall now consider torsion modules, and start with the case of a 
principal ideal domain. 

Proposition 1.40. If R is a principal ideal domain and M is a finitely 
generated non-zero torsion R-module, then for some n > 1 there exist ideals 
I\ , . . . , I n of R such that 

n 

M-QR/Ij. 

3 = 1 

Proof : For any non-zero prime ideal P of R denote by M(P) the submodule 
of M consisting of all elements of M which are annihilated by some power of 
P, i.e. 
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M(P) = {m G M : P r rn = 0 for a certain r > 1}. 
Since R is a principal ideal domain we have equivalently 

M(P) = {m G M : 7T r m = 0 for a certain r > 1}, 

where tt is a generator of P. First we show that M = 0 P M(P), where P 
runs over all prime ideals of R. Let m G M be non-zero, and let 

Ann(m) = {r G i2 : rm — 0} 

be its annihilator. It is a non-zero ideal, hence we can find irreducible ele- 
ments 7ri, . . . , 7T S generating distinct prime ideals, and also exponents ai > 1 
(i = 1, 2, . . . , s) so that Ann(m) = tt^ 1 • • • 7if a iJ. Since iJ is a principal ideal 
domain, and the elements 

Pj = K 1 ---K')*J ai (i = i,2,...,s) 

do not have a non-unit common divisor, thus we may find ti,...,t s in R 
satisfying $^i=i *iP* = Tnis implies 

s s 

m = ^ti^m G y^M(7TjiZ), 

because pirn is annihilated by 7rf* . This shows that M = Y, P M(P), but since 
only the zero element can be annihilated by two relatively prime elements, 
the sum Y^p M(P) is direct, and M - 0 P M(P) follows. Since the Corollary 
to Proposition 1.2 implies that M is a Noetherian module, there can be only 
finitely many non-zero terms M(P) in the sum in question. 

It follows that it suffices to consider modules of the form M(P) with a 
suitable prime ideal P. Note that for such modules M their annihilator 

Ann(M) = p| Ann(m) 

must be a power of P, because Ann(m) is a power of P for non-zero me M. 
Therefore, let Ann(M) = 7r* Ji, where tt is a generator of P and t > 1. Let 
mi, . . . , m n be a set of generators of M. We use induction in the number 
n of generators. If n = 1, then M is an epimorphic image of i?, and hence 
M ~ R/I with a suitable ideal I of R. Assume now that our assertion holds 
for all modules having at most n-l generators. Obviously at least one of the 
generators ra; satisfies Ann(rai) = 7r*iJ, and we may assume that this holds 
for % = n. The factor-module M/m n R has less than n generators, whence we 
may write 

s 

M/m n R = @f{xi)R, 

i=i 

where x \ , . . . , x s are suitable elements of M, and f :M — > M/m n R denotes 
the natural map. Put Ann(/(^)) = 7r ri R (i = 1,2, Then n < t 



34 



1. Dedekind Domains and Valuations 



and with suitable ki > 0 and a* G R \ 7rR we have 7r Ti Xi = 7r ki aim n (i = 
1,2,. ..,5). 
Because of 

0 = 7r^X{ = 7r t_ri+/Ci a;ra n 
we infer that ki > r». Putting y { = x { - 7r ki ~ Ti aim n , we obtain 7r ri ^ = 0 and 
/(2/») = /(^t)- This S ives 

Ann(/(xO) = * ri R C Ann(^) C Ann(/(^)) = Ann(/(^)), 

thus Ann(/(2/i)) = Ann(^). It follows that the restriction of the map / to 
UiR is an isomorphism for i = 1, 2, . . . , 5, and because of 

s 

f(yiR + • • • + y a R) = M/m n i? - 0 

/ maps yiR H h isomorphically onto 0? =1 f(yi)R, and so the sum 

!Ci=i is direct. This leads to 

s 

M ^m n R^^ yi R, 

1 = 1 

and applying the inductional assumption we arrive at our assertion. □ 

Using the proposition just proved, we can now describe all finitely genera- 
ted torsion modules over a Dedekind domain. It turns out that their structure 
is not more complicated than in the case of a principal ideal domain. 

Theorem 1.41. If R is a Dedekind domain and M a non-zero finitely ge- 
nerated and torsion R-module, then there exist ideals h , . . . , I n of R such 
that 

n 

3=1 

Proof : The set I = {r G R : rm = 0 for all m G M} is a non-zero ideal in 
R, and we can regard M as an R/I module via 

r (mod I) - m — rm (r G R,m G M). 

Write 

3=1 

with distinct prime ideals P u ...,P t and a 3 > 1. Theorem 1.15 implies 

R/i ~® 

3=1 
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and to utilize this decomposition we need the following auxiliary result: 

Lemma 1.42. // a commutative ring S with unit e is a direct sum of its 
subrings Sj (with units Cj) 

t 

i=i 

then every S -module M can be written in the form 

t 

M = 0M„ 

3 = 1 

where Mi, . . . , M t are S -modules, and for i ^ j and Si G Si we have SiMj — 
0. 

Proof : Clearly we have e = e\ H + e t . Put Mj — ejM for j = 1, 2, . . . , t. 

Then for i ^ j and s G Sj we have sMi = 0. Since for a in M 

a = e\a H + e t a (1.7) 

and e^a G M, the sum of the modules Mj equals M, and it remains to show 
that this sum is direct, i.e., the decomposition (1.7) is unique. This can be 

seen in the following way: if a = mi H h m t with rrii G Mi (i — 1, 2, . . . , £), 

then TTl/i — ^iXi for suitable Xi E M$, thus 

CjCL — ^ e>jHThi — ^ CjCiXi — CjXj — GjXj — TXXij^ 
i=l i=l 

hence our decomposition coincides with (1.7). □ 

We apply the lemma for S = R/I, Sj = R/P** 3 , and obtain the equality 

t 

M = 0M„ 

i=i 

where each Mj can be regarded as an R/P^ 3 -module, and for i ^ j one has 
(R/P™ j )Mi = 0. 

To conclude the proof it is sufficient to show that every finitely generated 
P/P a -module N (where P is a prime ideal of R and a > 1) is isomorphic 
to the direct sum ©*- = i R/P^ j with a certain t > 0 and 1 < /3 3 < a. If R P 
denotes the valuation ring induced by the P-adic valuation, then by Propo- 
sition 1.27 (iv) the rings R/P a and R P /(PR P ) a are isomorphic. Thus AT 
becomes an Pp-module with the property (PR P ) a N = 0. Since by Theorem 
1.26 R P is a principal ideal domain, Proposition 1.40 is applicable, and we 
see that 
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t 

N-QRp/Ij 
i=i 

with suitable ideals Ij of Rp. Theorem 1.26 implies that each Ij is a power 
or PR P , and owing to (PR P ) a N = 0 we must have Ij = (PR P )^ with 
1 < Pj < Since R C i?p, we can regard Rp/Ij as an i?-module, and 
since the ring-isomorphism of R/P@ j and Rp/(PRp)^ j is also an i^-module 
isomorphism, we obtain finally 

t 

3 = 1 

as asserted. □ 

4. We conclude this chapter with the introduction of the notion of the class- 
group of a Dedekind domain, which will play an important role in the sequel. 
Its definition is based on the following simple result: 

Proposition 1.43. If R is a Dedekind domain and I\ ~ I 2 , Ji ~ J 2 are two 

pairs of its fractional ideals, which are isomorphic as R-modules, then the 
products I\J\ and I2J2 are also isomorphic. 

Proof : Since obviously I\ 0 J\ ~ I2 0 J 2, Theorem 1.39 implies the existence 
of a non-zero a G K, the field of fractions of R, such that I\J\ = a/2 J2, and 
this shows that the map x ^ ax of I2J2 onto I\J\ is an isomorphism. □ 

This proposition implies the compatibility of the multiplication of ideals 
with the partition of all fractional ideals into classes of isomorphic ideals, 
and so permits us to define a multiplication in the set of these classes in 
the following way: if c(/),c(J) are classes containing / and J, respectively, 
then their product is denned by c(I)c(J) = c(JJ). This induces a semigroup 
structure in the set of classes, but one sees easily that it is in fact a group 
structure, because the existence of inverses is implied by the invert ibility of 
fractional ideals. 

The resulting group is called the group of ideal classes of R, or simply 
the class-group of R, and is usually denoted by H(R). If it is finite, then the 
number of elements of H(R) is called the class-number of R and denoted by 
h(R). 

For further reference we point out a simple result: 
Proposition 1.44. Every class of ideals contains an ideal of R. 



Proof : If / is a fractional ideal and c G R is non-zero and satisfies cl C R, 
then / and cl lie in the same class. □ 
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The importance of the class group is explained by the following result: 

Theorem 1.45. If R is a Dedekind domain, then the following statements 
are equivalent: 

(i) H(R) is the trivial group, i.e., h(R) = 1, 

(ii) R is a principal ideal domain (PID), 

(Hi) R is a unique factorization domain (UFD). 

Proof : If H(R) is trivial, then every non-zero ideal of R is isomorphic to R 
as an P-module, hence has the form aR with a certain non-zero a G P, This 
establishes the implication (i)— >> (ii). The implication (ii)— »(iii) being clear, 
assume that R is a unique factorization domain. We show first that every 
irreducible element of R (i.e., a non-zero and non-invert ible element which 
does not have proper divisors) generates a prime ideal. If a is irreducible and 
aR = Pi • • • P s with s > 2, then by Corollary 5 to Proposition 1.14 we get 

Pi = a,iR + biR = (diR, biR) (i = 1, 2, . . . , s) 

with suitable a^bi G R. For every i we have either a \ ai or a \ b^ and we may 
assume that a \ ai holds for i — 1, 2, . . . , s. However, ai • • • a s G Pi • • • P s = 
aR, thus a divides the product a\ • • • a s without dividing any of its factors, 
which is impossible for an irreducible element in a UFD. 

This shows that irreducible elements generate prime ideals. If H(R) were 
non-trivial, there would exist at least one non-principal prime ideal, say P, 
because otherwise all ideals would be principal. Write P = (aR,bR) with 
suitable a, b G R, and factorize a into irreducibles, say a — a\- -a r . Since 
the ideals aiR are prime, it follows that for a certain % we have aiR = P, thus 
P is principal, contrary to our assumption. This establishes the implication 

(iii)-Ki). □ 



1.4. Notes to Chapter 1 

1. The theory of Dedekind domains was created as a generalization of results 
concerning rings of integers in finite extensions of the rationals, obtained 
mainly by Dedekind [71]. It was observed already by Dedekind and H.Weber 
[82] that many of these results apply also to the rings of integral elements in 
function fields. However, the general theory had to wait for the introduction 
of abstract methods and concepts into algebra. In fact, the definition of an 
abstract ring, in the form used today, appears for the first time in Fraenkel 
[16], and the definition of an abstract field is not much older (Steinitz [10]). 

The role of the ascending chain condition for ideals (the Noether condi- 
tion) for the theory of commutative rings was emphasized by Noether [21]. 
She obtained the fundamental results for Noetherian rings, generalizing many 
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earlier results obtained for polynomial rings by Hilbert [90], Lasker [05] and 
Macaulay [13], [16]. 

The presented by us standard proof of Proposition 1.1 uses the axiom of 
choice; in fact, as shown in Hodges [74], this cannot be avoided. 

The theory of rings, now called Dedekind domains, originated with 
Noether [27a] (preceded by Noether [19]) where the condition which is both 
necessary and sufficient for a domain R to have unique factorization of ideals 
into prime ideals was given in the following form: R should be Noetherian 
and integrally closed, and for every non-zero ideal I oi R the factor-ring R/I 
should be Artinian, i.e., it should satisfy the descending chain condition for 
ideals. The last condition is also called the restricted minimum condition. 
The equivalence of these definition to the definition given by us was estab- 
lished by Nakano [43], and a simple proof was given by I.S.Cohen [50]. See 
also Krull [28a]. 

The proof of Theorem 1.5 shows that any invertible ideal in a domain is 
finitely generated, a fact first noted by Krull [30] . 

The existence of factorization of all non-zero proper ideals into prime 
ideals implies its uniqueness. This is implicit in Mori [40], but apparently 
the first explicit mention was made in Matusita [44] . Here again for a simple 
proof the reader is referred to I.S.Cohen [50] (cf. Butts [64]). 

2. Theorem 1.8 gives one of several known characterizations of Dedekind 
domains. Apparently it was first formulated in the second volume of van der 
Waerden [30], although its essence is contained already in Noether [27a]. Let 
us quote some other characterizations of Dedekind domains: 

(i) A domain is Dedekind if and only if the non-zero fractional ideals form 
a group under multiplication (Krull [35], p. 13, " Gruppensatz" ) . 

(ii) A domain R is Dedekind if and only if for every proper non-zero ideal 
I oi R the factor ring R/I is a unique factorization ring (Jensen [63]). 

(iii) A domain satisfying the (FN) condition is Dedekind if and only if 
Theorem 1.16 (i) holds in it (Butts, Wade [66]). 

In the books of Fossum [73], Gilmer [68] and Larsen and McCarthy [71] one 
finds several other characterizations of Dedekind domains. Later new char- 
acterizations were given in Hays [73], Huckaba, Papick [81], Idelhadj, Yahya 
[00], Koyama, Nishi, Yanagihara [74], Lequain [85], Man [98] and Quadri, 
Man [79]. 

Characterizations of domains whose integral closure in its field of fractions 
is Dedekind were given in Butts, W.W.Smith [66] and Dumitrescu, Shah, 
Zafrullah [00]. 

3. For the history of Proposition 1.13 see Dedekind [95]. 

Noetherian rings in which every ideal is generated by at most k elements 
(with fixed k) were considered in I.S.Cohen [50] and Gilmer [72], [73]. Matlis 
[70] characterized domains in which every ideal is generated by at most two 
elements. The first example of a domain with an invertible ideal having k, but 
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not fewer, generators was given by Chase, and the first published example 
appeared in Gilmer [69]. 

An early study of invertible ideals appears in W.Weber [31]. 

Theorem 1.20 was proved in full generality in Noether [27a], and in the 
habilitation thesis of F.K.Schmidt in 1927 (cf. Grell [36a]). F.K.Schmidt [36] 
gave an example marking the important distinction between the separable 
and inseparable case. Another proof of Theorem 1.20 was given in Northcott 
[55]. For infinite extensions this theorem ceases to be true. Indeed, the ring 
of all algebraic integers, which is the integral closure of Z in the field of all 
algebraic numbers, is not even Noetherian. 

Of the several books concerning ideals in commutative rings we mention 
only the classical works of Krull [35], Bourbaki [61/65] and Zariski, Samuel 
[58], as well as a few later books: Gilmer [68], Kaplansky [70], Larsen, Mc- 
Carthy [71]. 

4. Valuations were introduced by Kiirschak [13], and the main results of 
their theory were established by Ostrowski [13], [17], [18], [35] and Krull [31]. 
An account of this theory may be found in Schilling [50] and Ribenboim [99]. 
For its history see Roquette [02]. 

Theorem 1.31 is due to Ostrowski [18], who also described valuations of 
algebraic number fields (see Theorem 3.3), The reproduced proof is that of 
Artin [32b]. 

Theorems 1.32, 1.39 and 1.41 are essentially due to Steinitz [12], who 
considered rings of integers in algebraic number fields. The presented proof 
of the necessity part of Theorem 1.39 is due to Kaplansky [52]. It works for 
an arbitrary integral domain. Cf. Archinard [84], Asano [50], Chevalley [36b]. 

Theorem 1.32 implies that if every finitely generated module over a De- 
dekind domain R is a direct sum of cyclic modules (i.e., generated by one 
element), then R is a PID. Rings having this property are called FGC-rings. 
For characterizations of these rings see Brandal [79], Kaplansky [49], Lafon 
[71], Vamos [70], Wiegand, Wiegand [77]. Uzkov [63] showed that a Noethe- 
rian FGC-domain must be a unique factorization domain (cf. Bass [62]). 

Theorem 1.32 has its analogue for projective modules over the group ring 
R[G) of a finite group G in the case, when R is Dedekind (Swan [60], Giorgiutti 
[60]). For a discussion of free modules over a Dedekind domain see O'Meara 
[56]. 

5. The notion of class-group goes back to Kummer [47b] in the case of integer 
rings in cyclotomic fields, and even to Gauss [01] in the case of quadratic 
fields. Gauss dealt with classes of quadratic forms, but his theory is equivalent 
to the theory of ideal classes in quadratic fields, as we shall see in Chap. 8. 

Analogues of the class-group were defined also in other situations (Gro- 
thendieck group, Picard group,. . . ). See e.g. Bass [68], Claborn, Fossum [68], 
Fossum [73], Kennedy [80], Milnor [71], Reyes Sanchez [99], Serre [58], Ullom 
[76]. 
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An old conjecture that every Abelian group may serve as a class-group for 
a suitable Dedekind domain was settled affirmatively by Claborn [66] . A proof 
may be found in Fossum [73] , and another proof was provided by Leedham- 
Green [72]. For an extension see Claborn [68] (cf. Grams [74]). If the group in 
question is finitely generated that one can find a suitable Dedekind domain 
R satisfying Z[X] CRC Q[X] (Eakin, Heinzer [73]). 

It has been also conjectured (see Zariski, Samuel [58]) that every Dedekind 
domain is the integral closure of a principal ideal domain in a finite extension 
of its quotient field. However this conjecture was disproved by Claborn [65] 
(for a simple example see Adachi [85]). He suggested in turn, that every 
Dedekind domain can be represented as the ring of quotients of such an 
integral closure with respect to a subset closed under multiplication. However, 
this conjecture also fails (Leedham- Green [72]), and the question whether one 
can construct every Dedekind domain in a simple fashion starting with PID's 
remains still unanswered. 

EXERCISES 



1. Let R be a commutative ring with unit, and let 7, J be ideals in R. Prove 
that if R/I and R/J are isomorphic as 7?-modules, then 7 — J, and show that this 
implication may fail if we replace 7?-module isomorphism by ring isomorphism. 

2. Show that a domain R is Dedekind if and only if its fractional ideals form a 
group under multiplication. 

3. Prove that if M is a finitely generated module over a Noetherian ring, then 
M is a Noetherian module. 

4. Let 7 be a fractional ideal of a domain R. Prove that 7 is invertible if and 
only if there exists a fractional ideal J such that IJ is principal. 

5. (i) Prove that if in a domain R all proper non-zero ideals are either prime or 
can be represented uniquely as products of prime ideals, then R is Dedekind. 

(ii) Show that in (i) one can omit the uniqueness assumption. 

6. Prove that if R is a Dedekind domain and 7 is a non-zero ideal in R, then 
the ring R/I is Artinian. 

7. (Camion, Levy, Mann [73]) Let R be an integral domain in which every 
finitely generated ideal is invertible (such domains are called Priifer domains). 
Prove the following three assertions: 

(i) If 7 is a finitely generated ideal of R, and for certain ideals A, B we have 
AI = BI, then A = B. 

(ii) If 7 is a finitely generated ideal of R, and J is an ideal contained in 7, then 
there exists an ideal A with AI = J. 

(iii) If A, B, C are finitely generated ideals of jR, then An(B+C) = AnB+AnC. 

8. Let R be a Dedekind domain, 7 a non-zero ideal of 72 and N > 1. Prove that 
if R N ~ 1 0 7 can be generated by N elements, then 7 is principal. 

9. (Reiner [56] in case d — 1, Moore [75] in the general case) Let R be a 
Dedekind domain, Prove that if a± , . . . , a n in R are given, and d lies in the R- 
module generated by the en's, then there exists an n x n invertible matrix with 
entries in R and determinant d, whose first row equals ai, a2, . . . , a n . 
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10. Let R be a Dedekind domain, G(R) the group of all its fractional ideals 
and P(R) the group of all principal fractional ideals. Prove that the quotient group 
G(R)/P(R) is isomorphic to the class-group of R. 
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2.1. Distribution of Integers in the Complex Plane 

1. In this chapter we introduce the fundamental notions of the theory, and 
develop some of their properties. Let us start with definitions. Any complex 
number which is integral over the field Q of rational numbers will be called an 
algebraic number, and if it is also integral over the ring Z of rational integers, 
then it will be called an algebraic integer. Corollary to Proposition 1.6 shows 
that the set of all algebraic numbers forms a ring, and the same holds for the 
set of all algebraic integers. Actually the first of these rings is a field, since 

if a ^ 0 is algebraic, then it is a root of X 171 + a m _iX m_1 + h a\X + ao 

with rational a^'s and non-zero ao, hence a -1 is a root of the polynomial 

The minimal degree of a non-zero polynomial over Q whose root is a 
is called the degree of a. We shall denote it by deg a, or degQ a. If K is 
any subfield of the field C of complex numbers, then deg^ a, the degree of 
a over K, is defined as the minimal degree of a non-zero polynomial with 
coefficients in K, having a for one of its roots. This polynomial is called 
the minimal polynomial of a over K, provided it is monic, i.e., its leading 
coefficient equals 1. 

Any finite extension of Q will be called an algebraic number field. By 
Corollary to Proposition 1.6, the algebraic integers contained in such field K 
form a ring, which we shall denote by Rk> The elements of this ring will be 
called the integers of K, and our chief aim is to study their properties, as well 
as the properties of the ring Rk as a whole. Note that every algebraic number 
field K can be written in the form K — Q(a) with a suitable a, which can 
be taken from Rk- This implies that every element of K is of the form P(a), 
where P is a polynomial over Q of degree smaller than deg a — [K : Q] , the 
degree of K. The naive hope that with a suitable choice of a one may be able 
to write every integer of K in the form P(a) with P £ Z[X] is unjustified, as 
will be shown on examples later on. 

It will be useful to note at this point that Rk, being the integral closure 
of Z in K is, by Theorem 1.7, also the integral closure of the ring Rl for 
every subfield L of K. 

If K/k is an extension of degree n, a £ K and F £ k[X] is the minimal 
polynomial of a, then the roots a = ai, . . . , a n of F are called the conjugates 
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of a over k. Note that if a generates the field K over k, i.e. K = k(a), then 
the mappings denned for i = 1, 2, . . . , n by 

n— 1 n— 1 

A^) = J] A,-aJ (A 0 , Ai, . . . , A n _ x e K) 

3=0 j=0 

are isomorphisms of K into its integral closure, which are identities on k, and 
every such isomorphism must be of this form, since the image of a under it 
has to coincide with one of the a$'s. This shows that in case of k = Q we 
get exactly n = [K : Q] different embeddings of K into the field of complex 
numbers. 

The fields Fi(K) - are called the fields conjugated to K. Obviously, if we 
consider K as a subfield of the algebraic closure of K, then one of the F^s is 
the identity on K. 

Observe that if b is an arbitrary element of K, not necessarily generating 
it, then its images Fi(b) must be conjugated to 6, and it is easy to see that if 
the degree of b is smaller than the degree of K, then these images cannot be 
all distinct. 

In the case of algebraic number fields one calls an embedding Fi real if 
Fi(K) is contained in the real field M, and is called complex (or imaginary) 
otherwise. Note that if Fi is a complex embedding, then its complex conjugate 
is again a complex embedding distinct from Fi , hence the number of complex 
embeddings is always even. One half of this number is usually denoted by 
r 2 = r 2 (K), and the number of real embeddings by r± = r\(K). The pair 
[ri(K),r 2 (K)] is called the signature of K. The equality ri(K) + 2r 2 (K) = 
[K : Q] is obvious. 

Fields K with r 2 (K) = 0 are called totally real, and fields with ri(K) — 0 
totally complex or totally imaginary 1 . Note that if the extension K/Q is 
Galois, then K is either totally real or totally imaginary, since all images 
Fi(K) have to coincide. 

Usually one fixes the order of the embeddings Fi , . . . , F n in such a way 
that Fi, . . . , F ri are real, the remaining embeddings are complex, and, more- 
over, for i = ri + r 2 + 1, . . . , n one has Fi = ^_ r2 . In the sequel we shall 
always assume tacitly that the embeddings are ordered in this way. 

An algebraic number is called totally real if all its conjugates are real, and 
totally complex if none of them is real. 

The product or ri copies of the multiplicative group {—1,1} is called 
the signature group of K and denoted by Sgn(K). There is a canonical 
homomorphism (the signature map) Sgn : K* — » Sgn(K), defined by 
Sgn{a) = [ei, . . . , e r J, where is the sign of Fi(a). The elements of the 
kernel of the signature map are called totally positive numbers. One writes 
a ^> 0 to indicate that a is totally positive. Note that this notion depends on 



1 Observe that totally positive fields exist only in the MOS classification, but not 
in nature. 
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K, since in a totally complex field all non-zero numbers are totally positive, 
and in particular such are all negative rationals, which are certainly not pos- 
itive in any real field. Clearly all non-zero squares of K and their sums are 
totally positive, and it follows from a result of Siegel [21b] that conversely, 
every totally positive element of K is a sum of squares of elements of K. In 
fact Siegel established that four square summands suffice. 

2. The signature map is surjective. To prove this we need a simple lemma, 
which will be also used later: 

Lemma 2.1. Let K be a field of degree n and signature [7*1,7*2]. Put k = 
7*1 + 7*2, and let Fi, . . . , Ffc be the embeddings of K into C, the first 7*1 of 
them being real, and from every pair of conjugate complex embeddings only 
one being taken. The map W : Rk — > M n defined by 

9: x ^ [Fi(x), . . . ,F ri (x),ReF ri+ i(x),ImF ri+ i(x), 
, . . . ,ReF ri+r2 (x),ImF ri+r2 (x)] 

is an infective homomorphism of the additive group of Rk in and its 
image is an n- dimensional lattice, i.e. a free Abelian subgroup o/R n with n 
free generators. 

Proof : Injectivity of \P results from the fact that \P(x) — 0 implies x — 0. 
Observe that the image A = \J/(R K ) is not dense in W 1 . Indeed, the set 

A = {[xi, . . . ,x n ] : \xi\ < 1/2 for % = 1,2, . . . ,n} 

cannot contain non-zero points of A, since if x is a non-zero element of Rk 
with }P(x) G A, then |i^(x)| < 1, and therefore the product of all conjugates 
of x, which must be a non-zero rational integer, turns out to be of absolute 
value less than 1. 

Thus A is a discrete subgroup of R n , hence it must be isomorphic to 
Z d with a suitable 0 < d < n. To show that d — n it suffices to establish 
n linearly independent points in A, and here we may take the images of 
1, u, u 2 , . . . , ii n-1 , where u is any integer of K of degree n. In fact, if with 
real Aq, . . . , A n _i one has 

n-1 

X>^') = o, 

3=0 

then for fc = 1, 2, ... ,71 

n-1 

3=0 

follows. Since the determinant of the matrix [Fk(u^)]j^ does not vanish, being 
a Vandermonde determinant, we obtain A 0 = Ai = • • • = A n -i =0. □ 
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We prove now two results about the existence of elements with certain 
properties in every residue class mod /. 

Proposition 2.2. Let I be a non-zero ideal in Rk, and let X be one of 

residue classes mod /. 

(i) There exist infinitely many elements of X with an arbitrary prescribed 
signature. 

(ii) There exist infinitely many elements of X, which generate the exten- 
sion K/Q. 

Proof : (i) If r± — 0, then Sgn(K) = {1} and there is nothing to prove. So 
assume r± > 1 and let e = [ei, . . . , e r J G Sgn(K) be given. We prove first the 
existence of an integer b G K with Sgn(b) = e. If ^ is the mapping defined in 
the preceding lemma, then A = &(Rk) has infinitely many points in each of 
the 2 ri parts into which the hyperplanes Xi — 0 (i = 1, 2, . . . , r±) divide W 1 . 
This proves the existence of b G Rk with Sgn(b) = e. If now a G I is totally 
positive (we may take a — N(I), for example), then the numbers abk + x 
(xGX, fc = 1, 2, . . .) are all in X, and for sufficiently large k satisfy 

Sgn(abk + x) — Sgn(ab) = Sgn(b) = e. 

(ii) Put N = N(I), choose an element a G X, and let b G Rk be any 
generator of K/Q. Since N G /, all elements c m — a + mNb (m = 1,2,.. .) 
lie in X. If none of them generates K, then for every m there exist i ^ j such 
that Fi(c m ) = Fj(c m ). Hence there are indices io 7^ jo such that the equality 
Fi 0 (cm) = Fj 0 (c m ) holds for infinitely many m, but in view of F io (b) =^ Fj 0 (b) 
this can happen only for 

F 3 - 0 (o)-F <0 (o) 
(F i0 (6)-F j0 (6))iV' 

a contradiction. □ 

To prove the existence of fields with prescribed signature we need to 
show that the roots of a complex polynomial depend continuously on its 
coefficients. 

Lemma 2.3. Let P(X) = X n + Y^jZo be a polynomial with complex 

coefficients, and denote by z\, Z2, . . . , z n its roots. Assume that they are all 
distinct. Let also Pk(X) = X n + X^j=o (k = l,2,.. .) be a sequence of 

polynomials satisfying lim^oo — aj, and let w[ k \ . . . , be the roots 
of Pk> Then it is possible to reorder those roots in such a way that for every 
e > 0 and sufficiently large k one has 

1 (fe)i x 

\Zi - w\ J \ < e. 
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Moreover, if the coefficients of P and Pk are real, then for sufficiently large 
k the polynomials P and Pk have the same number of real zeros. 

(k) 

Proof : Observe first that there is a common bound for the numbers w K - , 

(k) 

and renumber them in the following way: let w\ ) be the root of P&, which 
is closest to z\. If there are several such roots, then choose one of them 

(k) 

arbitrarily. Of the remaining roots of Pk let u>2 be the closest to z^ and 
continue this process. Next choose a sequence k\ < k^ < • • • of integers such 
that the limit 

Cj = lim w) ' 

exists for j — 1, 2, . . . , n. Then 

n n 

P(X) = lim P kr (X) = lim T[(X - wi kr) ) = Y[(X - a), 

r— >oo r— >oo AJ - A - L - 

i=l i=l 

and therefore the sets {zi, . . . , z n } and {ci, . . . , c n } coincide. 

Moreover, \w[ kr ^ — zi\ < \wl kr ^ — z±\ for i = 2, 3, . . . , n, thus \c\ — zi\ < 
\c{ — and C\ = z\ follows. In the same manner one proves q = zi for 
all i. Finally note that the sequence k r could be chosen arbitrarily, provided 

(k) 

the required limit exists, and so lim^oo w\ = Z{ holds for i — 1, 2, . . . , n, 
proving the first part of the lemma. 

To prove the second part, note that if the coefficients of P and Pk are 
real, Z{ is a real root of P, and for an infinite sequence {k r } the numbers 

w\ kr ^ are not real, then the numbers w[ kr ^ are also roots of Pk, and so, by 
the foregoing argument, they tend to a root of P, say Zj, distinct from Zi, 
which is impossible, since 



Zj = lim w[ kr ^ = Zi = Zi, 

r— >oo 

Zi being real. □ 



Corollary. There exist finite extensions of the rationals with the signature 
[ri,r2] arbitrarily given. 

Proof : Take an arbitrary monic polynomial P with real coefficients, having 
ri real and 2r<z non-real roots, none of them multiple. Then choose a sequence 
of monic polynomials with coefficients of the form (4/c + 2)/(2m + 1), with 
k,m G Z, tending to P. Lemma 2.3. shows that if these polynomials are 
sufficiently close to P, then they have r\ and 2r2 non-real roots, and since 
Eisenstein's criterion shows that they are all irreducible over the rationals, 
the fields generated by their roots have the required signature. □ 
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3. Let K be a field of zero characteristic, and let L/K be an extension of 
degree n, contained in an algebraic closure £2 of K. Let Fi, . . . , F n be the 
embeddings of L in £2, which are identities on K. For a G L define the 
characteristic polynomial $ a of a over K by putting 

n 

<P a (X) = ]J(X-F i (a)). 

i=l 

One sees immediately that the coefficients of <P a lie in K, and if f a G 
is the minimal polynomial of a over K, and deg K a = ra, then $ a (-^0 = 

/a(*) n/m . 

There are two important mappings, connected with coefficients of char- 
acteristic polynomials: the norm 

n 

N L/K (a) = rj i? '( a ) = (- 1 ) n ^-(°). 

i=l 

and the ^mce, defined by 

n 

T L/K {a) = Y,FM)- 

i=l 

Note that the trace of a differs only in sign from the coefficient of X n_1 
in the characteristic polynomial of a. 

The following proposition exhibits their principal proprieties: 

Proposition 2.4. (i) The norm N L / K is a homomorphism of L* , the multi- 
plicative group of L, into K* , and the trace T l /k is a homomorphism of the 
corresponding additive groups. 

(ii) The norm and the trace of an algebraic integer are algebraic integers. 

(iii) If the extensions L/K and M/L are finite, then 

Nm/k = N L / K o N M / L , Tm/k = T L / K o T M / L . 

Proof : Assertion (i) is an immediate consequence of the definition, and to 
establish (ii) observe that the coefficients of the characteristic polynomial of 
an algebraic integer a G L lie in the ring generated by the coefficients of the 
minimal polynomial of a. 

To prove (iii) let m = [L : K], n — [M : L], and let si, . . . , s m be the 
embeddings of L into £2 which are equal to the identity on K, and extend 
them to embeddings of £2 into £2. Moreover let ti,... ,t n be embeddings of 
M into i?, which are equal to the identity on L, and again extend them to 
the whole field £2. If s is an embedding of M into £2, equal to the identity 
on K, then with a suitable j we have sj 1 o s(L) = K, and so for a certain i 
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we have s- 1 o s = t{. This shows that every embedding of M into J?, which 
equals the identity on has the form Sj o ti, and hence for x G M we get 



m n 



N M /k(x) =Y[s j ot i (x) = YisjiWuix)) 

i,j j=l i=l 

m 

= Y[s j (N M/L (x)) = (N L/K oN M/L )(x), 

as asserted. The same argument applies to the trace mapping (it suffices to 
replace each product by a sum, and write T in place of N). □ 

4. The earliest result concerning the distribution of algebraic integers in the 
complex plane is due to Kronecker [57a] , and, with the use of the notation 
\a\ for the largest absolute value of conjugates of a over Q, runs as follows: 

Theorem 2.5. (i) If a ^ 0 is an algebraic integer which is not a root of 
unity, then \a\ > 1. 

(ii) If a ^ 0 is a totally real integer which is not of the form 2 cos(7rr) 
with rational r, then \a\ > 2. 

Proof : (i) Let a be a non-zero algebraic integer and assume that \a\ < 1. Let 
K = Q(a) and n — [K : Q]. The numbers a, a 2 ,. . . all lie in R K , therefore 
their minimal polynomials have degrees not exceeding n. Since all conjugates 
of the numbers a k lie in the closed unit disc, the coefficients of their minimal 
polynomials do not exceed max{( n ) : j — 1, 2, . . . , n}. This shows that 
the sequence a, a 2 , . . . contains only finitely many distinct terms, and so for 
certain i ^ j we have a 1 = a- 7 , i.e. a is a root of unity. 

(ii) Let a be a non-zero totally real integer whose conjugates all lie in 
the interval [—2,2]. We may assume that a ^ ±2. The number a 2 /4 - 1 is 
negative, and so b = a/2 -f- (a 2 — 4) 1 / 2 /2 is not real. Since b is a root of 
X 2 — aX -f 1, it is an algebraic integer, but obviously |&| = 1, whence by (i) b 
is a root of unity, i.e. b = exp(27ris) for a certain rational s. Since a — 2Re 6, 
we get a — 2 cos(7rr) with r — 2s. □ 

It has been observed by Schinzel and Zassenhaus [65] that for integers 
of a fixed degree the bound in (i) can be improved. We prove now a simple 
result of this type, due to Dobrowolski [78]. 

Theorem 2.6. If a is an algebraic integer of degree n which is neither zero 
nor a root of unity, then 

mm , lo S n 

lal ^ 1+ ^ 2 - 

Proof : The assertion is trivial in case n = 1, so assume n > 2. Choose a 
rational prime p in the interval [3n, 6n], Such a prime exists by Bertrand's 
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postulate. Let F(X) = X n + £"=0 AjX j e Z[X] be the minimal polynomial 
of a, and put 

G(X) = f[(X - a ?) = X n + J2 BjXi, 

t=l j=0 

where a± — a, a2, . . . , a n are the conjugates of a. Finally put 
for fc > 1. 

Newton's formulas imply the following equalities for k — 1, 2, . . . , n: 

Sk 4 A n _i5fc_i H + A n _fe_|_i5i 4- kA n _ k = 0, 

5fc p + B n -iS(k-i) p H + B n -k+iSp 4 kB n ^ k = 0. (2.1) 

Assume now that the theorem is not true for a certain a, and observe that 
for k = 1, 2, . . . , n we have 

|S fcp - S fe | < 2nR fcp < 2n (l + < 2nexp (^^) , 

and since the function 

has no maxima in the open interval (l,n), and f(n) = 1 < /(1> < ffi < 3/2, 
we obtain 

\Skp — Sk\ < 3A:n < kp. 

In particular, one has 

|S P -Si|<p. (2.2) 

Further, for k > 1 we have the equality 

S P k = (of + • • • + = of " + ••• + a*" + pu(p, *) 

with an integer k), which is rational, being equal to (S£ — Sk P )/p, and 
thus 

S fc = S£ = S fcp (modp) (2.3) 

holds for all k > 1. 

In particular Si = S p (mod p), and this together with (2.2) leads to Si = 
S p . Utilizing (2.1) we get A n _i — B n -\. Assume that for j = 1, 2, . . . , k — 1 
one has Sj p = Sj and A n -j = B n _j. Using (2.1) and (2.3) we get Sk P = 
Sk, and using again (2.1) we obtain A n _k — B n _ k . Finally, we see that 
F(X) — G(X), and thus the sets {ai, . . . , a n } and {a\ , . . . , a^} coincide. 
This however leads to a contradiction. Indeed, if K is the splitting field of F, 
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and a e Gal(K/Q) carries a into a p , then we get, denoting by N the order 
of cr, 

a — a a — a 1 , 

thus a either zero or a root of a unity, contrary to our assumption. □ 

5. The following theorem shows that Theorem 2.5 (ii) is best possible: 

Theorem 2.7. (Robinson [62]) If I is an interval on the real axis having 
length > A, then one can find in I infinitely many full sets of conjugates of 
algebraic integers. Moreover, for the particular intervals [—2 — e, 2 + e] with 
a positive e one can find such sets not containing any number of the form 
2cos(7rr) with r £ Q. 

Proof : Let c be real and I —[c — 2 A, c + 2 A] with rational A > 1, and define 
a sequence P n of polynomials, by means of 

P n (X) = (2\) n T n (Z^ (n = l,2,...), 
where T n is the nth Chebyshev polynomial, i.e. 

[n/2] 



L _i_ J / h 1 \ 

r„(*) = x» + £(-i)*^ 

k=l v 7 



2k 



We shall need a few properties of P n , which are easily deducible from the 
corresponding properties of Chebyshev polynomials: 

(i) One can write 

P n (X)=X n ^^2a { ^X n -\ 



k=l 
» 



where for fixed k < n the coefficient a K k } is a polynomial in n, vanishing at 
zero, 

(ii) The maximal absolute value of P n in I equals 2\ n , and is attained at 
1 + n points ui, . . . , u n +i, say. 

(hi) For i = 1, 2, . . . , n we have P n (^)P n (^ + i) < 0. 

Choose now a rational integer M so that A M (A — 1) > 4, and observe 
that with a suitable choice of m every coefficient a[ n ^ (i = 1, 2, . . . , M) with 
n divisible by m is integral and even. In fact, with certain rational integers 
a[ j \ (3k we have 

(*0 k , , (fe) 
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and so we may take for m the least common multiple of the numbers 
2/?i,...,2/? M . 

Let n > M be a rational integer divisible by m. Choose &m+i, • • • , b n G 
[0,4), such that the polynomial 

n n—1 

Q n (X) = P n (X)+ WW*) = * n + X>*** 

fc=l + M k=0 

has all its coefficients c& integral and even with 4 { Co (for k = n — M, . . . , n — 1 
this is implied by the choice of m), and note that for n G / we have 

n n 
\Pn(x) ~ Qn(x)\ < *2*?\Pn-k(x)\ =8 £ A"" fe 

fc=l+M ^ fe=l+M 

- q A"- m -1 . 

- 8 A-1 < AM(A-1)- 2A ' 

hence at all points ^ the polynomials P n and Q n attain values of coinciding 
signs. This shows that Q n has exactly n zeros in /, and, since it is irreducible 
by Eisenstein's theorem, these zeros form a full sets of conjugates. This es- 
tablishes the first part of the theorem, since we may choose n in infinitely 
many ways. 

To prove the second part observe that the first part shows for every e > 
0 the existence of infinitely many full sets of conjugates of integers in the 
interval J e — [—2 — e, 2 — e/2]. Among those sets there is an infinite number 
of sets not containing numbers of the form 2cos(7rr) with r G Q. Indeed, 
every set containing such a number must contain 2cos(7r/g) with a suitable 
natural g, but this is possible only for a finite number of g's, since 2cos(7r/g) 
tends to 2 as q approaches infinity. It remains to observe that the interval J e 
is contained in [—2 — e, 2 + e], □ 



2.2. Discriminants and Integral Bases 

1. To obtain some kind of classification of algebraic number fields one in- 
troduces various functions defined on the set of all such fields. The simplest 
example is the degree over Q, which, however, does not suffice, since there are 
infinitely many fields of the same degree. In this section we shall introduce 
another function, namely the absolute discriminant d(K), which assumes 
non-zero integral values, and has the remarkable property, noted first by 
Hermite [57], of assuming the same value only for a finite number of fields. 
Moreover it is an invariant of isomorphisms, i.e., isomorphic fields have the 
same discriminants. We start with some general definitions, valid for arbi- 
trary finite extensions of any field of zero characteristic. This slightly more 
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general approach will be utilized in Chap. 5, where we shall speak about 
completions of algebraic number fields. 

Assume thus that K is a field of zero characteristic, and let L/K be 
a finite extension of degree n. If 12 is a fixed algebraic closure of if, then 
there are n distinct embeddings Fi, . . . , F n of L into 12, leaving K invariant. 
For any sequence of n elements v\ , . . . , v n of L we define the discriminant 
d>L/K(vu...,v n ) by 

dL/K(v u . . . , v n ) = (detlFiivj)}^) 2 . 

Note that the discriminant does not depend on the order of the embeddings 
Fi or of the v^s. 

The following proposition provides an alternative definition of the dis- 
criminant: 

Proposition 2.8. IfT L / K (x) — Ym=i ^i( x ) ^ s ^ e t race , then for . . . , v n G 
L we have 

d L /K(vi, ...,v n ) = ^[T L /K(viVj)}i,j- 

Proof : It suffices to observe that with notation A T for the transposed matrix 
of A we have 



det [T L / K (viVj)] =det 



.k=l 



= det ([F k (vi)] [F k (vi)] T ^ = dL/Kivx, . . . , v n ). □ 



If a is an arbitrary element of L, then its discriminant with respect to if, 
which we shall denote by dc/K^a), is defined by 

d L /K(o) = d L/K (l, a, a 2 , ... , a n-1 ). 

One can easily see that 

d L/K (a) = l[(F i (a)-F j (a)) 2 , (2.4) 

i<j 

and this shows that if a generates the extension L/K, then dL/x(a) coincides 
with the discriminant of the minimal polynomial of a over if, and thus is non- 
zero. If, however, a generates a proper subfield of L, then ^/^(a) = 0. 

The main properties of the discriminant are contained in the following 
proposition. 

Proposition 2.9. Let L/K be a finite extension and let vi,...,v n be ele- 
ments of L. 
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(i) The discriminant g^l/kC^i, • • • ,v n ) lies in K, and if K is an algebraic 
number field, then the discriminant of a set of integers is an integer. 

(ii) If for i — 1, 2, . . . , n we have U{ — Y^Jj=i a ij v j w ^ a ij ^ K> ^ en 

d L /K(u>i, . . . ,u n ) = (det [aij]) 2 d L/K (v u . . . , v n ). 

(iii) One has c?l/k( v 15 • • • > v n) = 0 if and only if the system vi, . . . , v n is 
linearly dependent over K. 

(iv) If L — K(a) and P G K[X] is the minimal polynomial of a, then 

d L/K (a) = (-l) m det[ Cij ] = (-l) m N L/K (P'(a)), 
where m = n(n — l)/2, the elements are defined by 

n-l 

aip'(a) = J2 c ij ai ti = 0,1,..., n-l), 
and P' is the formal derivative of P. 

Proof : Part (i) results from Propositions 2.4 and 2.8, and (ii) is a consequence 
of the equality 

det [Fj(ui)\ = det[ Cij ] det [Fj(vi)] . 

To prove (iii) note first that if the elements v\, . . . , v n are linearly depen- 
dent over K, then with suitable . . . , x n G K (not all of them vanishing) 
we have 

n 

Y,XiFj(vi) = Q (j = l,2,...,n), 

2=1 

and thus (Il/k(vi, • • • ,^n) = 0. 

On the other hand, if ^L/ic(^i, • • • , v n) vanishes, then the system 

n 

Y^ x i T L/K(ViVj) =0 (j = l,2,...,n) 

1=1 

has a non-zero solution. If the system v\, . . . , v n were linearly independent 
over K, then u — x\V\ + • • • + x n v n would be non-zero, and T^y^m^) = 0 
would hold for i — 1, 2, . . . , n. Hence for all y G L we would have T^j^iuy) — 
0, but this is not possible, since taking y — 1/u we obtain n — Tl/ k (1) = 0. 

Finally, to obtain (iv) denote by a\ — a, . . . , a n the conjugates of a over 
K, and put bi = P'iai), all these elements lying in a fixed algebraic closure 
of L. Then 

n 

d L/K (a) =Y[( ai - ajf = (-l)™nil( fl ' - a i) 

i<j i=lj^i 
n 

=(-irHp'( ai ) = (-ir bl ---b n = (_i)™Ar i/K (p»). 

2=1 
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Moreover 

bi • • • b n det[a^] = det[a^] = det 



.k=i 



— det[cfej] det[a*- 



and since (iii) implies det[a£.] ^ 0, we obtain 

hfo • • • K = det[cij], 

and thus 

d L/K (a) = (-l) rn det[c ij ], 

as asserted. 



□ 



2. Now we leave the abstract situation, and return to algebraic number fields, 
to which the concepts developed in the preceding subsection apply. We shall 
use them for the definition of the field discriminant. Let K be an algebraic 
number field of degree n. A system ooi,...,oo n of integers of K, which is 
linearly independent over the rationals and generates R K as a Z-module, is 
called an integral basis of K. Note that the existence of a system . . .uo n 
of elements of R L , which is linearly independent over K and generates R L 
as a it^-module is equivalent to the fact that R L is a free it^-module. We 
shall see that this is the case when K = Q, but may fail in the general case. 
The question, when this happens will be answered in Chap. 7 (see Corollary 
1 to Theorem 7.42). 

Theorem 2.10. Every algebraic number field has an integral basis, i.e., for 
every finite extension K/Q, Rk is a free Z-module. 

Proof : Let a G Rk be a generator of the extension K/Q. Lemma 1.21 implies 
dK/q(a)RK C Z[a], whence R K C d^ Q (a)Z[a]. 

Since Z[a] is a free Z-module with finitely many generators a 1 {i = 
0, 1, . . . , n — 1, n = [K : Q]), it is Noetherian by Proposition 1.2, and hence 
d^^(a)Z[a] is also Noetherian. Thus Rk is a finitely generated torsion- free 
Z-module, and Theorem 1.32 implies that R K is isomorphic as a Z-module 
to Z d for a certain 0 < d < n, because Z is a principal ideal domain. However 
Rk spans an n-dimensional Q-space, and so d = n. □ 

We give also an alternative proof of the last theorem, which permits the 
construction of an integral basis of a special form, needed in the sequel. 

Proposition 2.11. If [K : Q] = n and the numbers ai,...,a n of R K are 
linearly independent over Q, then there exists an integral basis ui,...,(j n of 
K such that for j = 1, 2, . . . , n one has, with suitable Cij G Z, 



a 3 = C jl U l + " ' ' + c jjUj. 
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Proof : Put d — d K /q(cn, . . . , a n ) and for i — 1, 2, . . . , n denote by da the 
least positive integer such that with suitably chosen dik £ % (1 < k < i — 1) 
one has 



The numbers cji, . . . ,cj n are linearly independent over Q, since their dis- 
criminant D satisfies 



with a certain j and q £ Z, then djj\cj. Indeed, if = sdjj + r with r, s £ Z 
and 0 < r < <ij ^ , then c — scjj £ , and 



contrary to the choice of djj . Let Mo be the Z-module generated by ui , . . . , uj n . 
We shall prove by induction in j that Mo contains every element of Rk of the 
form (xicli H h Xjdj)/d (xi £ Z). For j = 1 the assertion is obvious, so as- 
sume it holds for all indices < j, and consider y = {x\a\ H Yx^a^jd £ 

where £ Z. Then, with a suitable A £ Z, we have = Adjj, thus 
y — Acuj £ ir!x, and, in view of Aujj £ Mo, it suffices to apply the induc- 
tional assumption. 

For j = n this gives M 0 = Rk, because by Lemma 1.21 we have R K C 
(a{L + h a n Z)/<i, and the proposition follows. □ 

Examples of integral bases will be given in the last part of this section. 

3. In this subsection we shall define the discriminant of any Z-module of finite 
index in Rk, a special case of which will be the discriminant of the field K. 
The following proposition shows that all free bases of a free Z-module have 
the same discriminant. 

Proposition 2.12. If M is a free Z-module with n free generators ai, . . . , a n , 
and &i, . . . , b n is another set of its free generators, then for some matrix [cij] 
with elements from Z and determinant ±1 one has 




D = (d- n det[d ij ]) 2 d, 




c — 



(ci — sdjijai + • • • + raj 
d 



n 




(2.5) 
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Conversely, if a\, . . . , a n generate freely a It-module M, and the elements 
61, . . . , 6 n of M are related to the a; 's through (2.5) with det[cij] = ±1, then 
they also form a free basis of M. 

Proof : If the a^s and b^s are free generators, then the matrix [cij] has an 
inverse with elements in Z, and so its determinant equals 1 or —1. The second 
part of the proposition results from the observation that under the given 
conditions the matrix [c^] has an inverse with elements in Z. □ 

Corollary. If [K : Q] = n and M C Rk is a free Z-module with n free 
generators, then the discriminant of a basis of M does not depend on the 
choice of that basis. 

Proof : This follows from the proposition just proved and Proposition 2.9 

(ii). □ 



Proposition 2.12 suggests the following definition: if M C Rk is a free Z- 
module with n = [K : Q] free generators, then the discriminant (Ik/q(M) of 
M is defined as the discriminant of any basis of M. In particular, if M = Rk, 
then this discriminant is called the discriminant of the field K, and is denoted 
by d(K). It is the discriminant of any integral basis of K. Proposition 2.9 (ii) 
shows that |d(if)| equals the greatest common divisor of all (Ik/q(vi, . . . , v n ) 
with vi, . . . , v n G Rk> The next proposition makes this fact more precise: 

Proposition 2.13. 7/ai, . . . ,a n are linearly independent over Q, then 

d K /q(ai,...,a n ) = m 2 d{K), 
where m is the index in Rk of the 7j-module M generated by the ai 's. 

Proof : Let uoi , . . . , uj n be an integral basis of K, and choose the numbers 
&i ? • • • ? b n G M in such a way that 

i 

b% = ^2 c ik u k (c ik G Z, i = 1, . . . , n), 

k=l 

where cu is positive and as small as possible. As in the proof of Proposi- 
tion 2.11 we see that the b^s form a set of free generators for M, and that 
S/U=i tk^k (with tk G Z) can lie in M only if cu divides U. This shows that 
the numbers 

n 

^ ctk^k (0 < a k < c kk , k = 1, . . . , n) 

k=l 

are pairwise incongruent mod M, and obviously there are cu • • • c nn of them. 
We shall show that they represent all residue classes mod M. Let 
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n 

£ = ^2 XkUJk ( Xk G z ) 

k=l 

be an arbitrary element of Rk, denote by \i n the least non-negative residue 
of A n mod c nn , and put A n = (A n - /x n )Aw Then 

n-l 
k=l 

If by /x n _i we denote the least non- negative residue of 

^n-l — ^nC n ,n-l mod C n _i ?n _i, 

and put 

A n —i — (A n _i — A n c n?n _i — /x n _ i)/c n _ i ?n _ i , 

then 

n-2 

+ ~~ A n C ni k — A n -iC n -i,k)Wk. 

k=l 

Continuing this procedure, we finally obtain an equality of the form 

n n 

i^k^k (o < Hk < CkkiVkiAk e z), 

fc=l k=l 

and so 

n 

i = ^2^k (mod M), 

k=i 

as required. Now it suffices to observe that 

dK/Q{a>u-',a>n) = d K /q(bi, . . . ,6 n ) = (en • • • c nn ) 2 d(if), 
by Proposition 2.9 (ii). □ 

Corollary. If a e K is non-zero and I = clRk, then N(I) = \N K /q(cl)\. 

Proof : Since both sides of the asserted equality are multiplicative in a, we 
may assume that a £ Rk- Let uj\ , . . . , u: n be an integral basis of K. Then clRk 
is the Z-module generated by aui, . . . , au n , hence the proposition implies 

N{I) 2 = d K/Q {auj u . . . ,auu n )/d(K), 

but obviously d K /q(auJi, . . . , au n ) — N^^(a)d(K), and our assertion follows. 

□ 



In the case when M is the Z-module generated by 1, a, ... , a n_1 , where a 
is an element of Rk of degree n = [K : Q], i.e., M is the subring Z[a] of Rk, 
generated by a, then the index of M in Rk is called the index of a in Rk, 
or, which is slightly incorrect, the index of a in K. 
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4. Not every non-zero rational integer is a discriminant of an algebraic num- 
ber field. This is implied by the following result of L.Stickelberger [97]: 

Theorem 2.14. The discriminant d(K) of a field K is congruent either to 
0 or to 1 mod 4. 

Proof : Let i? = {<^i, . . . , uj n } be an integral basis of K, and let uo\^ 
(i,j = 1,2, ...,n) be all the conjugates of the uVs. For a permutation 
P = (/xi, . . . , /x n ) of the set {1,2,..., n} put 5 P = cj^ x) • • • c^ n) . Then 

det^p'*] = S p ~ Sp = A ~ B ' 

P even P odd 

If L is the field generated by all conjugates of the cj^'s, then i?L, and 

moreover the numbers A + B and A£? are rational integers, since they are 
invariant under the automorphisms of L. Now 

d(K) = (A — B) 2 = (A + £) 2 - 4A£ = (A + £) 2 (mod 4), 

and so d(if) = 0, 1 (mod 4). □ 

Our next proposition, due to A. Brill [77], determines the sign of the dis- 
criminant. 

Proposition 2.15. i/[ri,r 2 ] is the signature of K, then sgnd(K) = (— l) 7 * 2 . 

Proof : Once again let lj± , . . . , cj n be an integral basis of K, and uj\^ the 
conjugates of UiS. Write det[cj-^] = d\ + id 2 with di,d 2 E R. Since the 
change of i into — i in this determinant is equivalent to the interchange of 
r 2 pairs of rows, we have d± — id 2 = (— l) r2 (di + id 2 ). If ^2 is even, this 
implies d 2 = 0, hence d(K) = df > 0, and if r 2 is odd, then di = 0 and 
d{K) = (id 2 ) 2 = -d\ < 0. □ 

We conclude this subsection with a result of L.Kronecker, which will be 
strengthened later (see Corollary 1 to Proposition 4.15), however we prove it 
here, as it will be of some use in the sequel. 

Proposition 2.16. If Q c K C L, then d(K) divides d(L). 

Proof : Let [K : Q] = m, [L : K] = n. Let a±, . . . ,a m be an integral basis 
of K, and choose a m +i, . . . , a mn G i?L so, that the resulting set a±, . . . , a mn 
is Q-independent. Proposition 2.11 implies the existence of an integral basis 
(j i , . . . , ujrnn of L such that 
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^ Cjk^k 
fc=l 



(j = l,...,mn) 



holds with Cjfe G Z. The elements cji, . . . ,cj m lie in JiT, and the Z-module 
generated by them contains an integral basis of K, hence they form an in- 
tegral basis of K. As usual, denote by uj^ the conjugates of the cjj's, and 

let Fi, . . . , Fm be embeddings of L into C satisfying uj^ = Fi(ujj) for i, j = 
1, . . . ,m. Denote the remaining embeddings of L in C by .F m +i, . . . , F mn , 
and assume that Fi{ujj) = cj^ holds for all j and i = m + 1, . . . ,mn. As- 
sume moreover that for x G K and i 
Consequently we get 

k 2 



fc(mod m) one has Fi(x) = Fk{x). 



d{L) = (det[^°])' 



^1 




^1 


. . . UJ 








. . . UJ % 










^mn 


(m) 


, ,(m+l) 






,,(m) 


0 






,,M 


0 








, ,(™+l) 


m+l 




,,(m) 


, ,(m+l) 





(m) 



,(m) 



(1) 



(m) 



UJ. 



(m) 



(ran) 



(mn) 



(mn) (m) 



(mn) (m) 
UJmn ^mn 



=d(K)a, 

where a is an algebraic integer. However a = d(L)/d(K) is rational, and thus 
it is a rational integer. □ 



5. Now we shall compute some examples of integral bases and discriminants. 
We start with a lemma which is sometimes useful in determining the discrim- 
inant. 



Lemma 2.17. Let a be an algebraic integer, and let K = Q(o) be the field 
generated by it. If the minimal polynomial over Q of a is Eisensteinian with 

respect to the prime p, i.e., it has the form X n + a n _iX n-1 H + ao, with 

oo, . . . , Q>n-i divisible by p andp 2 \ ao, then the index of a in K is not divisible 
by p. 
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Proof : Our assumptions imply that a n /p is an integer, and, moreover, p 2 
does not divide N K /q(a). Assume that p divides the index of a. Then there 
exists an integer £ G Rk of the form 

£ = (b 0 + ha + • • • + bn-^-^/p {h e Z), 

not all of the bi's divisible by p. Let j be the minimal index with p\bj. Then 
the number 

77= (6 i a J +--- + 6 n _ia n - 1 )/p 
= € - (&o + M + • • • + bj-^-^/p 
is an integer, and so is also 

( = bjoT^/p = m 71 '^ 1 - a n (b j+1 + & j+2 a + • • • + & n _ia n ^'- 2 )/p. 

This implies 

P n N K/Q (0 = N K/q (pt) = Afc/Q^a"" 1 ) = 6?AT K/Q (a)"-\ 
hence p has to divide bj, contrary to the choice of j. □ 



With the use of this lemma it is sometimes possible to find the exact power 
of a prime p dividing the discriminant of a field K. This happens when we 
have an integer a generating K, and satisfying the conditions of the lemma, 
because then, by Proposition 2.13, d K /q(a) and d(K) are divisible by the 
same power of p. 

Another fact will be used quite often, namely the equality d K /q(a) = 
dK/q( a + n ) f° r ^ E Z, which follows directly from (2.4). 

Let us now give some examples. We begin with quadratic fields. 

Theorem 2.18. Let D be a square-free rational integer, and let K = Q(y/D). 
Then 

d(K) = { D = ! (mod 4), 

AD otherwise, 

and an integral basis of K is formed by l,o;, where 

„ = J (1 + y/D)/2 ifD = l (mod 4), 
\ VD otherwise. 



(It is irrelevant which of the two possible square roots of D we take here; 
however, it is convenient to assume that for positive D the number y/~D is 
assumed to be positive, whereas for negative D the square root lies on the 
upper imaginary half-axis.) 

Proof : The polynomial X 2 — D is Eisensteinian for any prime dividing D, 
and since its discriminant equals 4D, we obtain for even D the equality 
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d(K) = 4D by Lemma 2.17 and Proposition 2.13. If D = 3 (mod 4), then the 
polynomial (X + l) 2 — D is Eisensteinian for p — 2, and since its root equals 
y/D — 1, and its discriminant is 4D, we get again d(K) = AD. Since in both 
cases we have c^/q(1, VD) = 4D, the numbers 1 and y/D form an integral 
basis. 

If D = 1 (mod 4), then u is integral, being the root of X 2 - X + (1 - D)/4. 
Moreover its discriminant equals D, which is square-free, thus by Proposition 
2.13 we get d(K) = D, and l,u form an integral basis. □ 



Now let K be a pure cubic field, i.e., K = Q(\/ra) with m e Z, not 
divisible by a cube of a prime. We can write m = ab 2 > 0 with ab square-free 
(thus (a, b) = 1). Moreover, in the case 3\m we may assume 3|a, 3 \ 6, because 
the fields generated by \/ab 2 and \/a 2 b coincide. 

Theorem 2.19. If K = Q(8), where 6 = ^fm with m = ab 2 as given above, 
then one distinguishes between three cases: 

(i) m ^ ±l(mod 9). Here d(K) = -27(ab) 2 , and the numbers l,0,0 2 /b 
form an integral basis, 

(ii) m ee l(mod9). In this case d(K) = -3(ab) 2 , and the numbers 
(9, Q 2 lb, (1 + 9 + 0 2 )/3 form an integral basis, 

(iii) m ee -l(mod 9). Here d(K) = -3(a6) 2 ; and an integral basis is 
formed by (9, Q 2 /b, (1 - 0 + 0 2 ) /3. 

Proof : Using Proposition 2.9 (iv) we get d K /q(0) = -3 3 ra 2 . The minimal 
polynomial for 0, X s — m, is Eisensteinian for every prime divisor of a. If 3|a, 
then we get 3 3 a 2 \d(K), and if 3 \ a, then 3a 2 \d(K). The number = 6> 2 /6 
is a root of X 3 - a 2 6, which is Eisensteinian for every prime dividing 6, and 
therefore b 2 \d(K). Finally we obtain d(K) = -3 N (ab) 2 , where N is equal to 
3 if 3 1 m, and is equal to either 1 or 3 otherwise. 

If m ^ ±1 (mod 9), then m 3 ^ m (mod 9), thus (X + m) 3 - m is Eisen- 
steinian for p — 3, and the discriminant of its root 0 — m equals — 3 3 m 2 . 
Hence Lemma 2.17 implies d(K) — —3 3 (ab) 2 . 

If m ee 1 (mod 9), then the number ^ = (1 + 0 + 0 2 )/3 is an integer, since 
it is a root of the polynomial 

x 3 -x 2 + i^x- (m - 1)2 . 

3 27 

This shows that the index of 6 is divisible by 3, and Proposition 2.13 leads 
to d(K) - -3(a6) 2 . 

A similar argument applies to the case m ee — 1 (mod 9), in which case 
we have to consider (1 — 6 + 9 2 )/3 in place of -0. 

The assertion concerning integral bases can be now verified directly by 
calculating the discriminants of the relevant sets, and noting that they are 
equal to the field discriminant. □ 
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As our last example we consider cyclotomic fields K = Q(Cn) in the case 
when n is a prime power. The general case will be treated in Chap. 4 (see 
Theorem 4.27 (ii)). 

Theorem 2.20. Let p be a prime, n > 1, q = p n > 2, and let ( q be a 
primitive q-th root of unity. Put K — Q(( q ). The extension K/Q is normal 
of degree N = (p(q) = p n ~ 1 {p — 1), and its Galois group is isomorphic to the 
multiplicative group G(q) of residue classes mod q, not divisible by p. The 
numbers 1, ( q , . . . , C^ _1 form an integral basis of K, and 

( 2 M ifp = 2,n>2, 

d(K)=\ -4 ifp = n = 2, 

{e(p n )p M ifp>2, 

where M — rup(p n ) — p n ~ 1 , and 

/ _ J 1 z/p=l(mod4), 
6{P } " \-l i/p = 3(mod4). 



Proof : Since every q-th. root of unity is a power of the normality of 
the extension follows. To show that N = (p(q) it suffices to establish the 
irreducibility of the polynomial 

w(x) - (x pU - i)/(x pn_1 - 1) 

over the rationals, as W(( q ) = 0. Consider F(X) = W(X+1). Easy induction 
shows that for j = 1, 2, ... we can write 

(1 + X)^' 1 = (1 + X* n ~y (mod p), 

and therefore 

F(X) ee 2 (l + X^-J ee J2 ( P )x^^ ee X^-V (mod p). 

Since F(0) = W(l) — p we see that F is Eisensteinian with respect to 
p, hence is irreducible over Q, and the same holds for W. This proves our 
assertion about the degree of K. To determine the Galois group observe that 
the irreducibility of W implies that all primitive roots of unity of order q 
are conjugated, and so for 1 < a < q, p \ a the map ( q \-> ( q extends to 
an automorphism g a G Gal(K/Q). One sees easily that the associated map 
G(q) — > Gal(K/Q) is an isomorphism. 

To find the discriminant we use Proposition 2.9 (iv), which gives 

d K/Q (( q ) = ±N K/q (W(<; q )). 



Since 
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W'iQ P 



pn-l 



c 9 (cr -i)' 



NR/qiCq) = 1) an d Cg = Cp is a primitive p-th root of unity, we get 



p n <p(<i) 



'^/q(C,-i)" 
If Ko = Q(Cp)> then, using Proposition 2.4 (iii), we get 

N K /q(Cp - 1) = N Ko/Q (n k/Ko (<; p - 1)) 

= ((Cp-ir (9)/(p - 1} ) 
-^ 0 / Q (Cp-l) pn ". 
The formula for d(K) follows now from the equality 

p— l p— l 

iVKo/Q(Cp " 1) = - !) = - = (" 1 ) P "V 

and its sign e(g) is determined by Proposition 2.15. 

Finally, observe that d K /q(Cq) = d K /Q(( q - 1), and £g — 1 is the root of 
W, which, as we have seen, is p-Eisensteinian. Therefore d K /q(Cq) = d(K), 
and the powers of ( q form an integral basis. □ 

6. The results of the preceding subsection show that certain fields K have 
integral bases, consisting of powers of an element a G Rk, in which case 
Rk — Z[a]. Such fields are called monogenic, and such a basis is called a 
power integral basis. A necessary and sufficient for a field to be monogenic is 
the existence of an element a G Rk having index 1, i.e., satisfying d(K) = 
dK/q{o)- It has been discovered by Dedekind [78] that there exist fields K in 
which the greatest common divisor of the indices of elements of Rk is greater 
that 1. Obviously such field cannot have a power basis. Here is Dedekind's 
example: Let K = Q(a), where a is any root of the irreducible polynomial 
X 3 - X 2 - 2X - 8. The number b = (a 2 + a) /2 is a root of X 3 - 3X 2 - 10X - 8, 
hence is integral, and one has d K /Q(^,a, b) = —503. Since 503 is a prime 
number, this shows that l,a, b is an integral basis of K and d(K) = —503. 
We shall now prove that for all x G Rk one has 2\d K /Q(x), and so every 
integer of K has an even index. 

Write x = A+Ba+Cb with A,B,Ce Z. Since b 2 = 6+2a+36, a 2 = 2b-a 
and ab = 2b + 4, we have x 2 = (A 2 + 6C 2 + SBC) + (2C 2 - B 2 + 2AB)a + 
(2£ 2 + 3C 2 + 2AC + 4BC)b, and hence 



1 0 0 
A 5 C 
A 2 -£ 2 3C 2 



(BC) 2 (B + C) = 0 (mod 2). 
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Rational integers > 1 which divide all indices of integers of K are tradi- 
tionally called common non-essential discriminantial divisors. We shall con- 
sider them more closely in Chap. 4 (see Theorem 4.34 and Proposition 4.36). 

Even if K has no common non-essential discriminantial divisors, a power 
basis need not exist. To give an example we prove first a result of Hensel 
[94b]. 

Proposition 2.21. To every field K of degree n over Q there corresponds a 
form F of degree n(n — l)/2 in n — 1 variables with coefficients from Z such 
that the set 

{|F(a l5 ...,a n _i)| : a u ...,a n - 1 GZ}\{0} 
coincides with the set of indices of integers of K. 

Proof : Proposition 2.11 implies the existence of an integral basis of K of the 
form ui = l,u; 2 , • . • ,o; n . If now x = Y!i=i A i u i e R k £ Z), then the 
index of x equals the index of x - A\U\ = x - A x . To calculate it explicitly 
observe that for j = 1, 2, . . . , n we have 



{x-A 1 y = Y J fk\A 2 ,...,A n )uj k , 

k=l 

where the /^'s are forms of degree j in n - 1 variables, with coefficients 



in Z. Propositions 2.9 and 2.13 imply that | det 



Jk 



equals the index of 



x if x generates K, and equals 0 otherwise. Putting F(Xi, . . . , X n -i) 



det /<>> (*!,..., X n _ 



we obtain the assertion. □ 



The form occurring in this proposition is called the index form. Of course, 
it depends on the choice of the integral basis. A field has a power basis 
if the index form represents 1 or -1. To give the promised example of a 
non-monogenic field without common non-essential discriminantial divisors 
consider K = Q{-^/rn), with m = ab 2 , ab square- free, 3 \ m and m not 
congruent to ±1 mod 9. By Theorem 2.19 the numbers 1, ^/m, Vm? jb form 
an integral basis of if, and a short computation shows that the index form 
F equals bXf - aX\. Since (a, b) = 1 and F represents both a and 6, there 
cannot be any common divisor of the indices of integers of K. Now putting 
a = 7, b = 5 we obtain a non-monogenic field, since the form 5Xf - 7X| does 
not represent ±1, the congruence 5X 3 = ±1 (mod 7) being insolvable. 
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2.3. Applications 

of Minkowski's Convex Body Theorem 

1. In this section we shall present some results concerning evaluations of field 
discriminants, obtained by means of the convex body theorem of Minkowski. 
We start with a classical lower bound for d(K), proved first by Minkowski 
[91b]: 

Theorem 2.22. If the field K of degree n>l has the signature [ri,r2], then 

We shall utilize a lemma, of which our theorem is an easy consequence: 

Lemma 2.23. Let K be a field of degree n and signature [ri,r2]. If M is a 
Z-module of finite index m in Rk, then there is a non-zero a G M such that 

\N K/Q (a)\<m(^y y/WK)V 

Proof : Let & be the homomorphism of the additive group of Rk into the real 
n-space, occurring in Lemma 2.1, and put A = \P(M). Since & is injective 
we see that A is a lattice, and one checks without pain that its discriminant 
d(A) equals m^\d(K)\2- r2 . 

Now choose t > 0, and let X t c M. n be defined by 

X t ={[xi, . . . ,x ri ,y ri +!, z ri +i, . . . ,y k , z k ] : 

r\ k 

I>|+ 2 E V y f + 

i=l j=ri -fl 

where k = r\ + r2- The set X t is convex, bounded and symmetrical about 
the origin. We prove now that its volume equals 

In the case of r\ + r2 = 1 this is evident. Assume now that (2.6) holds for 
ri = A and r2 = B. Then for r\ — A + 1, r2 = B we have 

(A + l + 2£)! 
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and, similarly, for n = A, r 2 = B + 1 we get 

lA-B^B 



(A + 1B)\ JJ y 2+ z 2< t 2/ 4 



(A + 2 + 2B)! 

For any given e > 0 determine t = t(e) from the equality 



Then V(X t ) exceeds 2 n d(A), and so the convex body theorem implies the 
existence of a = a(e) ^ 0 in M such that the point &{a) lies in X t . If 
9(a) = [x u ...,z k ], then 



i=l j=ri + l 

The inequality between the arithmetic and geometric means implies now 

i^/ Q (a)i i/n = n i^i n + ® ^ 1 

\i=l i=l+ri / 



whence r2 

i^/qwi * £ < - (£) 2 ( 2 - 7 ) 

Observe finally that for e G (0, 1) we have only finitely many number of 
possibilities for a(e), and so there must exist an a 0 G M, satisfying the last 
inequality for all e > 0, and this establishes the lemma. □ 

Proof of Theorem 2.22: Apply Lemma 2.23 with M = R K , m = 1, and 
observe that for non-zero a G Rr we have \N K /q(a)\ > 1. □ 

Let us point out three consequences: 

Corollary 1. If K is a field of degree n, then 



Proof : Stirling's formula gives n n /n\ = exp(n - #/12n)(27rn) _1/2 with a 
certain 0 < # < 1, and since exp(l/12) < 12/11 and n > 1, the stated 
evaluation results. O 
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Corollary 2. If K ^ Q is an algebraic number field, then \d(K)\ > 1. 

Proof : It suffices to observe that the function 

f(t) = tlog(7re 2 /4) - log t - log(27r) - log(144/121) 
is positive at t — 2 and increases in [2, oo], and apply Corollary 1. □ 

Denote by M(r*i,r2) the smallest absolute value of the discriminant of a 
field with signature [ri,r 2 ]. 

Corollary 3. One has lim ri+r2 ^ 00 M{r 1^2) — 00. □ 

2. Now we can prove the result of Hermit e. mentioned at the beginning of 
section 2. 

Theorem 2.24. Only a finite number of fields can have the same discrimi- 
nant. 

Proof : By Corollary 3 to the preceding theorem we can restrict ourselves to 
fields of a fixed degree, say n. We may also fix the signature [7*1, r?\, and let 
k = ri +r2. Let Dbea fixed natural number, and let K be any field of degree 
n with < D. We shall show that K — Q(a), with a from a finite set 

depending only on D. If T\ 7^ 0, then define 

X = {[xi,...,x ri ,y ri + 1 ,z ri +i,...,z k ] : \xi\ <d,Vj + z] < 1, 
i = l,2,...,n;j = ri + l,...,fc}cR n 

with d = y/DTl and d = 1 for i > 1. 
If n =0, then put 

Y = {[yi,zi,...,y k ,z k ] : \yi\ < 1, |*i| <VD + 1, 
2/? + ^<l,j = 2,3,...,fc}cR n . 

It is easily checked that the volumes of these sets are equal to 

v{x) = 2 ri 7r r2 v77TT, v(y) - 47r r2 - 1 v^Tl, 

and so the quotients 

V(X) V(Y) 

. and , 

exceed 1. If & is the map Rk — > H£ n defined in Lemma 2.1, then the convex 
body theorem implies the existence of non-zero points from &{Rk) in X 
and Y, respectively Let a be one of them. Since the absolute values of its 
conjugates are bounded by a value depending only on D, the coefficients of 
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its minimal polynomial over Q are bounded, and so we get finitely many 
possibilities for a. 

It remains to prove the equality K = Q(a). If n ^ 0, then x\ is the only 
conjugate of a lying outside the unit disc, since if it would lie inside or on the 
boundary of that disc, then we would have \N K /q(a)\ < 1. If r\ — 0, then 
yi ± izi are the only conjugates of a having that property. Moreover z\ ^ 0, 
since otherwise every conjugate of a would lie in the unit disc. Thus in all 
cases there exists a conjugate of a, distinct from all other conjugates, and so 
a generates K. □ 
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1. The first systematic investigation of integers lying in an algebraic number 
field 7^ Q was carried out by Gauss [32], who considered integers of Q(i), 
and used them for the study of quartic reciprocity. He also suggested that 
numbers of the form a + b(s («, b e Z), i.e., integers of Q(Cs), should be 
used in investigation of cubic reciprocity. He never returned to this subject 
himself, and the suggested study was carried out by Eisenstein [44a]. Jacobi 
[39] expressed the opinion that Gauss was led to complex integers through his 
research concerning the division of the lemniscate. In this book we shall not 
consider questions related to various reciprocity laws. The interested reader 
should turn to the book of Lemmermeyer [00], which gives a broad historical 
introduction into that subject. 

The integers of Q(Cs) na d been earlier used by Euler [70] (see Bergmann 
[66a]), and integers of Q(y/E) and Q(i\/7) by Dirichlet ([28], [32b]) in the 
proof of Fermat's Last Theorem for exponents 3, 5 and 14. They did not 
develop the properties of the integers considered except those few which they 
applied directly. A study of the connection between early research concerning 
algebraic numbers and Fermat's Last Theorem can be found in Edwards [77]. 

Arbitrary quadratic fields appear first in Dirichlet [32a], who noted that 
expressions of the form t + Uy/a with a square- free a should be subject to 
theorems similar to those which concern the complex integers a + bi. He did 
not suspect at that time that arithmetic in arbitrary quadratic fields may 
substantially differ from that in Q(i). 

Integers of arbitrary algebraic number fields appear first in Dirichlet [46] . 
Dirichlet 's definition of integers differs from the used today since in the field 
Q(a) he regarded as integers only elements of the ring Z[a], generated by 
a. Integers in the cyclotomic fields Q(Cp), with prime p appear in Kummer 
[47a,b]. The modern definition of algebraic integers and also the definitions 
of the discriminant and the integral basis are due to Dedekind [71] . 

An early survey of the beginnings of the theory of algebraic numbers may 
be found in H. I.S.Smith [94]. A good insight into the early stages of this 
theory may be gained through Dickson et al. [23b]. A complete bibliography 
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up to 1896 is included in Hilbert's classical work (Hilbert [97]), which laid 
foundations for modern development. 

Of the many books devoted to algebraic numbers we mention here only 
a selection: Artin [59], [67], Borevich, Shafarevich [64], Cassels, Frohlich [67], 
H.Cohn [78], Eichler [63], Frohlich, Taylor [93], Hasse [49], [50a], Hecke [23], 
Ireland, Rosen [82], Janusz [73], Koch [90], [97], Landau [18e], [27a,vol.III], 
Lang [64], [70], Long [77], Mann [55], Marcus [77], Mollin [99], Neukirch 
[92], Ribenboim [01], Samuel [67], LStewart, Tall [79], Swinnerton-Dyer [00], 
H.Weber [96b], E.Weiss [63], Weyl [40]. 

The modern theory of cyclotomic fields is exposed in Lang [78] and Wash- 
ington [82]. 

Expositions of class-field theory, a subject which we shall not touch in 
this book, were given in Artin, Tate [68], Cassels, Frohlich [67], Chevalley 
[54], H.Cohn [78], Goldstein [71c], Gras [03], Hasse [26c], [67], Iyanaga [75], 
Weil [67]. A new foundation of that theory, which seems to be the simplest 
known, was presented by Neukirch [84], [86] (cf. Neukirch [94]). For a concise 
survey see Narkiewicz [96]. 

Computational methods in algebraic number theory were treated in 
H.Cohen [93], [00a], Petho, Pohst, Williams, Zimmer [91], Pohst [87], [93], 
Pohst, Zassenhaus [89] and Zimmer [72]. 

For problems and exercises see Esmonde, Murty [99]. 

2. The definitions of norm and trace are due to Dedekind [71]. A characteriza- 
tion of the norm was obtained in Artin [50b] and Flanders [53a]. The problem 
of finding algebraic numbers of given norm a in an algebraic number field K 
is easily reducible to a diophantine equation. Indeed, if Q = {cji, . . . ,cj n } is 
an integral basis of K, then 

n 

Fn{X 1 ,...,X n ) = N K/Q (52x j u> j ) 

3 = 1 

is an n-ary form in n variables, hence our problem consists in finding rational 
solutions of the equation F(Xi, . . . ,X n ) — a, and if one looks for integers 
of K with norm a, then one has to look for rational integral solution of this 
equation. This question has been subject to a long development and is treated 
e.g. in Borevich, Shafarevich [64]. See also Bartels [80], Bugeaud, Gyory [96b], 
Garbanati [80], Gyory [98a], Gyory, Papp, W.M.Schmidt [72] and Siegel [73] 
(in case of a normal extension). Surveys were given in Evertse, Gyory [88b], 
Gyory [98b], [99]. 

Gyory and Petho [75], [77] considered the number $ a (t) of the number 
of solutions of Fq{Xi, . . . ,X n ) = a, satisfying \xj\ < t, and showed that if 
$ a {t) is non-zero, then for t tending to infinity one has 

$ a (t) = c\og r t + 0(log r - 1 t), 

with c> 0 and r = n + r 2 - 1. Cf. Petho [74]. 
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Elements of an algebraic number field K which are norms in every 
cyclic or Abelian extension of it were studied in Ax [62]. The factor group 
K* /N L / K (L*), which in case of a normal extension L/K with Galois group 
coincides with the cohomology group H°(G,K*), was considered in Hiirli- 
mann, Saltman [85], Opolka [87], [91]. This factor group is infinite, as shown 
in Stern [90] (cf. Hutchinson [95a]). 

An extension L/K is called solitary if for any finite extension M/K sat- 
isfying N L / K (L*) = N M / K (M*) follows that the extensions L/K and M/K 
are isomorphic. For Galois extensions this was considered in Guralnick, Stern 
[95] and Stern [89], and the non-Galois case was treated in Stern [99]. See 
also Coykendall [96], [00]. 

A formula for the index of T l / k (Rl) in Rk in the case when L/Q is 
Abelian and K C L, was proved in Girstmair [92b]. 

There are only finitely many algebraic integers of given degree, discrim- 
inant and norm (Gyory [73], see also Gyory [81a], [81b], [83], [84], Gyory, 
Papp [77] , [83] , where also certain generalizations have been considered) . For 
the cubic case see Delaunay Faddeev [40], Nagell [30]. 

Schur [18a] proved that if c < yfe = 1.6847. . ., then only finitely many 
totally real and totally positive integers of degree n can have their trace 
smaller than cn. Siegel [45a] proved that for c = 3/2 the only such integers 
are 1 and (3 ± a/5)/2, and conjectured that for any c < 2 there are only 
finitely many such numbers. See Dinghas [52], Hunter [56], Smyth [84a]. 

Totally positive integers with a given trace in a totally real field were 
studied in Behnke [23]. It has been shown in de Smit [93] that if a is an 
algebraic number of degree n such that the powers a 1 have integral traces for 
i = 1, 2, . . . , n + log 2 n, then a is an algebraic integer. 

The book of Conner and Perlis [84] is devoted to the study of the 
quadratic form Tk/q(x 2 ), which arises when x G Rk is written in the form 
x = x j LJ j^ where {uj} is an integral basis of K. Schinzel [75a] consid- 

ered the function T K /q(f(X)) for a polynomial / G if [JT], and showed that 
in case of a real field K it cannot be negative for all values of x G K. Cf. 
Bazylewicz [82]. 

Lemma 2.3 is very old (cf. Coolidge [08], Cucker, Corbalan [89], Kneser 
[42]). 

3. Theorem 2.5 was proved by Kronecker [57a]. Other proofs of part (i) were 
given in Greiter [78] and Spencer [77], and of part (ii) in Lehmer [32]. Schur 
[18a] generalized part (ii) by showing that an interval on the real axis of 
length smaller than 4 can contain only a finite number of full sets of conjugates 
(FC 5) of an irrational algebraic integer, and this was put in a broader context 
by Fekete [23]. He proved that every compact subset of the complex plane 
with transfinite diameter less than 1 can contain at most finitely many FCS. 
Since the transfinite diameter of a real interval of length a equals 4a, this 
generalizes Schur 's result. A further generalization, relating the problem to 
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Julia sets, arising in the study of polynomial dynamics, appears in Moussa, 
Geronimo, Bessis [84]. See also Flammang, Rhin, Smyth [97]. 

A plane analogue of Theorem 2.5 is due to Fekete and Szego [55]: if E 
is a set on the complex plane, closed under conjugation, whose interior con- 
tains a subset with transfinite diameter equal 1, then E contains infinitely 
many FCS. (For far reaching generalizations see Cantor [80], Chinburg [91], 
Rumely [89], [00], Rumely, Lau, Varley [00]). Another proof of Theorem 2.5 
appears in Cantor [80]. There is no analogue of the Fekete-Szego theorem for 
real sets, since there are such sets with arbitrary large transfinite diameter, 
not containing any algebraic numbers (Robinson [64a]; cf. Robinson [64b,c]). 

Ennola [75a] showed, confirming a conjecture of Robinson [62], that in 
Theorem 2.5 the resulting FCS may consist of numbers having an arbitrary 
sufficiently large degree. Therefore, if I(ri) denotes the smallest positive num- 
ber such that every closed interval of length > I{n) contains FCS of an integer 
of degree n, then lim n ^oo I(n) = 4. For infinitely many n one has 

7(n)<4 + 4 (1 °f 0gn)2 
logn 

(Dubickas [00a]), and 7(2) = y/2 + (1 + V$)/2 (Dubickas [99]). 

Straight lines containing infinitely many FCS were described in Motzkin 
[45], and circles with that property were dealt with in Robinson [69], En- 
nola [73a], Ennola, Smyth [74], [76]. The same problem for arbitrary conies 
was studied in Smyth [82]. For similar questions see Cantor [76], Ferguson 
[70], Greaves, Odoni [88], Nishizawa, Sekiguchi, Yoshino [91], Odoni [91a], 
Robinson [67], J.G.Thompson [93]. 

Theorem 2.3. obviously fails for non-integers. Indeed, there are plenty of 
algebraic numbers a with \a\ = 1 which are not roots of unity, and it was 
shown in Blanksby, Loxton [78] that a totally complex field K is a quadratic 
extension of a totally real field (such fields are called CM-fields) if and only 
if K — Q(a) with |a| = 1 and a^±l. Numbers having some conjugates on 
the unit circle were considered in Halter-Koch [71a]). 

It has been proved in Motzkin [47] that if zi, Z2> • • • > ^n-i is a given set 
of complex numbers, closed upon conjugation, then for every e > 0 one can 
find an algebraic integer a of degree n, whose conjugates a± = a, a2, • . . , a n 
satisfy \ai — Zi\ < e for i — 1, 2, . . . , n — 1. 

4. In this subsection we shall assume that a is a non-zero algebraic integer 
of degree n, which is not a root of unity. For such numbers one defines its 
Mahler's measure M(a) by the formula 

n 

M(a) = J|max(l,|a;|), 

i=i 

where a = ai,a2, . . . ,a n are all conjugates of a over Q. Lehmer [33a] asked, 
whether for every e > 0 there exists a with 1 < M(a) < 1 + e, but nowadays 
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one believes generally that the converse is true, and therefore the following 
assertion is known as Lehmer's Conjecture: 

There exists a constant C > 0 such that one has 

M(a) > 1 + C. (2.9) 

The smallest known value of M(a) is 1.176 .. ., realized by a root of the 
polynomial X 10 + X 9 - X 7 - X 6 - X 5 - X 4 - X s + X + 1 (Lehmer [33a]). 

Lehmer's conjecture is related to a question posed by Schinzel and Zassen- 
haus [65], who proved that if a has 2s non-real conjugates, then 

\a\ > l + 4~ s - 2 

holds. They asked whether there exists a positive constant c such that for 
every non-zero integer a of degree n, which is not a root of unity, one has 

R>1 + -. (2.10) 

n 

It has been shown in Pinner, Vaaler [99] that this problem is equivalent 
to a question about the number of irreducible factors of a polynomial with 
coefficients in an algebraic number field. If Lehmer's conjecture turns out 
to be correct, then we would have also a positive answer to the question of 
Schinzel and Zassenhaus with c — log(l + C), due to the obvious inequality 

M(a) < H". 

A polynomial P of degree N is said to be reciprocal, if P{X) = X N P(l/X). 
Breusch [51] and Smyth [71] showed that Lehmer's conjecture holds for those 
a's, whose minimal polynomials are non-reciprocal, and in Blanksby [69] it 
was shown that the same holds in the case when a has many real conju- 
gates. Smyth proved also that the minimal value of M(a) for these a's equals 
0 — 1.3247 . . ., realized by a root of X s — X — 1. and this implies 

T-r , log<9 , .281... 
a > 1 + — — = 1 + • 



For large n the constant .281 has been improved in Dubickas [97c] to .3096. 
Cassels [66] proved that in this case (2.10) holds with c = 1/10, and in 
Schinzel [69] this constant was doubled. 

For an analogue in the case of roots of non-reciprocal polynomials with 
coefficients in a totally real field see Schinzel [73], Bazylewicz [76]. 

In Blanksby, Montgomery [71] the inequality 

M(a) > 1 + 1 1 



52 nlog(6n) 



was obtained, and this has been improved by E.Dobrowolski, who first estab- 
lished Theorem 2.4 (Dobrowolski [78]), and then showed (Dobrowolski [79]) 
that for n — > oo one has 
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M(a) >l + Cl f^V (2.11) 

with ci = 1 + o(l) (he pointed out that for all n one can take C\ — 1/1200), 
and 

H>iW^y (2.i2) 

n \ logn / 

with C2 = 2 + o(l). Up to the value of the constants c±, c<i this remains still 
the best step towards Lehmer's conjecture. The largest known value of c± is 
2.45 + o(l) (Louboutin [83]), and that of c 2 is 64/tt 2 + o(l) (Dubickas [93]). 
Previous results gave c± — 2 + o(l) (Cantor, Straus [88], Rausch [85]). See 
C.L.Stewart [78] for a proof of M(a) > l + with C = 10 -4 and Matveev 

[91] for an improvement of the constant in Theorem 2.4 for n < 2300. Explicit 
bounds gave Voutier [96], who obtained a.o. log M(a) > 0.25(log log nj log n) 3 
for n > 2. 

Amoroso [98] gave an upper bound for the resultant of two polynomials, 
and this led to a new proof of the theorem of Dobrowolski. 

There are also analogues of the above results in the case of totally real 
integers a of degree n, which are not of the form a = cos(27rr) with rational 
r. Already in Schinzel, Zassenhaus [65] it has been established that in that 
case ^ 

R> 2 + -^rr?- 

Later 

R> 2 1 



300n 2 log 2 n 

was proved (Blanksby, Montgomery [71]), and the strongest known result is 
due to Dubickas [95b], who proved 

— 3.8 (log logn) 3 



a > 2- 



log 4 n 



and in [97b] showed that for large n the constant 3.8 can be replaced by 4.6. 
Cf. Smyth [80], Flammang [96] for a search of totally real and totally positive 
integers of small Mahler's measure. For numerical results see Boyd [80], [85]. 

It is clear that Mahler's measure of an algebraic integer a depends only 
on the minimal polynomial of a, and therefore one can extend its definition 

to all polynomials P(X) = a n X n H h ao with rational integral coefficients 

by putting 

n 

M(P) = \a n \\\mML{l,aj}, 

3 = 1 

where ai, . . . ,a n are roots of P, taken with appropriate multiplicities. It is 
not difficult to see that Mahler's measure can be also defined analytically by 
the formula 
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M(P) = exp ^l\og(\P(e 2 ^)\)d?j , 
and it has been established by Szego [15] that if for a polynomial P we put 



-Of 



1/2 

|P(e 2,ri *)| 2 di 



then one has 

M(P) = inf{|| PC? || 2 }, 

where Q runs over all complex polynomials, with Q(0) = 1. For an extension 
to several variables see Ruzsa [99]. 

Limit points of the set {M(P) : P e %[X]} were studied in Boyd [81a]. 
Lower bounds for M(P) depending on the number of non-zero coefficients 
were established in Dobrowolski, Lawton, Schinzel [83] and Dobrowolski [91]. 

For other results concerning M{a) and \a\ see Amara [79], Amoroso [95], 
[96], Boyd [86a,b], Boyd, Villegas [02], Brunotte [80], [82], Bugeaud [98], 
Bugeaud, Mignotte, Normandin [95], Dubickas [97a], [98], [00b], [01], [02a,b], 
Dubickas, Konyagin [98], Dubickas, Smyth [01c], Flammang [97], Glesser [89], 
Langevin [86], Lloyd-Smith [85a], Matveev [99], Notari [78], Panaitopol [00], 
Pathiaux [75], Rhin, Smyth [95], [97], Schinzel [73, addendum], Silverman [95], 
[96], Zheludevich [91]. 

In the case of polynomials in several variables one defines Mahler's mea- 
sure in the following way: if P(z\, . . . , z n ) is a non-zero polynomial with 
complex coefficients, then 



M(P) = exp Qf 1 • • • jf 1 log(|P(e 2,ritl , . . . , e 27rit »)|)dti • • • dt 

Actually, this is the original definition, given by Mahler [62] for his measure. 
An analogue of Kronecker's theorem in this case were obtained in Boyd [81b] 
and Smyth [81a]. Boyd's paper contains also lower bounds for M{P). There 
are unexpected relations between values of M{P) for polynomials in two 
variables and special values of holomorphic functions, occurring in number 
theory. E.g., one has 



4-7T ^ m 2 

m—l 

where x(m) is the non-principal Dirichlet character mod 3, and 
log M(l + X + Y + Z) = . 

(Smyth [81b]). 

For other examples, generalizations, numerical experiments, results and 
conjectures see Amoroso, David [99], Amoroso, Dvornicich [00], Amoroso, 
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Zannier [98], [00], Bertin [01], Boyd [98a,b], [99], [02], Deninger [97], Dubickas, 
Smyth [01a,b], Mossinghoff [98], Ray [87], Villegas [99]. 

Mahler's measure turned out to be of importance also in other parts of 
mathematics (see Einsiedler [99], Everest [98], Everest, Ward [99], Lind [74], 
Lind, K.Schmidt, Ward [90], Maillot [00]). 

For various mean values of the conjugates of algebraic integers see Flam- 
mang [95], Smyth [84b]. _ 

Kronecker constant e{K) is denned as the largest lower bound for \a\ — 1, 
where a ranges over all non-zero integers a G K, which are not roots of unity. 
Callahan, Newman, Sheingorn [77] proved that every field can be embedded 
in a field K with e(K) > 2 1 l n -\, where n = [K : Q]. They quote the following 
question of Bateman: does e(K) = 1 hold for most fields K? It holds for all 
fields of prime degree and sufficiently large discriminant. Cf. Robinson [65]. 

5. If ai — a, . . . , a n is a complete set of conjugates of a non-zero non-rational 
algebraic integer of degree n, then write d(a) = max^j \a.i — and put 
D(n) = infdeg a =n d(a). Favard [29], [30] noted that d(a) > \/L5. This was 
improved in Lloyd-Smith [84] to d(a) > 1.5, in McAuley [81] to d(a) > 1.659 
(cf. Blanksby, Lloyd-Smith, McAuley [89]), and the final step was done by 
Langevin, Reyssat and Rhin [88], who proved the inequality d(a) > \/3, 
which is best possible, the equality being realized by the third root of unity. 
Moreover one has lim n _ >00 D(n) = 2 (Langevin [88a]), and the same is true if 
one considers conjugates over an imaginary quadratic field (Langevin [88c]; 
see also Langevin [88b]). If a lies in a CM-field, then one has, except for 
certain exceptional a's, d(a) > 2.7587... (Lloyd-Smith [85b]). If we put 
D+{n) — inf d eg a=n d(a), then lim n _ >00 D + (n) = 4 and D + (5) > 3.18 (Zaimi 

a. tot. real 

[94]). The minimal value of |c^ — aj \ was considered by Rump [79]. For similar 
questions see Blanksby [70], Dubickas [95a], Grandcolas [98a,b], Hunter [56]. 

6. A real algebraic integer is called a Pisot number or a PV -number if it ex- 
ceeds 1 and its remaining conjugates lie inside the unit disc. They were studied 
by Pisot [36] and Vijayaragavan [40], but for the first time they occurred in 
Thue [12] and Hardy [19]. These numbers have remarkable properties, e.g. 
they form a closed set (Salem [44]). An integer > 1 is called a Salem number 
if it is not a Pisot number, and its remaining conjugates lie in the closed unit 
disc (Salem [45]). Interesting relations occur between these classes of numbers 
and harmonic analysis. There is a large literature on this topic and the inter- 
ested reader should consult the books of Bertin, Decomps-Guilloux, Grandet- 
Hugot, Pathiaux-Delefosse, Schreiber [92], Bertin, Pathiaux-Delefosse [89], 
Meyer [70], Pisot [63], Salem [63]. 

7. The main notions and results of Sect. 2, in particular the fundamental 
Theorem 2.10, are due to Dedekind [71]. This theorem was generalized in 
Stiemke [26], who proved that every additive group consisting of algebraic 
integers is free. Moreover (C.U.Jensen [64]), if L/K is an infinite algebraic 
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extension of an algebraic number field, then algebraic integers contained in 
L form a free ii^ -module. For a simple proof see Kulkarni [67]. Various 
methods of finding integral bases were proposed in Albert [37], Berwick [27], 
Canals, Ortiz [70], Ore [25b], Petr [35], N.R.Wilson [27], [31], Zassenhaus 
[65]. Some of these methods could be used for finding Z-bases of ideals (see 
Eda [53], Mann, Yamamoto [67], McDuffee [31], Nagell [65], N.R.Wilson [29]). 
Bases of ideals satisfying certain inequalities were constructed by Mahler [64], 
who used them to deduce anew various fundamental results of the theory of 
algebraic numbers. Cf. Luthar [66]. 

For a generalization of Proposition 2.13 to arbitrary extensions see Fuchs 
[48]. 

If K/Q is a normal extension of prime power degree, then, as shown in 
de Smit [95], every integral basis of K contains a generator of K. This holds 
also for certain other classes of fields, but fails for dihedral fields of degree 
12. 

8. Several papers were concerned with discriminants and integral bases of 
particular classes of fields. 

(a) Cubic fields. Elementary treatments of arithmetics in cubic fields were 
given in Chatelet [46] for normal fields, and in Reichardt [33] in the general 
case (see also Nagell [30]). The non-normal case was treated from the point 
of view of class-field theory in Hasse [30b]. 

Algorithms and even explicit formulas for integral bases were given al- 
ready by Voronoi [96] (see Sommer [07], Delaunay, Faddeev [40]). Cf. also 
Albert [30b], Arai [81], Bergstrom [37], Mathews [93], Shapiro, Sparer [91], 
Spearman, Williams [98], Tornheim [55]. 

A list of cubic fields with small discriminants is given in H.Cohen [93]. 
Real cubic fields with d{K) < 500000 are listed in Ennola, Turunen [85]. 

Normal cubic fields are characterized by the fact that their discriminants 
are squares (see Corollary 2 to Proposition 6.9). Squares which are such 
discriminants were described in Hasse [48a] (see Girstmair [79] for a simple 
proof). Discriminants of non-normal cubic fields were described in Martinet, 
Payan [67] and Satge [81] (cf. also Llorente, Nart [83]). 

Let A{d) be the number of non-isomorphic cubic fields with discrimi- 
nant d. This function, which, contrary to the quadratic case, is unbounded, 
was studied in Berwick [24], Hasse [30b], Martinet, Payan [67]. Asymptotics 
for the sum Yl\d\<xA{d) was found in Davenport, Heilbronn [69]. For a nu- 
merical test of a more precise conjectural formula see Roberts [01]. Earlier 
H.Cohn [54] proved a similar result for cyclic cubic fields. Computations of 
cubic fields were done in Angell [76], Belabas [97], Fung, Williams [90]. For a 
generalization of the Davenport-Heilbronn result to arbitrary base fields see 
Datskovsky, Wright [88]. 

(b) Quartic fields. It is a simple exercise to show that a quartic normal 
field with Galois group isomorphic to C2 © C2 has the form Q(y/a, Vb), where 



78 2. Algebraic Numbers and Integers 



a, b are rational integers whose product is not a square. Such fields are called 

biquadratic. The general form of a quartic cyclic field is Q a(d + b^fd)^ , 

with a, 6, d £ Z, with a odd and square-free, (a, d) = 1, b ^ 0, d square-free 
and such that d — b 2 is a non-zero square (see Hardy, Hudson, Richman, 
Williams, Holtz [86]; for other forms cf. Edgar, Peterson [80], Nagell [62], 
Tang [91], Zhang X. [84d]). 

Tables of quartic fields with small discriminants were given in Godwin 
[56], [57a,b], Kwon [84] and Pohst [75a]. In Buchmann, Ford [89], Ford [89] 
and Buchmann, Ford, Pohst [93] all quartic fields K with < 10 6 were 

enumerated. 

Discriminants and integral bases of quartic fields were given in Grebenyuk 
[58], Albert [30a] in case of normal extensions (note, however, that some of his 
results are incorrect, as pointed out by Zhang X. [84a]), Hudson, Williams [90] 
for cyclic fields, Amberg [97], Litver [55] and K.S.Williams [70] for biquadratic 
fields, Huard, Spearman, Williams [95] for fields containing a quadratic sub- 
field (for an earlier partial result see Ledermann, van der Ploeg [85]), Fu- 
nakura [84] for pure quartics. 

Asymptotics for the number of integers which are discriminants of normal 
quartic fields was found in Spearman, Williams [Ola], and asymptotics for the 
number M(x) of quartic fields K with < x, whose Galois closure has 

a given Galois group was considered by Baily [80], who proved 

x < M(x) <C x 3/2 log 4 x. 

(c) Quintic fields . Tables of cyclic quintic fields with small discriminant 
were given in A.Schwarz, Pohst, Diaz y Diaz [94]. 

Cyclic quintic fields were studied in Payan [62a,b]. A formula for the 
discriminant of a quintic field defined by a trinomial X 5 + aX + b whose 
Galois group is dihedral was given in Spearman, Williams [02a]. 

(d) Sextic fields. Integral bases for sextic fields with Galois group Cf 
were given in Parry [90] . Sextic fields of small discriminant were tabulated in 
a series of papers of Olivier [89], [91a,b]. For fields with a quadratic subfield 
this was made in Berge, Martinet, Olivier [90]. A theory of normal nonabelian 
sextic fields was developed in Martinet, Payan [67], [68]. 

(e) Other classes of fields. Arithmetic in arbitrary abelian extensions K/Q 
was described by Leopoldt [59], [62], who gave, in particular, explicit integral 
bases in terms of Gaussian sums. For the case of cyclic extensions of odd 
prime degree see Payan [65], and of prime power degree see Oriat [72]. 

Discriminants and integral bases for pure fields Q( y/a) (a £ Z) were for 
square- free m found in Berwick [27], and in the case (a, m) = 1 in Okutsu 
[82]. The case of prime m was settled earlier by Landsberg [97]. Composites of 
quadratic fields were treated in Schmal [89]. Discriminants of solvable fields 
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of prime degree were found in F.K.Schmidt [29], Wegner [32a] and Hasse [37], 
and integral bases for them gave Komatsu [76b]. 

All sextic and septic fields with discriminants of the form ±2 a 3 6 were 
found in Jones, Roberts [99], [03]. Septic fields with discriminant ±7 a were 
determined in Bruegeman [01], who also proved that there are no such fields 
with discriminant ±p a with p = 2, 3, 5. 

For various special types of fields see Foster [70], Komatsu [75], [76a], 
Llorente, Nart, Vila [84], Watanabe [92]. 

Tables for fields of degree 10 having a quintic subfield with either r± = 1 
or ri = 5 were computed in Selmane [01a,b]. 

Tables of totally complex fields of degree < 80 having small discriminants 
were prepared by H.Cohen, Diaz y Diaz, Olivier [98b]. 

If iV(n, x) denotes the number of non-isomorphic fields of degree n with 
\d(K)\ < x, then one has N(n,x) <C a>+ 2 )/ 4 (W.M.Schmidt [95]). 

9. Theorem 2.14 is due to L.Stickelberger [97], and the presented proof was 
found by Schur [29b]. 

Using the theory of the different (see Chap. 4) one can obtain more infor- 
mation about discriminants. On this topic see Bauer [19a], Hensel [97a], Ore 
[25b], [26c,d], Schur [32]. We quote one of results of Ore [26c]: if n = jrf =Q typ* 
with 0 < bj < p, and A denotes the number of non-zero fy's, then the ma- 
ximal power of p dividing the discriminant of a field of degree n cannot 
exceed N(n,p) = ^2f =0 (j + l^jP 7 — A and this bound is attained. Integers 
k G [0, N(n,p)} for which there exists a field K of degree n with p k || d(K) 
were determined in W.R.Thompson [31]. 

10. Power bases. Proposition 2.21 is due to Hensel [94b]. Gyory [73,111] 
proved that if F is an index form, then the equation F = a has for non- 
zero a G Z only finitely many solutions, and gave a bound for them. This 
bound was later improved in Berczes [00]. For surveys of results concerning 
index form equations see Evertse, Gyory [88b], Gyory [00]. For certain classes 
of fields relevant algorithms were given in Gaal [95], Gaal, Gyory [99], Gaal, 
Pohst [96], Jarasi [02]. 

Primes dividing values of the index form were studied in Gyory, Papp 
[77] and Trelina [77b]. 

It follows from a theorem of Uchida [77b] that Rk = Z[a] holds if and 
only if a generates K, and its minimal polynomial over Z is not contained in 
the square of a maximal ideal of Z[X] (cf. Albu [79]). 

It is clear that a field K has a power basis if and only if there exists a 
monic irreducible polynomial over Z, whose discriminant equals d(K), and 
which has a root 0 with Q(0) = K. The question of the existence of a non- 
monic polynomial with there properties was considered in Simon [01]. 

Algorithms for determining all power bases in fields of degree < 6, and 
in some classes of octic and nonic fields (in the case when they exist) were 
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given in the book of Gaal [02], where also references to previous research can 
be found. 

Cyclic cubic monogenic fields were described in Archinard [74], M.N.Gras 
[74] and Payan [73]. There are only two complex cyclic monogenic quartic 
fields (M.N.Gras [81]), but there are infinitely many such biquadratic fields 
(Nakahara [83]) (a criterion in this case was given in M.N.Gras, Tanoe [95]; 
cf. Nyul [01]), as well as pure quartic fields (Funakura [84]). For cyclic quar- 
tic fields see also Nakahara [93]. A criterion in case of quartic fields whose 
Galois closure is dihedral appeared in Kable [99], and was applied in Gaal, 
Nyul [01]. A method for finding all power integral bases in a quartic field 
gave Koppenhofer [95]. For cyclic sextics see Shah [00]. Necessary conditions 
for monogenity for certain classes of sextic fields were given in Chang [02] 
and Therond [95], [99]. For sufficient conditions in the case of sextic fields 
with a cubic subfield see Jarasi [03]. A necessary and sufficient condition for 
monogenity of a cyclic field of prime degree appears in Payan [73] , where also 
cyclic extensions of imaginary quadratic fields were considered (cf. Cougnard 
[88]). 

There are only finitely many monogenic Abelian fields of a fixed degree 
prime to 6 (M.N.Gras [84]), and they can be determined. It has been shown 
in Liang [76] that maximal real subfields of cyclotomic fields are monogenic. 
The only monogenic cyclic fields of a prime degree p > 5 are the maximal real 
subfields of Q(( q ), where q = 2p+l is a prime (M.N.Gras [86a]), and a similar 
result holds for cyclic p-extensions of Q (M.N.Gras [86b]). For dihedral and 
imaginary cyclic extensions of degree 2p see Cougnard [87a,b] 

If K is monogenic and Rk — Z[a], then for m G Z one has also Rk = 
Z[a + m]. The resulting power bases are called equivalent Nagell [68b] asked, 
whether integers of a given degree with a given discriminant form a finite 
number of classes, two integers lying in the same class if and only if they differ 
by a rational integer (a similar idea appears already in a letter of Hermite 
[57] to Borchardt). He confirmed it for degrees < 4, and the general case was 
settled by Gyory [73] in an effective way. This follows also from a result of 
Birch, Merriman [72], which, however, was not effective. This implies that 
in a given field there can be only finitely many pairwise inequivalent power 
bases. Cf. Gyory [79a], [80a,b], [81a,b], [83], [84], Gyory, Papp [77], Trelina 
[77a,b]. 

It has been conjectured by Bremner [88] that in the p-th cyclotomic field 
there are only two inequivalent power bases. This holds for all p < 23 (Brem- 
ner [88], Robertson [98], Wildanger [00]). All power bases in Q(C2™) were 
described in Robertson [01]. 

For certain other classes of fields see Dummit, Kisilevsky [77], Gaal, Ola- 
jos, Pohst [01], Ichimura [00a,b], [Ola], Ichimura, Sumida [00], Motoda, Naka- 
hara, Shah [02], Nyul [02], Shah, Nakahara [02], Spearman, Williams [01b]. 

Power bases in composita of fields were considered in Gaal [98]. 
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For power bases in ray class-fields of imaginary quadratic fields see Sect. 

4.4. 

Monogenity of a field is closely connected with the notion of canonical 
number systems. If R is a domain, c G R, and A C Z is finite, then the 
pair (c, A) is called a canonical number system, if every element a oi R can 
be written in the form a = ^ajC^ (aj £ A) in a unique way. It has been 
shown in Kovacs, Petho [91] that the only domains which can have canonical 
systems are Z[a] (with algebraic a) and F P [X], This paper contains also a 
method of finding all such systems. Cf. Indlekofer, Katai, Racsko [92], Katai 
[94], Katai,, Kornyei [92], Kovacs [81], Kovacs, Petho [92], Scheicher [97]. It 
follows that K is monogenic if and only if Rk has a canonical number system. 

The minimal number of generators of Rk (as a ring) was determined by 
Pleasants [74]. 

11. It follows from a result of Lewin [67] that Rk can have only finitely many 
subrings of a given index (cf. Nagell [32], [65]). Such subrings containing 1 
are called orders of K, and Rk is called sometimes the maximal order of K. 
For their theory see e.g. Dedekind [78], Grell [27], [36b], Krull [28c], Nagell 
[32]. A classification of subrings of Rk spanning K as a vector space was 
given in Beaumont, Pierce [61] (cf. Krull [28a], Skolem [23]). 

12. Discriminant evaluations. Theorem 2.22 was proved by Minkowski [91b]. 
Its Corollary 2 was stated without proof by Kronecker [82], and proved in 
Minkowski [91a]. Other proofs of that corollary can be found in Calloway [55], 
Landau [22], Mordell [22b], [31], Miintz [23], Odlyzko [76], Schur [18a], Weber, 
Wellstein [13]. For special cases see Lubelski [39a], Siegel [22a]. Theorem 2.24 
is due to Hermit e [57]. 

One sees easily that M(2, 0) = 5 and M(0, 1) = 3. For cubic fields we 
have M(l, 1) = 23 and M(3, 0) = 49, realized by K = Q(a) with a 3 = 1 + a 
and a 3 = —a 2 + 2a + 1, respectively (see e.g. Cassels [59b]). 

Moreover M(0, 2) = 117, M(2,l) = 275, M(4,0) = 725 (Mayer [29]), 
M(l,2) - 1609, M(3,l) = 4511, M(5,0) = 14641 (Hunter [57]), M(0,3) = 
9747 (Liang, Zassenhaus [77]), M(2,2) = 28037, M(4, 1) = 92 779 (Pohst 
[82]), M(6,0) = 300125 (Pohst [75b]), M(7,0) - 20134393 (Pohst [76]), 
M(5,l) = 2 306 559 (Diaz y Diaz [88]), M(3,2) = 612 233 (Diaz y Diaz [84]), 
M(l,3) = 184 607 (Diaz y Diaz [83]), M(8,0) = 282 300416 (Pohst, Mar- 
tinet, Diaz y Diaz [90]), M(0,4) = 1257728 (Diaz y Diaz [87]), M(9,0) = 
9 685 993193 (K.Takeuchi [99]; earlier Letard [95] obtained this assuming 
GRH). 

Minimal discriminants of various classes of sextic fields were given in Ford 
[96], Ford, Pohst [92], [93], Ford, Pohst, Daberkow, Haddad [98]. Minimal 
discriminants of octic fields containing a quartic subfield (for all signatures 
and Galois groups) were found in H.Cohen, Diaz y Diaz, Olivier [99]. For some 
other classes of octic fields this was done in Selmane [99]. The minimum of 
|d(iiT)| for cyclic K of prime degree p equals q p ~ 1 , with q being the smallest 
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prime = 1 mod p if q < p 2 , and equals p 2 ^ -1 ) otherwise (Kostra [89]). 
Minimal discriminants for normal fields with quaternion groups of order 8, 
12 and 20 were found by Kwon [96]. The first five minimal discriminants of 
nonic fields having a cubic subfield were found in Pujita [93] (cf. Diaz y Diaz, 
Olivier [95]). 

If n — 2ri + r2 , then for large n one has 

M(n,r 2 ) > c(60.1) ri (22.2) r2 

(with c = exp(-254)), as shown by Odlyzko [75], [76], [77], and under GRH 
one can even have 

M(n,r 2 ) >ci(188.3) ri (41.6) r2 
with d = exp(-3.7 • 10 8 ) (Odlyzko [76], [77]). Later Poitou [76] got 
D -liminf M(n,r 2 ) 1/n > 22.3, 

n— >oo 

and D > 44.7 under GRH (cf. Martinet [82].) For early surveys of this topic 
see Martinet [85], Odlyzko [90], Poitou [77]. 

It has been conjectured for a long time that D = oo, however already 
Siegel [45a] mentioned that this may be false, and later Golod and Shafarevich 
[64] proved D < 4404.5. This was later improved to D < 347 (Brumer [65]), 
D < 92.369 (Martinet [78]), and D < 82,2 (Hajir, Maire [01,11]). See also 
Martinet [79b], [82]. 

Lower bounds for discriminants of metabelian fields obtained Ankeny [51]. 

EXERCISES 



1. Prove that if an algebraic integer a is totally real and totally positive, and 
f(X) — X n + Y^Io ajX j is its minimal polynomial over Z, then one has (— l) k ak > 
0forfc = 0,l,...,n-l. 

2. Put e(K) = inf{|a| - 1 : a 6 Rk, a ^ 0, a not a root of unity}. 

(i) Determine e(K) for quadratic fields. 

(ii) (Callahan, Newman, Sheingorn [77]) Prove that if K/Q is normal and the 
complex conjugation lies in the centre of Gal(K/Q), then e(K) > y/2 - 1. 

3. (Blanksby, Loxton [78]) Prove that a non-real field K is closed under complex 
conjugation if and only if K is generated by an element of absolute value 1. (Hint: 
look at elements of the form (a + r)(a + r), where a generates K and r € Q). 

4. (Smyth [73]) Prove that if a is a Pisot number, and two of its distinct con- 
jugates, say di and aj have the same absolute value, then dj = a*. 

5. Prove that every real field can be generated by a Pisot number, and show 
that this does not hold for Salem numbers. 

6. (i) Prove that a ring R C Rk is an order of K if and only if it contains 
[K : Q] elements linearly independent over Q and 1 € R. 
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(ii) Let d be a square-free rational integer. Prove that every order in the field 
Q(Vd) has the form On — {a + bNco : a, b e Z} for some N > 1, with = 
(1 + Vd)/2 in the case d = 1 (mod 4) and u) — Vd otherwise. 

7. (i) Prove that if K = Q(a) is normal of degree n, then d(K) is a square if 
and only if the Galois group of K/Q, treated as a permutation group of conjugates 
of a, is contained in the alternating group A n . 

(ii) Prove that if K/Q_ is normal of odd degree, then d(K) is a square, and for 
cubic extensions the converse holds. 

7. Determine the discriminant and find an integral basis for the field Q(z, ^/m), 
where m ^ dbl is a square- free rational integer. 

8. Find the discriminant and an integral basis for the maximal real subfield of 
Q(Cp), where p ^ 2 is a prime. 

9. Let L/K be of degree n. 

(i) Show that Rl can be generated, as an ifo-module by at most 1+n elements. 

(ii) Prove that Rl has a set of n generators as a i?K-module if and only if it is 
a free Rk- module. 
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3.1. Valuations of Algebraic Number Fields 

1. Consider an algebraic number field K. We know already from Corollary 
to Theorem 1.20 that its ring of integers is a Dedekind domain with the finite 
norm property. This allows us to construct discrete valuations of K using the 
exponents associated to prime ideals of Rk- In this section we shall examine 
all valuations of K, including the Archimedean, and we shall establish that 
every Archimedean valuation of K is generated by an embedding of K in C, 
whereas every other non-trivial valuation is discrete and induced by a prime 
ideal of Rk- 

The reader should be warned that a similar result is not necessarily true 
for other fields. Indeed, consider the field C(X) of rational functions in one 
complex variable. We shall show that it contains no Dedekind domain, whose 
prime ideals induce all discrete valuations, The formula v(P/Q) — degQ — 
deg P, where P, Q are relatively prime polynomials, defines an exponent in 
C(X). Moreover for any z G C we have an exponent n z defined by 

f r if P(X) = (X- zYP 1 (X),P 1 (z) ^ 0, 
n z {P/Q)=l -r ifQ(X) = (X-z) r Q 1 (X),Q 1 (z)^0, 
{ 0 if P(z)Q(z) ^ 0. 

Assume now that R is a Dedekind domain, having C(X) for its quotient 
field, and whose prime ideals induce v and n z for all z G C. Proposition 
1.27 (v) implies that R is contained in the intersection of the corresponding 
exponent rings, but this intersection equals C, and so C(X) cannot be the 
quotient field of R, contrary to our assumption. 

To begin with, we shall develop a little further the theory of valuations of 
arbitrary fields. Let K be a field with valuation v. This valuation induces in 
K the structure of a metric space which may or may not be complete. It is an 
elementary result in topology that every metric space can be embedded as a 
dense subset in a complete metric space, and this can be done in an essentially 
unique way. It turns out that if we do this for if, then the resulting complete 
metric space may be given a field structure. This is the essence of the following 
theorem. 
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Theorem 3.1. Let K be a field with a valuation v. Then there exists a field 
L with a valuation w, having the following properties: 

(i) L is complete in the topology induced by w, 

(ii) K is a dense subset of L, and on K the valuations v and w coincide. 
Moreover, L is unique up to valuation preserving topological isomorphism, 

equal to the identity on K. 

Proof : Let (X, d) be a complete metric space containing K as a dense subset, 
on which the metric d coincides with that induced by v, i.e., for a, b G K we 
have d(a, b) = v(a — b). In particular d(a, 0) = v(a). We shall give X a field 
structure. For x,y G X we have x = limx n , y = limy n with x n ,y n G K. 
Observe that v(x n ) tends to d(x,0), and v(y n ) tends to d(y,0), thus, for 
some B, we have v(x n ),v(y n ) < B. Moreover 

d(x n + ~ Vm) 

< v(x n - Xm) + v(y n - ym) 

= d(x n , Xm) + d(y n , ym), (3.1) 

and 

d{x n y n ^Xmyrn) ~ v{x n y n ^m|/m ) 

— vfanVn ~f~ ^nVm ^nVm ^mVm ) 

< v(x n )v(y n - ym) + v(ym)v(x n - x m ) 

= v(x n )d(y n , ym) + v(ym)d(x n , x m ). (3.2) 

If we now choose m and n so large as to satisfy d(x n , x m ) < e and d(y n , y m ) < 
e, then (3.1) and (3.2) imply 

d{x n + y n , Xm + y m ) < 2e, d(x n y n ,Xmy<m) < 25e, 

hence the sequences x n +y n , x n y n are both fundamental, and thus have limits 
in X, say w and z, respectively. Define x + y — w and xy = z. We have to 
show that the elements w,z do not depend on the choice of the auxiliary 
sequences x n and y n , but this is easy. In fact, if, say, x' n — >• x, y' n — >• y and 
x' n + y' n tends to w', then 

d(w, w') = lim d(x n + y n ,x f n + ^) = limv(x n + j/ n - x' n - y' n ) 
<limsup(i;(a4 - x n ) + v(y n - y' n )) 
= limsup(d(x n ,0 +d(2/ n ,2/n)) = °> 

and so it; = it;'. A similar argument is applicable to z. 

It is obvious that X with the just introduced addition and multiplication 
is a ring. To prove that it is a field let x be a non-zero element of X, let 
x = lim x n with x n G if, and put A = limx n . If A = 0, then x n — )► 0, whence 
x — 0, contrary to our assumption. Thus A ^ 0, hence with a constant C > 0 
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we have v(x n ) > C for sufficiently large n. If now ra, n are sufficiently large, 
then 

/ — 1 — l \ v(x n 3Cm) ^ v(x n %m) 

V[X n -X m) - v{Xn)v{Xm) - £2 , 

showing that the sequence x~ x is fundamental. Denoting its limit by y we 
find xy — lima^x" 1 = 1, and so x has an inverse. 

If for x G X w put w(x) = d(x, 0), then for every sequence x n of elements 
of K for which \imx n = x we have lim v(x n ) = w(x). The function w coincides 
with v on K, and via the passage to the limit we obtain that w is a valuation 
of X. It remains to show the uniqueness of the field X, so obtained, but this 
is immediate by the corresponding result for completion of metric spaces, 
because the topological isomorphism transfers also the algebraic structure in 
view of the continuity of algebraic operations and the density of K in X. □ 

From the proof of the theorem we derive now some simple, but useful 
corollaries. In all of them K is a field with valuation v, L is its completion 
and w is the valuation of L, prolonging v. Moreover put 

Rw = {x e L : w(x) < 1}, R v = {x e K : v(x) < 1} 

and 

P w = {x E L : v{x) < 1}, P v = {x e K : v{x) < 1}. 

Corollary 1. Assume that the valuation v is discrete and non-trivial. Then 
w is also discrete, the ring R w is the closure of R v , and the prime ideal P w 
is the closure of P v . 

Proof : If x G L and x n — > x with x n G K, then ]imv(x n ) = w(x), whence 
either w(x) = 0, in which case x = 0, or v(x n ) is constant for sufficiently 
large n. This shows v(K) — w(L) and all assertions of the corollary follow 
immediately. □ 

Corollary 2. If v is discrete and the quotient R v /P v is finite, then the map 
Rv/Pv — > Rw/Pw, induced by the embedding K — > L is an isomorphism. 

Proof : Since P v C P w , this map is an embedding, and the preceding corollary 
shows that its image is dense in R w /P w , but it is finite and so has to coincide 
with R w /P w . □ 

Corollary 3. If v is Archimedean, so is w. 



Proof : This follows from Proposition 1.25, since the fields K and L have the 
same prime field. □ 
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We shall need a proposition describing topologies in finite-dimensional 
linear spaces over a complete field K, which are consistent with the topology 
of K: 

Proposition 3.2. Let K be a complete field with valuation v, and let E be 

a finite- dimensional linear space over K. If E has a norm topology in which 
addition and multiplication by scalars from K are continuous, and, moreover, 
it is consistent with the topology of K, i.e., induces the topology of K on one- 
dimensional subspaces {ax : a G K} (with fixed non-zero x G E), then this 
topology coincides with the product topology. This means that the mapping 

n 

f: [x u ...,x n ]^^2x j a j (xj G K), 

3 = 1 

with the a,i 's forming a K-basis of E, is a topological isomorphism between 
K n and E. 

Proof : As / is a continuous isomorphism, it remains to prove the following 
statement: 

//|| x \\ v denotes the norm on E, then for a suitable C > 0 we have 

n 

v(Xi) < C || ^Xjdj \\y 

i=i 

for Xj G K. 

For r = 0, 1, . . . , n denote by E r the subset of E consisting of all x for 
which in x = Y^j=i x j a j at most r °^ tne x j' s are non - zero - We prove our 
statement for x G E r by induction in r. The case x G E\ being covered by the 
assumption, assume that our statement is true for all elements of £ r _i with 
the coefficient C\ in place of C. If our assertion would fail for x G E r , then 
there would exist a an r-tuple of indices ii, . . . ,i r and a sequence x^ ^ 0 
with 

(m) (m) . . (m) 

such that the quotient || o; (m) ||„ /v(x\™^) tends to zero. For 

y im) = x ( m)/x (rn) = ^ + y £) ^ + . . . + y (rn) ^ 

we have || y^\\ v ^ 0, and so y^ tends to 0. But this leads to a contradic- 
tion. In fact, the differences y (m) - y (n) all lie in E r -i, and by the inductive 
assumption we get 

v{y^ ] -v^ ] )<Ci\\ y {m) -y {n) ll^o 

for j = 2, . . . ,r. Thus the sequences are fundamental for j = 2, . . . , r. 
Due to the completeness of K they have limits, say \\my^ = Zj. But then 
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limy (m) = a h + z 2 a i2 H h z r a ir ^ 0, 

contradiction. □ 

2. Now we prove a theorem of Ostrowski, describing all valuations of algebraic 
number fields: 

Theorem 3.3. Let K be an algebraic number field of degree n over the ra- 
tionals, and let v be a non-trivial valuation of K. Then v is either discrete or 
Archimedean. If v is discrete, then there is a prime ideal p of Rk such that 
for a certain 0 < a < 1 we have v{x) = a^^ x \ where v is the exponent of p. 
If v is Archimedean, then it is equivalent to \F(x)\, with F being an embed- 
ding of K in C. Conversely, every prime ideal of Rk defines in this way a 
valuation of K , and every embedding K — > C defines an Archimedean val- 
uation. Valuations defined by different prime ideals are non- equivalent, and 
two valuations defined by different embeddings of K into C are equivalent if 
and only if these embeddings are complex conjugated. 

Proof : Were v non- Archimedean and non-discrete, then the group v(K*) 
would be dense in the positive half- line. Let L be the completion of K with 
respect to v, and let w be its valuation. Now let y G K* and let Y^jLo ^ 
Q[X] be the minimal polynomial of y over Q. We have 

m 

o = w (o) = w(Y,cjy j ), 

3=0 

and since w is non- Archimedean there must be non-zero terms Ciy 1 , c^yi with 
% ^ j, such that w(ciy l ) = w{cjyi). Then 

™(y) J ~ l = w(Ci/Cj) = v(Ci/Cj) 

lies in a discrete set, and in view of \i — j\ < [K : Q] the same applies 
to w{y). As y G K* was arbitrary this shows that v(K*) cannot be dense, 
contradiction. 

Now let v be discrete. With a suitable exponent v and 0 < a < 1 we have 
v(x) = a u ( x ) for all non-zero x G K. Denote by fi the restriction of v to Q, 
and observe that /i does not vanish identically. In fact, if it were so, then we 
would have 

Q c R v = {x G K : v{x) > 0}, 

and since by Theorem 1.26 the ring R v is Dedekind, thus integrally closed in 
K, it would contain the integral closure of Q in K, i.e. the field K, which is 
possible only in the case of trivial v, which we excluded. Thus \i ^ 0 and if e 
denotes the minimal positive value attained by /i, then fJb(x)/e is an exponent 
of Q, which, by Theorem 1.31, is induced by a rational prime p. Hence for 
x G Z we have v{x) = fi(x) > 0, thus Z C R u . As R v is integrally closed, and 
Rk is the integral closure of Z in If, we get Rk C R v - 



90 3. Units and Ideal Classes 



Consider now 

p = {x e R K v(x) > 0} = P v n R K . 

Obviously p is a prime ideal of Rk and we shall show that it induces v. 
Denote by 7 the exponent induced by p, and choose x with j(x) = 0. We 
may write xRk — hl^ 1 ) h being ideals of Rk with (7i/2,p) — 1- Choose 
a G I2 \ p. Then ax G h \ p. Thus u(a) = u(ax) = 0 and u(x) = 0 follows. 
Therefore j(x) = 0 implies u(x) = 0. Now fix 7r G p \ p 2 and let x G Rk be 
arbitrary. If j(x) = c, then write X7r~ c = y. Since 7(2/) = v(y) = 0, we get 
i/(x) = 7(#)i/(7r). There exists xq G K with i/(xo) = 1, thus 1 = 7(#o) z/ ( 7r )> 
proving i/(7r) = 1, and the equality v = 7 becomes obvious. The remaining 
assertions concerning discrete v are contained in remarks preceding Theorem 
1.26. 

Now let v be Archimedean. Its restriction to Q is also Archimedean, hence 
by Theorem 1.31 and Proposition 1.23 we have v(x) = \x\ a for all x G Q with 
a suitable a. 

Let L be the completion of K and w let be the extension of v to L. The field 
L contains the closure of Q, which is obviously topologically isomorphic to R 
with the usual topology, and which we shall identify with R. We shall show 
that L, as a linear R-space, is finite-dimensional. Choose a Q-basis uji, . . . , uj n 
of the linear space K, and let x be an arbitrary element of L. With suitable 
rational we have x = lim m J2k=i o^^k- Without restricting generality 
we may assume that the elements uji, . . . , uj r are linearly independent over R, 
whereas for j — 1, 2, . . . , n — r we have 

r 

k=l 

with real . Thus we may write 

r 

x = limy^cjL m W, (3.3) 

771 Z J 

k=l 

with real . 

Denote by M the R-subspace of L spanned by uo\ , . . . , cu r . As it is finite- 
dimensional, and w serves as a norm satisfying the assumptions of Proposition 
3.2, we may apply it to infer that M is closed. But (3.3) shows that M is 
dense in L, whence M = L, and we see that L has finite dimension over 
R. But L is a field, and therefore we have either L = R, or L = C (with 
the product topology). Therefore w induces the usual topology on L in both 
cases. If L = R this gives the equality w(x) — \x\ a at once, whereas in the 
second we need some more reasoning. In this case w is continuous in the usual 
topology and w{xy) — w(x)w(y). For x — rexp(it) with r — \x\ we obtain 

w(x) = w(r)w(exp(it)) — r a w(exp(it)). 
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But for t = 2np/q with p, q G Z, g > 0, we obtain w(exp(z£)) 9 = 1, and since 
such numbers exp(i£) are dense on the circle \z\ = 1, we get w(exp(it)) = 1 
for all £, and we obtain = r a = |x| a . In our proof we identified K with 
its image in the complex field. However, if we treat K in an abstract manner, 
and denote by Fi{K) (i = 1, 2, . . . ,n) its embeddings in C, then we obtain 
w(x) = |i^(x)| a for a certain i. 

It remains to show that if two embeddings of K in C define the same 
valuation, then they are conjugate. This is done in the next lemma: 

Lemma 3.4. Let K be a field, and let fi, f 2 be embeddings of K in C such 
that for all x we have \f\(x)\ = |/2(#)|. Then either fi — f 2 or f\ = f 2 . 

Proof : Let a G K and put bi = fi(a) {i = 1, 2). Then 

I + = |l + 6i| 2 = |/i(l + a)| 2 - |/ 2 (l + a)| 2 = l + 6 2 + 6 2 + 6 2 6 2 , 

but 6161 = |/i(a)| 2 = |/ 2 (a)| 2 = 6 2 6 2 , and we get 2Re 61 = 61+61 = 6 2 + 6 2 - 
2Re 62. Finally we see that either 62 = 61 or 62 = 61. Now let 

K, = {a e K : A (a) - / 2 (a)}, K 2 - {a G K : h(a) = J^aj}. 

Obviously K\,Ki are subfields of K and K = Ki U K 2 • If the K^s are proper 
subfields of K, and we choose ai G i^i \ K 2 and 02 G i^2 \ then ai + a2 
belongs neither to i^i nor to K 2 , but lies in K, contradiction. Thus either 
K = K 1 ovK = K 2 . □ 

The last assertion of the theorem follows now immediately. □ 

Corollary. Let K be an algebraic number field. If for a non- Archimedean 
valuation v we put R v — {a G K : v(a) < 1}, then 

Rk — 

V 

the intersection taken over all non- Archimedean valuations of K. 

Proof : Follows from the theorem and Proposition 1.27 (v). □ 

If v is an Archimedean valuation of an algebraic number field, then for 
simplicity we shall say that v is real or complex, if v corresponds to a real, 
respectively complex, embedding of K. 

3. We conclude this section with the proof of a very important although 
simple product formula for valuations of algebraic number fields. To begin 
with we define the normalized valuations of K. If v is a discrete valuation 
of K, then the preceding theorem shows that v(x) = a v ^ x \ where v is the 
exponent induced by a prime ideal p of Rk- By the Corollary to Theorem 
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1.20 the cardinality N(p) of the factor ring R/p is finite. We shall say that 
v is normalized, if a — N(p)~ 1 . In the case of an Archimedean valuation 
we consider the corresponding embedding F : K — > C. A real valuation v 
is normalized, if v(x) — \F(x)\, but if v is complex, then things get more 
complicated. We adopt the convenient convention of calling every power of a 
valuation also a valuation, even if it does not satisfy the triangle inequality. 
This convention allows us to define the normalized valuation corresponding 
to a non-real embedding F as |F(x)| 2 . 
Now we may state the product formula: 

Theorem 3.5. Let V be the set of all normalized valuations of an algebraic 
number field K. Then for every nonzero a G K we have 

n < a ) = l 

vev 

Proof : Let aRx = IlP n ^) ^ e the factorization of the fractional ideal ge- 
nerated by a into prime ideals. Since only finitely many exponents n(p) are 
non-zero, we see that only finitely many terms in our product are ^ 1. If 
denotes the normalized valuation associated with the prime ideal p, then 
v p (a) = N(p)~ n ( p \ thus the product n^( a ) extended over all discrete valu- 
ations equals N(aRK)~ x • On the other hand, this product extended over all 
Archimedean valuations equals \Nk/q(o)\, and the Corollary to Proposition 
2.13 can now be used to complete the proof. □ 



3.2. Ideal Classes 

1. Since the ring Rk is a Dedekind domain, we may consider the group of its 
ideal classes, as defined in Chap. 1. Recall that this group consists of isomor- 
phism classes of ideals of Rk, considered as it^-modules, with multiplication 
induced by the usual ideal multiplication. The fact that this multiplication 
induces a group structure was established in Proposition 1.43. It is custom- 
ary to denote the resulting group by H(K) and call it the class-group of K. 
The case m — n = 1 of Theorem 1.39 shows that H(K) is isomorphic to the 
quotient group G(K)/P(K), where G(K) is the group of all fractional ideals 
of if, and P(K) is its subgroup consisting of principal fractional ideals. One 
of the principal aims of this section is to prove that H(K) is finite. Actu- 
ally we shall consider also some generalizations of the class group, and prove 
finiteness for this more general family of groups. 

Denote by D{K) the product of the group G(K) and the signature group 
Sgn(K), as defined in Chap. 2. Denote by pi 500 , • • . ,Pn,oo the generators of 
Sgn(K), and consider the homomorphism / of the multiplicative group K* 
of K into D(K), defined by 
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f(a)=p{) 00 --p'r?, 00 '[[p alp) , 

p 

where G {0,1} are defined by sgn.Fi (a) = (-l) e S and Yl p a(p) is the 
factorization into prime ideals of the ideal aRx. 

The group D(K) is called the divisor group of K, the elements pi jOC are 
called the reaZ infinite prime divisors, and the elements of the subgroup of 
D(K), generated by prime ideals are called the finite divisors. The image 
f(K*) is the group of principal divisors, and its projection on G(K), which 
is clearly isomorphic with P(K), is the group of finite principal divisors. 
Finally, the intersection f(K*)CiG(K) is called the group of positive principal 
divisors and is denoted by P+(K). 

The quotient group G{K)/P{K) equals H(K), but the quotient group 
G(K)/P+(K) is generally larger. It is called the narrow class group and is 
denoted by H*(K). Both are of utmost importance in the study of multi- 
plicative properties of Rk- 

The classical definition of those groups (equivalent to the given above) 
runs as follows: two ideals I, J of Rk are called equivalent if for some non- 
zero a, b G Rr we have al — bJ. The ideals J, J are equivalent in the narrow 
sense, if this equality holds with some totally positive a, b G Rk- The set 
of all equivalence classes in the first sense, with multiplication induced by 
multiplication of ideals forms H(K), whereas the second kind of equivalence 
leads to H*(K). The proof of the equivalence of the two definitions follows 
easily from Proposition 1.43. 

Now we make another generalization. Let I be any non-zero ideal of 
Rk, and consider the group Aj of all elements x G K* which are rep- 
resentable in the form x = ab~ x with a, b G Rk, a = b (mod/), and 
(abRK,I) = 1. Moreover, let Gi(K) be the group of all fractional ideals 
of K which are quotients of two ideals prime to J, and let Pi(K) be the sub- 
group of Gi(K) consisting of principal fractional ideals generated by elements 
of Aj. We consider Gj(K) as a subgroup of D(K) through the embeddings 
G^K) C G(K) C D(K). Finally, denote by P?(K) the subgroup of Pi(K), 
consisting of fractional ideals having totally positive generators. The quotient 
group Hj(K) — Gi(K)/Pj(K) is called the group of ray classes mod /, and 
Hj(K) = Gj(K)/Pj(K)^ is called the group of narrow ray classes mod /. 
Note that for I = R K we obtain H^K) = H(K) and H*(K) = H*(K). One 
may also give an equivalent definition, considering two ideals A, B, prime 
to /, as equivalent mod I, if with suitable a, b G Rk congruent to 1 mod / 
we have a A — bB, and the narrow equivalence is defined analogously with 
the additional requirement for a, b to be totally positive. In future, speaking 
about ideal classes mod /, we shall always have the last interpretation in 
mind. 
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2. Now we are going to prove the finiteness of all groups introduced in the 
preceding subsection. To begin with, we show that it is enough to prove this 
result for the group H(K). 

Lemma 3.6. Let I be a non-zero ideal of Rk- The homomorphism ^ : 
Hj(K) — > H(K) induced by the embedding Gi(K) C G(K) has a finite 
kernel, and so if H(K) is finite, then Hj(K) is finite as well. 

Proof : The kernel of ip consists of all classes mod / in the narrow sense 
which contain a principal ideal, and so equals the quotient of the group 
of all principal fractional ideals prime to / by the group of all ideals gen- 
erated by a totally positive element of the form a/b with a, b £ Rk and 
a = b = 1 (mod I) . Every coset of this quotient group contains a principal 
ideal generated by an integer. Indeed, if ab~ 1 Rx is a principal fractional 
ideal with a, b £ Rk, relatively prime to /, then c = b 2<p ^ is totally pos- 
itive and congruent to unity mod / by Theorem 1.19. Thus ab~ x R K and 
ab 2*(D-i = ab^cRK are in the same coset. Therefore it suffices to prove the 
existence of a finite set of integers ai, . . . , a r in Rk, such that every integer 
x € Rk, prime to /, becomes totally positive and congruent to 1 mod / after 
multiplication by one of the a^'s. This can be done by choosing from every 
fixed residue class mod / a set of elements representing all signatures, which 
is possible by Proposition 2.2 (i). Since there are 2 ri different signatures and 
4>(I) different residue classes, the set so constructed is finite, and clearly has 
the required property. □ 

Theorem 3.7. For every non-zero ideal I of Rk the groups Hj(K) and 
Hj(K) are finite. 

Proof : By Lemma 3.6 it suffices to prove the theorem for the group H(K). 
The proof is based on a lemma: 

Lemma 3.8. If K is of degree n over the rationals and has signature [ri^r^j 
then in every ideal class there exists an ideal I C Rk with 

Proof : Let X be a class in H{K) containing / c Rk- By Proposition 1.43 
there is an ideal J C Rk belonging to the class X -1 , and therefore IJ — aRK 
is principal. Since the index of J in Rk equals N(J), we may use Lemma 
2.23 to obtain c ^ 0 in J with 

n \ /4\ r2 , 

\N K/Q (c)\ < - (-J y/\d(K)\N(J). 
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The ideal cRk is divisible by J, hence we have A — cJ 1 C Rk, and the 
ideals / and A are equivalent, thus A G X. But 



The theorem follows now from Theorem 1.16 (ii). 

The number of elements in H(K), H*(K), Hi(K) and Hf(K) are denoted 
by h(K) y h*(K), hj(K) and hj(K), respectively. We shall call these numbers 
the class number, narrow class number, class number mod J, and narrow 
class number mod J, respectively. The presented proof of Theorem 3.7 shows 
that h{K) cannot exceed the number of ideals of Rk whose norms do not 
exceed the number 



which is called the Minkowski constant of the field K. 

This implies, for example, that quadratic fields with discriminants d(K) = 
-3, -4, -7, -8, 5, 8, 12 and 13 as well as cubic fields with -49 < d{K) < 81 
have h(K) = 1, since in these cases only the trivial ideal has its norm bounded 
by the Minkowski constant. Theorem 1.45 implies that the rings of integers 
of these fields are unique factorization domains. 

We point out two corollaries to Theorem 3.7: 

Corollary 1. If I is a fractional ideal in K, then I h( < K ) is principal. □ 

Corollary 2. If I is a fractional ideal in K and for a certain positive m the 
ideal I 171 is principal, then either I is principal itself, or (m, h(K)) ^ 1. □ 

The determination of the structure of class groups is one of the main goals 
of the theory of algebraic numbers. In the next section the reader will find 
some results connecting hj(K) with h(K), so that the problem of determi- 
nation of hj(K) will be reduced to the simplest case. 

Now we present an example of a field with class number bigger than 1, 
i.e. whose ring of integers is not a unique factorization domain. Consider 
K = Q(0) with 6 = and the ideal I = 2R K + (1 + 0)R K . We have 

N(I)\N(2R K ) = 4 and N(I)\N(1 + 6) = 6, thus N(I) equals either 1 or 2. If 
N(I) = 1, then / = Rk and for some x y y G Rk we have 1 = 2x + (1 + 6)y. 
Write x = a + b6,y = c + d6 with a, 6, c, d G Z, which is possible by Theorem 
2.18. This leads to 




by Corollary to Proposition 2.13. 



□ 




1 = (2a + c - 5d) + (26 + d + c)0, 
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thus 2a + c — hd = 1, 2b + d + c = 0. But this system has no integral 
solutions, since it implies that c + d is at the same time even and odd, which 
is absurd. Hence N(I) = 2. To prove h(K) ^ 1 we have to show that there 
is no principal ideal of norm 2, i.e., there is no a G Rr with N k /q(cl) — 2 
(obviously, there cannot exist elements of norm —2, since K is quadratic 
imaginary), but this is achieved by the observation that for x, y G Z we have 
N K/Q (x + yO)=x 2 + 5y 2 ^2. 



3.3. Units 

1. This section is devoted to units, i.e., invert ible elements of the ring of all 
algebraic integers. As in every domain, the units form a group under multi- 
plication. Units lying in a fixed algebraic number field K form a subgroup of 
that group; we shall denote it by U(K). Its elements will be called units of 
the field K, which is perhaps not the best name, since they are in fact units 
of Rk, every non-zero element of K being invert ible in K. 

We shall determine the structure of the group U (K) ; this was first done 
by Dirichlet in 1840 in a slightly different setting, since his definition of an 
algebraic integer does not coincide with the one used now. 

We shall also consider divisibility in Rx- We say that a divides b and 
write a\b if a, b and the quotient b/a are integers. Note that this definition 
does not depend on the field in which a, b are contained. If a\b and b\a, then 
we say that a and b are associated. Obviously, this happens if and only if the 
quotient b/a is a unit, and this means, that the principal ideals generated 
by a and b in any ring R K containing these numbers coincide. The following 
easy result will be used quite often: 

Proposition 3.9. If a, b G Rr and a\b, then N K /q(a) divides N K /q(b). 
Proof : Apply Proposition 2.4 (i) to the equality b = a{ba~ x ). □ 

Now we prove some elementary results concerning units. 

Proposition 3.10. If a is an algebraic integer, then the following conditions 
are equivalent: 

(i) a is a unit, 

(ii) a\l, 

(iii) For every field K containing a, \N K /q(cl)\ — 1, 

(iv) There is a field K containing a such that \N K /q(a) \ = 1, 

(v) There is a monic polynomial F G Z[X] with F(a) = 0 and \F(0)\ — 1. 

(vi) There is a polynomial G(X) = Y^j=o c jX j with integral coefficients, 
such that cq and c n are units and G(a) = 0. 
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Proof : The implications (i) (ii), (iii) =» (iv) and (v) (vi) are trivial 
and (ii) (iii) follows from the preceding proposition. To prove (iv) (v) 
take for F the minimal polynomial for a over Z, and observe that N k /q(o) 
equals some power of ±F(0). Finally, to establish (vi) (i) observe that the 
polynomial W(X) = Cq 1 X n G(X~ 1 ) has integral coefficients, is monic and 
vanishes at a -1 , thus a -1 is integral over the field generated by the coefficients 
of G. By Theorem 1.7 a -1 is integral over Z and thus a is a unit. □ 



Evidently roots of unity lying in K form the maximal torsion subgroup 
of U(K), which we shall denote by E{K). 

Proposition 3.11. The group E(K) is a finite cyclic group whose order is 
even and divides 2d(K). 

Proof ; If C 7^ 1 lies in E(K), then we can write 

c=nc 

i=i 

where qi = p™ 1 are powers of distinct primes pi and ni are positive rational 
integers satisfying Pi\rii. Put q — maxcfr and N = (11;= i qi) /q. The number 
C N lies in K and is a primitive gth root of unity. If q = p a , then the degree 
of C N equals p a - x {p - 1) by Theorem 2.20, hence p a_1 (p - 1) < [K : Q], 
and we get only finitely many possibilities for q. In view of qi < q, the same 
applies to This shows that E(K) is finite, and so it must be cyclic, since 
every finite subgroup of the group of all roots of unity is cyclic. Its order is 
even, because it contains the subgroup {1,-1}. To prove the last assertion 
factorize #E(K) into primes: 

The fields Q(C n 0 are subfields of K, and so, by Proposition 2.16 their dis- 

A 

criminants divide d(K). But, by Theorem 2.20 they are equal to ±p i i with 

\rii-l if>i = 2, 

and as Y\pf l divides d(K), the assertion follows. □ 

2. We prove now Dirichlet's unit theorem in the form due to Chevalley and 
Hasse. To state it we need certain definitions. 

Let S be a finite set of non-equivalent normalized valuations of K con- 
taining the set Sqq of all Archimedean valuations. A non-zero element a G K 
is called S -integral, resp. an S-unit, if for every valuation v 0 S we have 
v(a) < 1, resp. v(a) = 1. Note that if S = 5oo, then 5-integral elements 



98 



3. Units and Ideal Classes 



are exactly the integers of K, and S- units coincide with algebraic units, de- 
fined in the preceding subsection. The first assertion is a reformulation of 
the Corollary to Theorem 3.3, and the second follows now by the observation 
that for a G K* the equality v(a) = 1 is equivalent to v(a), v(a~ 1 ) < 1. 

It is not difficult to see that the ring Ks of 5-integers is a Dedekind ring. 
The 5-units are invertible elements of Ks, and therefore form a group Us{K) 
under multiplication. 

Theorem 3.12. (The Dirichlet-Chevalley-Hasse theorem) The group Us(K) 
is the direct product of the group of roots of unity E(K) and a free Abelian 
group with 5 — 1 free generators, s being equal to the number of elements in 
S. 

The special case S = gives the celebrated Dirichlet unit theorem: 

Theorem 3.13. The group U{K) is the direct product of the group of roots 
of unity E{K) and a free Abelian group with r = r\{K) + T2{K) — 1 free 
generators. 

Proof of Theorem 3.12. The idea of the proof is very simple. One constructs 
a homomorphism of Us{K) into the real s-space, whose kernel equals E(K), 
and then one proves that the image of Us{K) is a (s — 1) -dimensional lattice, 
i.e., a free Abelian group with s — 1 free generators. Since by Corollary to 
Proposition 1.33 every free Z-module is projective (and an Abelian group and 
a Z-module means the same), Proposition 1.34 (i) shows that Us{K) has the 
asserted form. 

Thus consider the mapping : Us{K) — > W given by 

^: ^ [logv(x)] veS - 
At our first step we prove that $(Us(K)) is a lattice: 

Lemma 3.14. The image $(Us(K)) is a discrete subgroup ofW. 

Proof : Since # is a homomorphism, the image of Us(K) is a subgroup 
of R s . Therefore it suffices to show that there is a neighbourhood of zero 
containing only finitely many elements of $(Us(K)). Assume the contrary. 
Then there exist infinitely many x G Us{K) such that for Archimedean v 
we have |logv(x)| < 1, and for non- Archimedean v = v p G S (where p 
is the corresponding prime ideal in Rx) we have |logv p (x)| < logiV(p). 
If c p is the exponent corresponding to p, then v p (x) = N(p)~ cp ( x \ and 
so log^p(x) = — Cp(x) logiV(p), showing that for our choice of x we have 
|cp(x)| < 1. Since c p (x) is a rational integer, it must be zero, thus x G Rk- 
Moreover all conjugates of x are bounded by expl, whence we can have at 
most a finite number of x, contrary to our assumption. □ 
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Observe now that Theorem 2.5 (i) implies that the kernel of <P coincides 
with E(K), and note that the image of Us(K) is a fc-dimensional lattice 
with k < s — 1, since, in view of Theorem 3.5, it lies entirely in the (s — 1)- 
dimensional hyperplane Xj — 0. 

In our next step we show that the dimension of $(Us(K)) equals s — 1. 
We shall do this first in the simplest case, when S = 5^, in which case 
Us(K) = U(K), and then use the finiteness of the class-group H(K) to treat 
the general case. 

Let n = [K : Q] , let ui , . . . , uo n be a fixed integral basis of K , denote by 
/ the set of all elements of K of the form c j u ji where \cj\ < 1, Cj G Q 

(j = 1 , . . . , n) , and put 

g = max{l, maix{v(x) : x G I,v G 5oo}}- 

Lemma 3.15. Let B be a positive integer. For every a G K, satisfying 
\Nk/q{°)\ ^ B n there exists a non-zero element b ofRx such that for v G Sqq 
we have 

, ( gB if v is real, 

\ gB 2 otherwise. 



Proof : Assume first a G Rk- In this case the numbers 

n 

Y, c 3"j (0<c,- < 5,^- GZ) 

cannot be all distinct mod clRk, since there are (1 + B) n > \N K /q(a)\ = 
N(clRk) of them. Hence one of their non-zero differences must be divisible 
by a, and if we denote it by ab, then our demands will be fulfilled. If a is 
not integral, then write a = ao/m with ao G Rk and natural m. Obviously 
\Nk/q(uo)\ <S (mB) n , and so the preceding argument shows the existence of 
b G Rk with v(aob) < gmB and v(aob) < g(mB) 2 , respectively, and therefore 
the asserted inequalities hold for v(ab). □ 

Corollary. There exists a constant M > 1 with the property that for all 
a G K, satisfying 1/2 < \N K /q(cl)\ < 1, there exists a unit u G U(K) such 
that \ua\ < M. 

Proof : Applying the lemma with B — 1 we obtain the existence of a non-zero 
b = b(a) G Rk? satisfying v(ab) < g for all v G Sqq. This implies \N K /q(b)\ < 
2g n . Theorem 1.16 (ii) shows now that the numbers b(a) generate only a finite 
number of distinct ideals, and so there exists a finite set, say {&i, . . . , b^} such 
that for every a, satisfying our conditions, we have b(a) = ubj for a certain 
j < N and a suitable unit u. Thus for every v G 5^ we have 

v(ua) = v{ab)v{ub~ 1 ) — v{ab)v{b'J 1 ) < M 
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for a certain constant M, which does not depend on a. □ 

Lemma 3.16. If s — r± + > 1, then there exist r = s — 1 units in U{K), 
whose images in IR S under $ are linearly independent. 

Proof : Let v\ , . . . , v s be all Archimedean valuations of K ordered so that 
vi,...,v ri are real. Moreover let 0 < ai < bi (i = 1, 2, . . . , s) be given. We 
claim that there exists a G K with ai < Vi(a) < bi for all i. In fact, define 

A = f ai for i = 1,2, ...,ri, 

* ~~ \ v^i for z = ri + 1, . . . , 5, 

and 

g _ \h for z = 1,2, ...,n, 

* \ for i = n + 1, . . . , s. 

Then our conditions take the form Ai < \Fi(a)\ < Bi (i = 1, 2, . . . , s), where 
is the embedding corresponding to Vi . Now let uo\ , . . . , cu n be an integral 
basis of K, and consider the following system of linear equations: 

n 

^XjFi{ujj) = hi (i = 1,2, ...,n), 
i=i 



where for i = 5 + 1, . . . , n the embeddings Fi are defined by Fi = i^_ r2 , and 
are real numbers, satisfying Ai < hi < Bi for i = 1, 2, . . . , s and hi = hi- r2 for 
i > s. By Cramer's rule this system has a real solution x±, . . . , x n . If we now 
choose rational numbers sufficiently close to Xi, so that the inequalities 



A i < \Y^ y 3 Fi ^)\ <B i (< = 1, 2, . . . , s) 

3=1 



hold (where for i > s we put Ai — A^_ r2 and Bi = Bi- r2 ), then the number 
a = XljLi gives what is required. 

This being done, we can now find a±, . . . , a s G K, satisfying the inequali- 
ties 

M < Vi(aj) < cM (i^j), 
1 ( , 1 

2M r <m a j) < (cM)r > 

where the constant c > 1 satisfies 1 < c < 2 1 / r . Then we get 1/2 < 
\Nk/q(ch)\ < 1, and by Corollary to Lemma 3.15 we obtain for suitable 
units Ui the inequality Vj{uiai) < M for all j. In particular for i ^ j we 
get Vj(ui) < 1, i.e., logVj(^) < 0. Now consider the matrix [logVj(ui)] with 
1 < j < r. We have to show that it is non-singular. For this purpose note 
that the product formula (Theorem 3.5) gives 
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^log^-(^) = -logv s (ui) >0 (i = l,2,...,r), 

and so our assertion follows from the observation that is [a^] is a n x n real 
matrix with a i3 - < 0 for i ^ jf and X^=i a u > ^, then its determinant does 
not vanish. Indeed, otherwise there would exist a system x±, . . . ,x n of real 
numbers, not all equal to zero, and such that 

n 

Y^ a iJ x j =0 (i = 1,2, ...,n). 

We may assume that max \xj\ = xn, changing signs, if necessary, of all num- 
bers Xi, and then we obtain a clear contradiction: 

n n 

0 = ajsfjXj = clnnXn + a^jXj > xn a^vj > 0. 

3 = 1 j^N j=l 

Therefore the dimension of <P(U(K)) equals r. □ 



Now we come back to the general situation: 

Lemma 3.17. There exist s — 1 units in Us{K), whose images in R s are 
linearly independent. 

Proof : Since U{K) C Us{K), we may consider $(U(K)) as a sublattice of 
$(U S (K)). Moreover $(U(K)) ~ U(K)/E(K), ${U S {K)) ~ U S {K)/E{K), 
thus $(U S (K))/$(U(K)) ~ U S (K)/U(K) is a free Abelian group with at 
most s — 1 — r = s — ri — r2 = m free generators by Lemma 3.16. We 
have to prove that it has exactly m free generators. In order to do this it 
suffices to show the existence of m multiplicatively independent elements in 
that group, i.e., elements for which no product of their integral powers can 
be equal to the unit element, except the trivial case, when all exponents 
are zero. Let vi, . . . , v m be the discrete valuations in S and let . . ,^3 m 
be the corresponding prime ideals of Rk> The ideals ty^^ are principal 
by Corollary 1 to Theorem 3.7, and thus have the form aiRx, where the 
c&i's are 5-units. We claim that their images are multiplicatively independent 
in Us(K)/U{K). In fact, if for some rational integers £i,...,£ m we have 
a = fl; a± i £ U(K), then the ideal aR K = (Hi ^- f ) h(K) equals R K , and thus 
Theorem 1.12 implies the vanishing of t±, . . . , t m . □ 

As already said, the last lemma implies the theorem, because we have 
now an exact sequence 

0 — ► E(K) — > U S {K) — > $(U S (K)) — > 0. 
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with a free (thus projective) last non-zero term. Proposition 1.34 now gives 
U s (K)~E(K)e$(U s (K)), 

and the second summand is a free Abelian group with 5 — 1 free generators. 

□ 

Corollary 1. There exist S -units ei, . . . , e s _i such that every S-unit u can 
be written in a unique way in the form 

where ( G E{K) and ni, . . . , n s _i G Z. □ 

Every system ei, . . . , e s _i of S'-units, having the property stated in that 
corollary is called a fundamental system of S -units. In the case S — Sqq we 
speak simply about fundamental system units of K. 

For any system u±,...,u r of units of K (with r = r± + r^ — 1) we define 
the regulator R{u\, . . . , tx r ) as the absolute value of the determinant of the 
matrix [logi>j(^)], where Vj runs over all valuations from except one. 

Corollary 2. (i) The value of the regulator does not depend on the deleted 
valuation. 

(ii) The regulator R(ui, . . . ,u r ) vanishes if and only if the units U{ are 
multiplicatively dependent. 

(iii) If ui, . . . ,u r and s±, . . . , s r are two fundamental systems of units of 
K, then 

R(ui, ...,u r )= R(si, . . . ,s r ). 

If we denote this common value by R(K), and a±, . . . , a r is an arbitrary sys- 
tem of multiplicatively independent units of K , then 

R(K) < R{a u ...,a r ). 



Proof : All assertions follow from the definition of the regulator, elementary 
properties of determinants, and the equality Ylves ^°E v ( a ) — 0> valid for 
a e U(K). °° □ 

The number R(K) is called the regulator of the field K, and r{K) — 
r±(K) + r 2 (K) — 1 is called the unit rank of K. If r(K) = 0 then we put 
R(K) = 1. 
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3. We shall now consider, as an example, units of quadratic fields. 

Proposition 3.18. Let K = Q(y/D), where D ^ 1 is a rational square-free 
integer. 

(i) ifD<0, then 

( {±l,±i} ifD = -l, 

U(K) = E(K) = {{±1, (±1 ± ifD = -3, 

{{±1} if -1,-3. 

(ii) If D > 0, then there exists a unit r\ such that U{K) — {±r] n : n £ Z}. 
There are four choices for r\: if e is one of them, then the others are —e, 
1/e and — 1/e. For one of these choices we have r\ — (a + bVD)/2 > 1 with 
a, 6 £ Z and a, 6 > 0. 

(iii) IfD>0 and the pair < A, B > is a positive solution of 

X 2 - DY 2 = ±4 (3.4) 

satisfying 

( A = B (mod 2) ifD = l (mod 4), 
\2|A,2|B ifD^l (mod 4), 

and with minimal value of A, then 77 = (^4 + B\fD)/2. 

Proof : (i) In this case we have r(K) = 0, and so Theorem 3.13 shows that 
U(K) coincides with E(K), Let ( n be a generator of E(K), and let p k be 
a prime power divisor of n. Then ( p k £ K and using Theorem 2.20 we 
obtain p k ~ x (p — 1) = ip(jp k ) < 2, which implies p k £ {2,3,4}. Therefore 
n £ {2,3,4,6,12}. Since C3,Ce e Q(v /Z 3), and C4 = i e Q(i) it remains to 
observe that in view of 

X 12 -1 = (X 2 - 1)(X 2 + 1)(X 2 + X + 1)(X 2 - X + 1)(X 4 - X 2 + 1) 

the number £12 is a root of the irreducible polynomial X 4 — X 2 + 1, hence 
its degree equals 4. 

(ii) The first assertion is a direct consequence of Theorem 3.13, since we 
have r(K) = 1 in this case, and the second follows immediately. It remains to 
show that if rj = (a + b\fD)/2 > 1, then a and 6 are positive. To obtain this 
observe first that the sets {77, —77, 1/77,-1/77} and {(±a ± b\/D)/2} coincide, 
and note that exactly one element of them has its both coefficients x,y in 
the canonical representation (x + yVD)/2 positive. It is clear that element 
exceeds 1. 

(iii) Let A,B > 0 be a positive solution of (3.4), satisfying the above 
congruences and with minimal A (its existence being assured by the theory 
of the Pellian equation), and write e = (^4 + B\/D)/2. Since N K /q(e) — 
(A 2 - B 2 D)/4 - ±1, we have e £ U(K). If 77 > 1 is as in (ii), then e = 77 n 
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for a certain n > 1, since e > 1. We are going to show that n = 1. Write 
rj = (a + b\fD)/2 with a, b positive. 

Assume n > 1 and observe first that B < 6, because otherwise we would 
have 

a 2 = ±4 + £>& 2 < ±4 + £># 2 - A 2 , 



contradiction. 
Now 



and 



a + bVd 1 

k=0 



This implies 



and adding we get 



A 1 rRn- W /2 

2|fe X ' 

B = JL y f n V n - fc 6^ (fc ~ 1)/2 . 

2n-l 

«^>^ie(:)«"-v. 

2|fe X 7 
2ffe V ' 



a + b> -W(o + 6) n . 

\n- 1 



Finally we obtain 2 n 1 > (a + fr) n and 2 < a + 6 < 2, a contradiction. □ 

Using this proposition and some facts from the elementary theory of num- 
bers we are now able to find the fundamental unit of any real quadratic field. 

Theorem 3.19. Let D > 0 be a square-free rational integer and let K — 
Q(\ // D). Denote by r\ > 1 the fundamental unit of K, let s be the period of 
the continued fraction for \fD, and let P/Q be the (s — l)-st convergent of 
it. If D ^ 5 (mod 8), then rj = P + QVD, and ifD = b (mod 8), then either 
rj or rj 3 equals P + QVD> Moreover, the norm of r\ is positive if and only if 
the period s is even. 

Proof : We have to use some results from the theory of the Pellian equation, 
as presented for example in Sierpihski [64, p. 307]. Namely, we use the following 
theorem: 

If the period s is even, then the equation X 2 — DY 2 — — 1 has no solutions 
and the smallest natural solution of X 2 —DY 2 — 1 is given by X = P,Y — Q, 
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whereas if s is odd, then X = P, Y = Q is the smallest natural solution of 
X 2 -DY 2 = -l. 

Observe that if D ^ 5 (mod 8), then every unit of K has the form x+yy/D 
with x,y G Z. In fact, if D ^ 1 (mod 4), then this results from the form of 
the integral basis given in Theorem 2.18, and in the case D = 1 (mod 8) one 
should note that if (x+yy/~D)/2 (with x, y G Z) is a unit, then x 2 -Dy 2 = ±4, 
whence x 2 — y 2 = 4 (mod 8), which is possible only if x and y are both even. 
This remark together with the last proposition settles the case D 5 (mod 8). 

Now turn to D = 5 (mod 8). The number e = (2P + 2Q\/D)/2 is the 
least unit exceeding 1 for which both the coefficients in its numerator are 
even. This is guaranteed by the above result about Pell's equation. If e is the 
fundamental unit, our case is settled. Otherwise we have e = rj n for a certain 
n > 2, with rj > 1 being the fundamental unit. If rj = (A + B\/T))/2, then A 
and B are odd. Note now that in 

2 _ (A 2 + DB 2 )/2 + ABVD 
V 2 

the coefficients in the numerator are both odd, but in a similar expression 
for rf they are both even, and we get e = rj 3 . Since the norms of e and rj 
coincide, this proves the theorem. □ 

This theorem gives a method of finding a fundamental unit which is not 
very practicable, since it involves the computation of the full period of the 
continued fraction of VT), which may be sometimes very long. 

4. Using Dirichlet's theorem, we give now a description of fields which have 
a proper subfield with the same unit rank. We shall use the notation K + for 
the maximal real subfield of a field K, i.e., K + =Xn]R. 

Proposition 3.20. If K is a proper subfield ofL, then the groups U(L)/E(L) 
and U(K)/E(K) are isomorphic if and only if K is totally real, L is totally 
complex and [L : K] = 2. If this happens, then K = L+ . 

Proof : If U(L)/E(L) and U(K)/E(K) are isomorphic, then their ranks co- 
incide and Theorem 3.13 gives 

r 1 (K) + r 2 (K)=r 1 (L) + r 2 (L). 

Putting n = [L : K] we get 

n(L) + 2r 2 (L) = [L : Q] = n[K : <Q>] - nn(K) + 2nr 2 {K), 

thus 

r 2 (L) = (n - l)n{K) + (2n - l)r 2 (K), 

and 
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n(L) - n(K) + r 2 (K) - r 2 (L) = (2 - n)n(K) + 2(1 - n)r 2 (K). 

Since ri(L) > 0, the last equality implies n < 2, thus n = 2 and ri(L) = 
-2r 2 (i^), which is possible only if ri(L) = r 2 (K) = 0, showing that L is 
totally complex and K is totally real. The converse implication is obvious, 
and the last assertion results from the observation that [L : K] — 2 is a 
prime, and therefore there are no intermediate fields between K and L. □ 

A totally complex field, which is a quadratic extension of a totally real 
field is called a CM- field. The last proposition establishes a characteristic 
property of such fields. 

Corollary 1. If K is a proper subfield ofL, then the factor group U(L)/U (K) 
is finite if and only if L is a CM -field, and K — L + . 

Proof : Observe first that the embedding U(K) — > U(L) implies that 
A(K) = U(K)/E(K) is a subgroup of A(L) = U{L)/E(L). If the group 
U(L)/U(K) is finite, then A{K) is of finite index in A(L), and, since they 
are both free Abelian groups, their ranks coincide, whence they are isomor- 
phic. Now the last proposition implies the first implication. To obtain the 
converse implication observe that if L is a CM- field and K = L + , then the 
proposition shows that A{K) C A(L) are free Abelian groups of the same 
rank, hence the index [A(L) : A(K)] is finite. □ 

There exist fields L having a system of fundamental units lying in a proper 
subfield K C L, i.e., U(L) = E(L)U(K). We prove now that such situation 
arises when L/Q is a complex cyclic extension. 

Theorem 3.21. If L/Q is cyclic, then L has a fundamental system of real 
units. 

Proof : If L is real itself, then there is nothing to prove. So assume that L is 
a complex cyclic extension of degree n. Then n — 2r 2 is even and the unit 
rank equals r = n/2 — 1. Fix a system ei, . . . , e r of fundamental units of L, 
let cr be a fixed generator of the Galois group G(L/Q), let ( be a generator 
of E(L), and put N = #B(L). 

Consider the matrix A = [a^], whose elements are uniquely defined by 

r 

= C ai II e T S (* = 1, 2, . . . , r; a u cm € Z). 

We shall prove that A satisfies 

A r + A r ~ l + --- + A + E = 0, (3.5) 
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E being the unit r x r matrix. 
If we put, for k = 1, 2, . . . , r, 

^(e,)=C ai(fc) n^ (fc) (< = l,2,...,r), 
then we get [a^-(&)] = and this implies in turn 

r 

Ti = e^fe) • • • a r (e,) = C 6i J] (i = l,2,..., r), 

with [6 i<7 -] = A r + -A r_1 H h A + Thus we have to show that all 

vanish, or, which means the same, that all TVs are roots of unity. Since 
cr r+1 = <r n / 2 is the only element of order two in Gal(L/Q), it coincides with 
complex conjugation, and we obtain 

(T^teK^te) • • • <r n -Hei) = <? n/2 (eMei) ■ • -* r te)) = * n/2 (TJ = f u 
which implies 

N L/Q (ei) = • • '<r n -\ei) = Tifi = |T,| 2 . 

Proposition 3.10 leads now to \Ti\ = 1 for i = 1, 2, . . . , r. We shall now show 
that \cr k (Ti)\ = 1 holds for k = 1, 2, . . . , n — 1. In fact, for = 1 we have 

<7(Ti) = <7( Ci ) • • • <7 1+r ( Ci ) = Ticr 1 ^, 
whence |<r(7i)| = 1, and if \<j k ~ 1 (Ti)\ = 1 holds, then the equalities 

^(Ti) = a fe - 1 (a(T i )) = ^(Tier 1 ^) 
= a fc - 1 (T j )o^(er 1 )^R 
= a k -\T^-^e i )la k -\€ i ) 

show that |a fe (Ti)| = 1. Theorem 2.5 (i) enables us to conclude that all TVs 
are roots of unity, and so A satisfies (3.5). This implies in particular that 
A n / 2 = E, hence for i = 1, 2, . . . , r the equalities 

<T n/2 (Ci) = C*** 

hold with 

r 

U = ^a,(%/r + aijpT- 1 + a ij -(2)/3 r " 2 + • • • + a^-(r)), (3.6) 

where (3 is defined by cr(£) = an d 0 < (3 < N, and 5^- is the Kronecker 
symbol. 

By Proposition 3.11 N is even, therefore in view of 
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C 1 =C = ^ n/2 (C) = C /3n/2 , /? n/2 + l = 0 (mod AT), 

we conclude that (3 is odd. 

Applying once more (3.5) and using the oddness of (3 we see that the terms 
in parentheses in (3.6) are all even, thus the same holds for the ti's. Putting 
ti — 2ui and rji = £ ni Q for i = 1, 2, . . . , r we obtain that the r^'s form a system 
of fundamental units. Moreover, due to f)i = <J n / 2 (r]i) — (~ Ui s n / 2 (e^) — 
(~ u< • C u €i = ( Ui €i = rji, they are all real. □ 

Corollary. Ifp is an odd prime andn > 1, then every unite of the cyclotomic 
field L = Q(Cp n ) can be written in the form e — £ • r\, where £ G E(L) and 
77G/7(L+). 

Proof : It suffices to note that the extension L/Q is cyclic and to apply the 
preceding theorem. □ 



A similar, but weaker, conclusion is true for a large class of normal CM- 
fields: 

Theorem 3.22. If K is CM -field such that the extensions K/Q and K+ /Q 
are both normal, then every unit e of K can be written in the form e = £77, 
where £ is a root of unity, whose square lies in K and r\ is a real unit, whose 
square lies in . 

Proof : We need a lemma: 

Lemma 3.23. Under the assumptions of the theorem the complex conjuga- 
tion acts trivially on U{K)/E{K), i.e., for every unit e of K we have e — ue, 
with u G E(K). 

Proof : Observe first that the normality of K + /Q implies that the complex 
conjugation s lies in the center of G = Gal(K/Q). Indeed, the group {e, s} 
corresponds to by Galois theory, hence it is a normal subgroup of G. 
Thus for g in G we must have either gsg~ 1 = e, or gsg~ 1 = s. However, 
the first equality gives s = e, a contradiction, thus we must have sg = gs. If 
e G U(K), then for u = ee~ 1 we have \u\ — 1, whence for all g in G we get 

1 = g(uu) = g(u)g(u) = g(u)g(u), 

thus \g{u)\ — 1 and \u\ — 1 follows. By Theorem 2.5 (i) u must be a root of 
unity, and the lemma follows. □ 

If now e lies in U (K) , then by the lemma we have e = ue, with a suitable 
root of unity u G K. The number |e| is a real unit, being a root of X 2 — ee. If 
we put £ = e/|e|, then ( 2 = e 2 /|e| 2 = ee -1 = i^" 1 , hence ( is a root of unity. 
Since ee lies in if + our assertion follows with 77 = |e|. □ 
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5. Certain subgroups of the group U(K) of units are also of importance. 
Let / be a non-zero ideal of Rk, and denote by U(K,I) the subgroup of 
£7 (if), consisting of all units of if, congruent to unity mod I. Similarly, let 
£7+ (if, /) be the group of all totally positive units of if, congruent to unity 
mod J. In the case i" = we shall simply write J7 + (if) for this group. It 
consists of all totally positive units of if. 

The structure of these groups is described by the following result: 

Proposition 3.24. If r(K) > I, then the group £7+ (if,/) is the product of 
the cyclic group consisting of all totally positive roots of unity contained in 
K , which are congruent to 1 mod i" and r copies of the cyclic infinite group. 
The group £7 (if, I) is the product of the cyclic group consisting of all roots of 
unity of K, congruent to 1 mod / and r copies of the cyclic infinite group. 

Proof : Since the 2^(/)th power of every element of £7(if) lies in £7+ (if, I) 
and £7 (K)/E(K) is the rth power of the cyclic infinite group, the same holds 
for £7+ (if, I) /(E(K) D £7+ (if , J)), and our assertion about £7+(if, I) follows. 
The same argument applies to £7(if, i"). □ 

This proposition shows that for a given ideal i" one can find units 771 , . . . , r\ r 
in £7+ (if, I) and in £7 (if, /) such that every element of these groups can be 
uniquely written in the form (rj™ 1 • • • rfi r with rational integral exponents n^, 
C being a root of unity lying in £7+ (if, I) and £7 (if , /), respectively. The units 
771 , . . . , 7] r are called the fundamental totally positive units mod i" of if, and 
the fundamental units mod / of if, respectively. 

The regulators of a system of fundamental units mod i" and of a system of 
fundamental totally positive units mod i" are denoted by Ri{K) and Rf(K), 
respectively. 

Now we shall establish the connection between the class numbers ft (if), 
ft* (if), ft/ (if) and ft j (if). To do this we have to introduce some notation. 
Consider the map / : if* — > D(K), as defined in subsection 1 of Sect. 2 and 
look at the images of U(K) and U{K , I) under this mapping. They obviously 
lie in the 2-group generated by the infinite prime divisors, thus they are 
finite, and we may write, say, #/(£7(if)) = 2 s and #/(£7(if,/)) = 2*. For 
our immediate purpose it is important to observe that #f(U(K)) equals the 
number of possible signatures of units, and #/(£7(if, /)) equals the number 
of possible signatures of units congruent to unity mod i". Moreover, denote 
by ij)(I) the number of residue classes mod / which can be represented by 
units of if. 

Theorem 3.25. Let I be a non-zero ideal of Rk- Then we have: 

(i) H(K) ~ Hm/P^iK), hj(K) = h{K)${I)/m, 

(ii) H t {K) ~ H;{K)/P;(K), h}(K) = 2^h I (K), 

(iii) H{K) ~ H*{K)/P^ K {K), h*(K) = 2 r ^ s h(K), where Pf{K) de- 
notes the group of classes of Hj{K) consisting of principal ideals having 
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a generator congruent to unity mod /, and Pj denotes the subgroup of 
Hj(K) consisting of classes containing principal ideals. 

Proof : If two ideals are in the same class in Hj(K), then they are also in the 
same class in H(K). This simple remark shows the existence of a canonical 
homomorphism of Hi{K) in H{K), carrying every class of Hj(K) in the class 
of H(K) containing each of its ideals. Corollary 6 to Proposition 1.14 shows 
that every class in H(K) contains an ideal relatively prime to J, and so the 
homomorphism just defined is in fact surjective. Its kernel being obviously 
Pj°\ we arrive at the first assertion of (i). To prove the second assertion we 
have to evaluate Pj°\ It consists of a union of hj(K)/h(K) classes of Hi(K) 
and this is the number we have to find. Let E be the unit class of H(K) 
and let A G E satisfy (A, I) — 1. If a is any generator of A, then other 
generators have the form ea with e G U(K). Therefore with every such A 
we may associate a set Aa — {Ai, . . . , A&} (with k = ip(I)) of residue classes 
mod /, namely of those, which have a representative generating the ideal 
A. Obviously, two ideals A,BeE, satisfying (AB, J) = 1 are in the same 
class of Hj(K) if and only if the sets A a and Ab coincide. Since there are 
such sets, we arrive at hi(K)/h(K) = proving (i). 

The proof of (ii) follows the same pattern. We consider the canonical 
surjective homomorphism H}{K) — > with kernel Pj(K). Consider 

the principal class of Hj (K) , which consists of all principal ideals of the form 
aRx with a = 1 (mod I). We have to find the number of classes of Hj(K) 
formed by such ideals. If a = 1 (mod I) and a generates an ideal A, then every 
other generator of A congruent to unity mod I must be equal to ea for some 
e G U(K,I). Associate with every such ideal a set r — {71, . . . ,7 m } (with 
m = 2*) of signatures of its generators congruent to unity mod /. Obviously, 
two ideals from the principal class of Hj(K) are in the same class of Hi{K) 
if and only if their systems of signatures coincide. By Proposition 2.2 (i) 
every possible signature can be represented by an integer congruent to unity 
mod/, whence there are exactly 2 Tl ~ t systems jT, proving (ii). 

Finally, (iii) is a special case of (ii), with / = Rk- □ 

Corollary 1. The equality H{K) = H*(K) holds if and only if K contains 
units of every signature. This holds, in particular, for all totally complex 
fields. □ 

Corollary 2. If K is a real quadratic field and e is its fundamental unit, 
then 



Proof : In this case the factor 2 Tl s equals either 1 or 2, the first possibility 
arising when there are units of every signature. One sees directly that this 




2h(K) ifN K/Q (e) = l, 
h(K) otherwise. 
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happens if and only if there is a unit of negative norm, but this implies that 
the norm of the fundamental unit is negative. □ 

Corollary 3. If K is totally real, then H(K) — H*(K) holds if and only if 
every totally positive unit of K is a square in K. 

Proof : Let U 2 (K) be the group of all squares of units of K. Theorem 3.13 
and Proposition 3.11 imply that the quotient U(K)/U 2 (K) is isomorphic to 
C 2 with n — [K : Q], and since the number of possible signatures equals 2 n 
and U 2 (K) c U+(K), it follows that the ratio 

# (U + (K)/U 2 (K)) = #(U(K)/U 2 (K))/#(U(K)/U+(K)) 

equals 1 if and only if #U{K)/U+{K) = 2 n . However the index of U+{K) 
in U(K) equals the number of unit signatures in K, and it remains to apply 
Corollary 1. □ 



To state the next corollary, denote by e q (A) the number of the invariants 
of the finite Abelian group A which are divisible by a prime power g, i.e., the 
number of cyclic factors of order divisible by q in a decomposition of A into 
cyclic summands. Note that e q (A) does not depend on the decomposition. 

Corollary 4. For n > 1 we have 

e 2 n(H(K)) = e 2n (H*(K)) + A(n) - A(n - 1), 

where 2 A ^ is the number of classes in P^ K (K) which are 2 n -th powers of 
elements of H*(K). 

Proof : Write, for brevity, H, if* and P for H(K), H*(K) and P£ K (K). For 
every Abelian finite group A and n > 1 w have 

e 2 n(A) = dim F2 A 2 ™' 1 /A 2 ™ , 

since every group C 2 can be regarded as a linear space over ¥ 2 and A 2 ™ 1 /A 2 ™ 
is of this form. 

The natural map H* — > H induces the exact sequence 

0 — > X — > (if*) 2n_1 /(^*) 2n — + H^/H^ — > 0, 

(where X = (P n (H*) 2n ~ 1 )/(P n (H*) 2 ") of linear spaces. Hence 

e 2 n(ir) =e 2 n (H) +dim F2 X 
- e 2 n(#) + log 2 (#X) = e 2 n(H) + A(n - 1) - A(n), 

giving our assertion. □ 
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Corollary 5. The 2-ranks of the groups H(K) and H*{K) coincide if and 
only if every class of H*(K) consisting of principal ideals is a square. 



6. In the case of a normal extension K/Q one may ask about the existence 
of a system of fundamental units which are all conjugate, or at least of a 
system of r(K) conjugate independent units, where independence means the 
linear independence of their images in the real n-space under the mapping 
considered in the proof od Dirichlet's theorem. The main result of this type 
is due to Minkowski: 

Theorem 3.26. If the extension K/Q is normal, then there exists a system 
of r(K) independent conjugated units. 

Proof : Let [K : Q] — n, and denote by G the Galois group of K. Assume 
first that the extension K/Q is totally complex, and let r G G be the complex 
conjugation. Writing G — {g^rgi : i = 1,2, . . . , s = n/2} we obtain that 
every normalized Archimedean valuation of K is of the form Vi(x) — \gi(x)\ 2 
(z = 1, 2, . . . , s). As in the proof of Theorem 3.12 we obtain the existence 
of a unit e with vi(e) > 1 and Vi(e) < 1 for i ^ 1. Now consider the units 
^92 X ( e )> • • • > 97 1 ( e )- We have 



Therefore, if we put 77 = er(e), then the reasoning used in the proof of The- 
orem 3.12 shows that if remove one element from the set {gi(rj) : i = 
1,2, ...,5}, then the remaining elements form an independent set of con- 
jugate elements. 

The same type of argument applies to the case when K is totally real. In 
this case we have G = {gi : % — 1, 2, . . . , n}, every Archimedean valuation 
has the form V{(x) = and n — 1 conjugates of e, obtained as above, 

form an independent set of units. □ 

The last theorem gives some information about the action of the Galois 
group on the group of units. To be more precise, let Z[G] be the group-ring 
of a given finite group G over Z, i.e., the free Abelian group generated by 
elements of G, in which one defines multiplication by means of 



If K/Q is normal with Galois group G, then every subgroup D of the 
multiplicative group K*, which is G-invariant, acquires the structure of a 
Z[G]-module, where an element A = Y2 g eG a g9 °f ^[G] ac ^s on x G D by 



Proof : This follows from the case n = 1 of the preceding corollary. 




g£G heG teG gh=t 
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Ax=l[g(x) a °. 

geG 

We shall be interested in the case D = U(K). Since E(K) is G-invariant, 
the factor group U 0 (K) = U{K)/E(K) is also a Z[G]-module. Observe now 
that if a G U(K) is such that r(K) of its conjugates satisfy Theorem 3.26, 
then the submodule Ui(K) of Uq(K) generated by the image of a is of finite 
index. Indeed, both U\(K) and Uq(K) are free Abelian groups of the same 
rank. We may thus state Theorem 3.26 in the following form: 

Theorem 3.26a. If K/Q is normal with Galois group G, then the Z[G]- 
module U(K)/E(K) contains a cyclic submodule of finite index. □ 

We may ask under what circumstances will U{K)/E{K) be itself cyclic. 
If this happens, then every unit representing the generator of U{K) is called 
a Minkowski unit. Moreover, if there exists a unit u whose certain conjugates 
form a system of fundamental units, then u is called a strong Minkowski unit. 

Proposition 3.27. A strong Minkowski unit is a Minkowski unit, and if K 
is real, then these notions coincide. 

Proof : If ei, . . . ,e r is a system of conjugated fundamental units, then the 
image of e\ in Uq(K) generates Uo(K), whence e\ is a Minkowski unit. 

If K is real and e is a Minkowski unit, then every unit u of K can be 
written in the form 

u = ± JJ g(e) a ° 

geG 

with a g G Z. Since 

II 9(e) = N K/Q (e) = ±1, 
geG 

we get, with e = idx being the unit of G, 

e = ±Y[g(e)- 1 , 

g^e 

whence 

u = ±l[g(ey°- a % 

g^e 

i.e., the set {g(c) : g ^ e} is a set of generators of U (K), and since it contains 
[K : Q] — 1 = r(K) elements, it is a set of fundamental units. □ 

The problem in which fields there exist Minkowski units or strong Minkow- 
ski units is unsolved, except in certain special cases. We present now one of 
them. 
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Theorem 3.28. If p is an odd prime such that the cyclotomic field Q(C P ) 
has class-number 1, and K/Q is a cyclic extension of degree p, then K has a 
strong Minkowski unit. 

Proof : We start with an easy lemma: 

Lemma 3.29. If K/Q is normal with Galois group G and 

tf=5>eZ[G], 

geG 

then the principal ideal ofZ[G), generated by N equals NZ. If A denotes the 
factor ring Z[G]/NZ, then Uq(K) = U(K)/E(K) becomes a A-module in a 
canonical way. 

Proof : The ideal generated by N obviously equals NZ[G] and contains NZ. 
If now b = ^2 beG b g g G Z[G) and a = Nb G NZ[G], then a = (E^g h g) N G 
NZ, and NZ[G) — NZ follows. The second assertion results from the obser- 
vation that for u G U{K) we have 

Nu=H g(u) = N K/Q (u) = ±le E(K), 

gee 

and we see that N acts trivially on Uo(K). Therefore the action of Z[G] on 
Uo(K) induces canonically the action of A. □ 

The theorem follows now without much effort. Indeed, in our case the 
group G is cyclic, so let g be its generator. Put also R = Z[( p }. The homo- 
morphism <p : Z[G] — > R of rings, defined by (p(g) = ( p is surjective and its 

kernel equals NZ, with N = e + g + g 2 -\ + g p ~ x - Indeed, NZ lies in the 

kernel because of 1 + ( p H + Cp _1 = 0> an( i if a = Sj=o a j9 j ^ es in tne 

kernel, then 

p-l p-2 

0 = <p( a ) = Yl a o<i = £( a i ~ a p-i)Cp' 

thus by Theorem 2.20 we get a 0 = a\ = . . . = a p _i, i.e., a G NZ. It follows 
that R and Z[G]/NZ are isomorphic rings, and the lemma shows that Uq{K) 
is a finitely generated i^-module. Since by Theorem 2.20 R is the ring of 
integers of Q(Cp), it is Dedekind, and by assumption it has class-number 1, 
and Theorem 1.45 implies that it is a principal ideal domain. Theorem 1.32 
shows that with a suitable m > 0 the i^-module Uo(K) is isomorphic to 
0 T, where T is a torsion i?-module. By Proposition 1.40 T is finite, and 
were it non-zero, then U${K) would contain a finite non-zero subgroup, which 
is absurd. By Theorem 3.13 the Z-rank of Uo(K) equals p—1, and since the 
Z-rank of R™ is m(p— 1), we obtain m = 1. Thus Uq(K) is isomorphic to R as 
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an i2-module, and a fortiori as a Z[G]-module. But R is a cyclic Z[G] -module 
and thus K has a Minkowski unit. Since K is real, this unit is also a strong 
Minkowski unit by Proposition 3.27. □ 

Unfortunately, it has been shown by Uchida [71,111] that the assumptions 
of this theorem are satisfied only for primes p < 19. 



3.4. Euclidean Algorithm 

1. We shall now be concerned with fields whose rings of integers are Eu- 
clidean. It is well known that every such ring is a unique factorization domain, 
and so such fields have trivial class-groups. We recall the definition: 

A domain R is said to be a Euclidean domain if there exists a function p, 
defined on R whose values are non- negative rational integers, satisfying the 
conditions 

(i) One has p(x) — 0 if and only if x = 0, 
and 

(ii) If a, b G R, b ^ 0, then there exist c, r G R such that a = be -f r and 
p(r) <p(b). 

In earlier treatments of this subject usually the additional condition 
p(ab) > p(b) for non-zero a, b was made, however it has been shown by Veld- 
kamp [60] (see also Samuel [71]) that it is redundant, since it does not change 
the class of rings considered. 

We shall say that an algebraic number field K is norm- Euclidean if the 
ring R K is Euclidean with p(x) — \N K /q(x)\. The following proposition is 
helpful in establishing the norm-euclidicity of a given field: 

Proposition 3.30. A field K is norm- Euclidean if and only if for every 
a G K there exists t G Rr with \N K /q(a — 1)\ < 1. 

Proof : In our case the Euclidean condition takes the form \Nk/q(o> — bc)\ < 
\NK/®(b)\, for given a, b ^ 0 and suitable c, all of them integers of K, and in 
view of the multiplicativity of the norm we may write it as 

It remains to observe that every element of K may be written as a ratio of 
two elements of Rk, □ 

Corollary. An imaginary quadratic field K is norm- Euclidean if and only if 
d(K)e {-3,-4,-7,-8,-11}. 

Proof : First we show that all listed fields are indeed norm-Euclidean. If 
d(K) G {—4, —8}, then every integer of K has the form x + y\fD with D — 
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d(K) /4 and x, y G Z. If now a + bVD (a, 6 G Q) is an arbitrary element of K 
and we choose x,y G Z with |a — cc| < 1/2 and |6 — y| < 1/2, then 

\N K/Q ((a + 6V^) - (x + yV^D))| = (a - x) 2 + (b - y) 2 \D\ < ±±M < i, 

since £> G {-1,-2}. 

If d = d(iT) G {-3,-7,-11}, then the integers of K have the form 
(x + yVd)/2 with G Z of the same parity. If a + 6\/d G K (a, 6 G Q), 
then choosing first y G Z so that |6 - y/2| < 1/4 and afterwards x G Z with 
|a — cc/2| < 1/2 and x = y (mod 2), we obtain 

\N K/Q ((a + fcVd) - (x/2 + (y/2) Vd))| = (a - z/2) 2 + (b - y/2) 2 |d| 

£ 1±M<.. 

Now assume that K is a norm-Euclidean imaginary quadratic field and 
put d — d(.ff). Consider first the case 4|d. Put D = d/4 and let a = y/D/2. 
Since if is norm-Euclidean, there exists x + yy/~D G i?K (x, y G Z) with 



|^/q(^ + (2/-1/2)V^)|<1, 

^ + (y-l/2) 2 |2?|<l. 

However for every y G Z one has (y — 1/2) 2 > 1/4, whence \D\/4 < 1, leading 
to d G {-4,-8}. 

If 4 { d, then consider a = (1 + Vd)/4. For certain G Z we have 
|Afc/ Q (a - {x + 2/Vd)/2)| < 1, thus 

j-iHi-f) 2 ^ 1 - 

However for all m G Z one has 1 1/4 — m/2| > 1/4, whence 1 + \d\ < 16, 
leaving us with d G {-3, -7, -11}. □ 

2. The determination of all real quadratic norm-Euclidean fields is much 
more difficult. Heilbronn [38a] proved that their number is finite, and later, 
through efforts of several authors, it was established that their discriminants 
are equal to 5, 8, 12, 13, 17, 21, 24, 28, 29, 33, 37, 41, 44, 57, 73 and 76, The 
final step was done by Chatland and Davenport [50]. We shall not present 
the proof of this result, belonging rather to the geometry of numbers, and 
prove only the following theorem: 

Theorem 3.31. The real quadratic fields with discriminants d — 5, 8, 12 ; 
13 ; 17 ; 21 , 24 ; 28 and 29 are norm-Euclidean. 



Proof : We need a simple lemma: 
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Lemma 3.32. If 0 < a < 2 and a ^ 5/4, then to every real x there corre- 
sponds a real y satisfying x — y G Z and \y 2 — a\ < 1. 

Proof : If a — 0, then a suitable number from the interval (—1/2, 1/2] will do. 
The assertion will hold also with a suitable number y satisfying 1/2 < \y\ < 1, 
if 0 < a < 5/4, and with some y with 1 < \y\ < 3/2], if 5/4 < a < 2. □ 

Consider now d — 8, 12, 24 and 28. Then the integers of Q(Vd) are of the 
form x + y\fD with D — d/4 and x, y G Z. By Proposition 3.30 it suffices to 
find for every pair a, b of rationals a pair x, y of rational integers satisfying 

Ka-x) 2 -^-!/) 2 ^!. 

Choose y G Z with |6 - 2/| < 1/2. Then 

D(b-y) 2 <D/4<7/4 and - y) 2 ^ 5/4, 

since D^5. We may thus use Lemma 3.32 to obtain the required inequality. 

The remaining fields have integers of the form x + ytu with uj = (l + v / 5)/2 
(x, y G Z), and so we have to show that for every pair of rational a, b we may 
find x,y e Z with |(a - x - y/2) 2 - d(b - y/2) 2 \ < 1. 

Choose y eZ with \2b - y\ < 1/2. Then d(b - y/2) 2 < d/16 < 29/16 and 
since d(b — y/2) 2 ^ 5/4, because in case d — 5 we have d(b — y/2) 2 < 5/16, 
we may apply Lemma 3.32 as in the preceding case, □ 

The natural question, whether a Euclidean algebraic number field must 
necessarily be norm-Euclidean has a positive answer in the case of imaginary 
quadratic fields, but in general this fails to be true. Clark [94] proved that 
Q(\/69) is Euclidean, but not norm-Euclidean (cf. Niklasch [94]), and in Clark 
[96] he produced two examples of such cubic fields. 

Proposition 3.33. // K is an Euclidean imaginary quadratic field, then it 
is norm- Euclidean, hence is one of the fields listed in the Corollary to Propo- 
sition 3.30. 

Proof : Assume that > 11 and let p be an Euclidean norm in Rk- 

Choose t G Rr different from 0, ±1 so that 

p(t) = mm{p(x) : x G Rr,x ^ 0, ±1}. 

Then for every b G Rk we can find q G Rk with b — qt G {0, ±1}, whence we 
get N K /q(t) < 3 by the Corollary to Proposition 2.13. 
Put 

D= {d(K)/4 i£4\d(K), 
\ d(K) otherwise, 
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and observe that if D ^ 1 (mod 4), then t — x + y\[D with x,y G Z, and 
because > 11 implies > 3, hence + \D\y 2 < 3 can happen only 

if D = — 3 = 1 (mod 4), contradiction. 

Similarly, if D = 1 (mod 4), then t = {x + yVD)/2 with a;, y G Z of the 
same parity. If x and y are both even, then the preceding argument leads to 
a contradiction. If x, y are both odd, then 

12 > N K/Q (x + yv^) = x 2 + ?/ 2 |L>| > 1 + 12?!, 

and so |d| = |D| < 11, again giving a contradiction. □ 

In Chap. 4 we shall prove that the field Q(y/— 19) has class-number 1, 
and so its ring of integers is an example of a Dedekind unique factorization 
domain which is not Euclidean. 

To conclude this chapter we prove a result which in the case of rings of 
integers goes back to Dedekind [31], and was obtained in its most general form 
by Hasse [28]. It gives a sufficient condition for a domain to be a principal 
ideal domain. In the case of Dedekind domains this condition is also necessary, 
and hence leads to another characterization of fields with trivial class group. 
We have included this result in the section dealing with Euclidean rings, since 
there is a formal resemblance between the conditions of the theorem and the 
definition of euclidicity. 

Theorem 3.34. (i) Let R be an integral domain and assume that there is a 
function f defined in R with values in the set of nonnegative integers such 
that 

(a) f{x) = 0 holds if and only if x = 0, 

(b) IfO< f(y) < f(x) and y\x, then for suitable a,b G R one has 

0<f(ax-by)<f(y). 
Then R is a principal ideal domain. 

(ii) If R is a Dedekind domain with trivial class group, then there exists 
a function f , satisfying f{xy) = f(x)f(y) and the conditions (a) nd (b). 

Proof : (i) Assume that / satisfies (a) and (b), and let I be a non-zero ideal 
of R. Choose y G I with minimal positive value of /, and let x G I be non- 
zero. Then 0 < f(y) < /(#), and if y would not divide x, then by (b) there 
would exist a,b G R with 0 < f(ax — by) < f(y), contrary to the choice of y, 
since ax — by lies in /. Hence x — ry with some r G R, and we see that / is 
principal, generated by y. 

(ii) If R is a Dedekind domain with trivial class-group, then put /(0) = 0, 
f(u) = 1 for all invertible elements u G R and f(ir) — 2 for elements n 
generating prime ideals. Extending / to all R by multiplicativity we get a 
function satisfying the conditions (a) and (b) in part (i). □ 
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Corollary. An algebraic number field K has a trivial class group if and only 
if the function f{x) = \N k /q(x)\ satisfies the condition (b). 

Proof : The sufficiency follows immediately from the theorem, since / ob- 
viously satisfies the conditions (a) and (b), To prove its necessity put 
f(x) = \N k /q(x)\ and assume that x, y £ Rk satisfy 0 < f{y) < f{x) 
and y\x. The ideal xRk + yRx is principal, equal to zRk, say. Then y = rz 
with some r £ Rk which is not invertible, because otherwise we would have 
y\z which in view of z\x would give y\x, contrary to our assumption. There- 
fore f{z) < f{y). Moreover with suitable a, b £ Rk we have ax — by — z and 
so we get 

0<f(ax-by) = f(z)<f(y), 
as asserted. □ 



3.5. Notes to Chapter 3 



1. It has been assumed for a long time that the theory of ideals in rings of 
integers owes its existence to the unsuccessful attempts of Kummer to prove 
Fermat's Last Theorem in its full generality. Later research however has shed 
some doubt on this story, and now it seems more likely that Rummer's work 
on ideal numbers, which led later Dedekind to introduce ideals, has been 
motivated by his research concerning reciprocity laws for power residues. See 
Edwards [77] and Neumann [81a] on this topic. 

Ideal numbers, whose purpose was to restore unique factorization in rings 
of algebraic integers were introduced by Kummer [47a,b] in case of integers 
of Q(Cp) with prime p. He did the same for arbitrary cyclotomic fields in [56] 
and for fields Q(£ p , called now Kummerian, in [59]. For subfields of cy- 
clotomic fields this theory was developed in Fuchs [63], [66]. Rummer's ideal 
numbers lay outside the considered field K, but, adjoined to it, provided a 
set of numbers closed under multiplication and having the unique factoriza- 
tion property. In modern language these numbers correspond roughly to the 
ideals of Rk- In the set of ideal numbers Kummer introduced the notion of 
equivalence, and was led in this way to the class-number of cyclotomic fields. 

Modern treatment of ideal numbers was introduced by Hecke [18], and 
is still used in certain parts of the analytic theory of algebraic numbers. See 
Albu, Nicolae [95] for the proof of Hecke's assertion that the adjoining of all 
ideal numbers to a field K leads to its extension of degree h(K). 

Ideal theory in rings of integers was created by Dedekind [71] . His method 
was applicable in a uniform way to all algebraic number fields, and this was its 
advantage over Rummer's approach. Other proofs of Dedekind's fundamental 
result, the unique factorization theorem for ideals, were later supplied by 
Kronecker [82] and Hilbert [94b]. 
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Kronecker [82] founded his theory of algebraic numbers on the theory 
of forms. Its outline may be found in Hilbert [97] and H.Weber [96b]. Kro- 
necker's theory had a much better reception than that of Dedekind, although 
Kronecker's paper was rather difficult to decipher, whereas Dedekind wrote 
very clearly. Modern expositions of Kronecker's theory were given in Del 
Corso [95], Edwards [90], Flanders [60], Weyl [40]. For Dedekind's comments 
on Kronecker's approach see Edwards, Neumann, Purkert [82] (cf. Edwards 
[80], [83]). Kronecker's theory can be translated into the language of ideals 
by associating with every form F the ideal generated by its coefficients, the 
content of F. An axiomatic characterization of the content of a form was 
given in Krakowski [65]. Cf. Dedekind [92], Hurwitz [94], [95a], Mertens [94]. 

Some ideas of Kronecker were developed by Hensel, who introduced p-adic 
numbers and used them for studying algebraic number fields. See Chap. 5 for 
more details. 

Another approach was adopted by Zolotarev [80] . It is based on the notion 
of p-integral numbers, and is closely related to Hensel's p-adic method. For 
its exposition see Chebotarev [30], [37a], [47]. 

A method based on a kind of ideal numbers determined by infinite sys- 
tems of linear congruences, every finite subsystem of which is solvable was 
introduced by Priifer [25] (see also von Neumann [26]). 

The method of Krull [51] was based on the consideration of homomor- 
phisms of the multiplicative group of a field into free Abelian groups. A fresh 
exposition may be found in Borevich, Shafarevich [64]. See also Frey, Geyer 
[72], Koch [66], Skula [70]. 

The theory of infinite algebraic extensions of Q was initiated by Stiemke 
[26] and Krull [28b,d], and developed in Gut [37], Herbrand [31c], [32b], 
Moriya [34], Scholz [43]. 

2. Theorem 3.1 is due to Kurschak [13], and Theorem 3.3 to Ostrowski (the 
Archimedean case in [18] and the non- Archimedean case in [35]). Cf. Artin 
[32b], Mac Lane [36]. For a constructivistic approach see Mines, Richman [81], 
[84]. The importance of the product formula (Theorem 3.5) was stressed by 
Artin and Whaples [45] , [46] , who used it for an axiomatical characterization 
of algebraic number fields, and also for developing anew the fundamental re- 
sults of this their theory, including Dirichlet's unit theorem and the finiteness 
of class number. 

3. The notion of an ideal class is essentially due to Kummer [47b] in the 
case of cyclotomic fields. In the case of quadratic fields it is closely connected 
with the equivalence classes of binary quadratic forms over Z of a given 
determinant under the action of 5X(2,Z), which were studied already by 
Lagrange [73] and Gauss [01]. We shall establish this relation in Chap. 8. 

Ideal classes mod / were introduced by H.Weber [97], and ideal classes 
in the narrow sense, forming Hj(K), by Landau [18b]. Theorem 3.25 is due 
to them. 
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The class-number can be also defined in terms of matrices (Chatelet [11], 
Hurwitz [95b]). There are several relations between matrix theory and the 
theory of algebraic numbers. On this topic see Bennett [23], Bhandari, Nanda 
[79], Chatelet [11], Faddeev [74], Latimer, McDuffee [33], Taussky [49], [51], 
[57], [60], [62], [77a], [80], Taussky, Todd [40]. It has been proved in Bass, 
Milnor, Serre [67] that for n > 3 every element of the group SL u {Rk) can be 
written as a product of elementary matrices. Under the assumption of GRH 
Cooke and Weinberger [75] proved the existence of a bound for the number of 
necessary factors, depending only on n, in the case when K is not imaginary 
quadratic. This number has been later shown, without using GRH, to be 
bounded by (3n 2 - n)/2 + 68v(d(K)) - 1 in all cases (Carter, Keller [83]). 

4. The finiteness of the group H{K) (Theorem 3.7) in the quadratic case goes 
back essentially to Lagrange [73], who studied classes of binary quadratic 
forms. In the cubic case it was established by Eisenstein [44b], who also used 
the language of forms. For cyclotomic fields it was proved by Kummer [47b], 
[56], and the general case is due to Dedekind [71] and Kronecker [82]. We 
presented the proof of Minkowski [91a]. Other proofs were given in Artin, 
Whaples [45], Hurwitz [95c], Mahler [64]. A proof in which H(K) is shown to 
be at the same time a continuous image of a compact group and a discrete 
group can be found in Cassels, Frohlich [67]. 

It is not known, whether every finite Abelian group can serve as H(K) or 
H*(K) for suitable field K. In Chap. 8 we shall present a result of S.Chowla 
[34b] which shows that the answer is negative, if one restricts K to be 
imaginary quadratic (see Corollary to Proposition 8.24). Chowla's proof is 
not effective, but Shanks [69] showed that for such fields one cannot have 
H(K) = C P &C P with p = 5, 7 or 11. It is known (Perret [99]) that every 
finite Abelian group is isomorphic to H(Ks) for suitable K and S. For the 
structure of the group of ray classes see Stevenhagen [94b], H.Cohen, Diaz y 
Diaz, Olivier [98a]. 

Frohlich [62a] and Hasse [69d] showed that every finite Abelian group A 
is a homomorphic image and also a subgroup of H{K) for infinitely many 
fields K (cf. Frey, Geyer [72]). This was strengthened by Cornell [71], who 
proved that one can always choose K to be cyclotomic. It was shown in Sonn 
[83] that every such A is a direct summand of H(K) infinitely often, and in 
Yahagi [78] it has been proved that if A is a p-group, then it is the Sylow 
p-subgroup of a H(K) for a suitable cyclic K/Q. See also Gerth [75b], Iimura 
[81a], Yamamura [91]. 

5. Lemma 3.8 is due to Minkowski [91a] (cf. Minkowski [96a], [07]). If we 
denote by C{r 1^2) the lower bound of numbers C with the property that 
for every field of signature [7*1,^] each class of H(K) contains an ideal with 
norm not exceeding C\Vd\, then for sufficiently large 7*1 + 2r 2 one has 
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with a — 50.7 and b = 19.9, as shown by Zimmert [81]. For an improvement 
in the case of small degree see Maza [02] . 

For cubic fields Minkowski's bound was improved in Delaunay, Faddeev 
[40], and for certain quartic fields in Lubelski [60] (see also Lemmermeyer 
[97b]). On the other hand for quadratic fields K we have 

max minTVYJ) > B — = — , 

xeH(K)iex log£>loglog T £> 

where D — \d(K)\, and B,T are positive numbers, depending only on h(K) 
(Anfert'eva, Chudakov [64], [70]). Generalizations of Lemma 3.8 to other base 
fields were given in Kuroda [62], Lakein [69], Mordell [69], Nymann [67]. 

An algorithm for the computation of h for real quadratic fields with ex- 
pected running time of order 0(d 1 / 5+€ ) gave Srinivasan [98]. Unfortunately, 
the involved constant is not effective. 

The exp onent of the class-group of pure cubic number fields of the form 
Q(VT+a?) and Q(9 a ) (with 0 3 = aO 2 + 1) was considered by Louboutin 
[99c], who proved that u nder G RH it tends to infinity in both cases and 
determined all fields Q(v / m 3 + 1) with exponent < 2. All fields Q(tym 3 + r) 
with m > 1, r|3ra 2 and h = 1 were found in Byeon [96]. A table of the 2- 
ranks of H(K) for non-cyclic cubic fields with \d{K)\ < 10 25 was computed 
in Schneiders [97] (there is only one such field with 2-rank equal to 7). 

A sufficient condition for h = 1 in totally real fields gave Byeon [01a]. 

The class numbers of quintic fields with small discriminants were com- 
puted in Pohst, Wildanger [98]. 

A bound for the smallest norm of an element in a residue class mod / was 
obtained by Davenport [52] (cf. Egami [80], Rieger [58d], Tatuzawa [73a]). 

6. Algebraic units appears first in Gauss [32] in the case K — Q(i). The 
general notion was worked out at the same time as that of an integer. The 
main result of the theory of units, Theorem 3.13, was proved by Dirichlet 1 [46] 
for the units of Z[a], with an integer a, however his argument can be easily 
extended to cover the general case. Earlier, in [40], he showed that in case 
ri(K) > 1 there are infinitely many units, and in [41c] the cubic case was 
treated (cf. Bachmann [64]). In the special case K — Q(Cp)> with prime p, 
Theorem 3.13 was proved independently by Kronecker [45a], [83], [84]. Other 
proofs can be found in Artin, Whaples [45], Hermite [50], Iwasawa [53a], 
Minkowski [96a], van der Waerden [28]. An elementary proof in the case of 
pure cubics appears in Christofferson [57]. 

The more general Theorem 3.12 was first published in Che valley [40]. For 
another proof see Mahler [64] , and for generalizations and analogues see Bass 
[66], May [70], Roquette [57], Samuel [66]. 



1 According to Minkowski the idea of the proof occurred to Dirichlet during an 
Eastern concert in the Sistine Chapel. 
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An effective procedure determining a system of fundamental units is given 
in H.Cohen [93] and Pohst, Zassenhaus [89]. See also Avanesov [79], Benson, 
B.T.Weber [73], Pohst [94], Pohst, Weiler, Zassenhaus [82], Pohst, Zassenhaus 
[77], [82], Rudman, Steiner [78], 

The last part of Proposition 3.11 is due to Ore [24]. The Corollary to 
Lemma 3.15 gives in the case of totally real K certain information about the 
action of the unit group on R n (with n = [K : Q]) defined by 



for u G U{K). This induces an action of U + (K) on the cone in R n consist- 
ing of elements with non-negative coordinates. The fundamental domain for 
this action was determined by Shintani [76b], who in [81] carried out this 
construction for fields of arbitrary signature. 

Theorem 3.13 shows that the group U{K) is finitely presented. Zassenhaus 
[72] obtained the same assertion for the group of units of any commutative 
ring with unit, whose additive group is isomorphic to Z n with some n. Skolem 
[48] deduced from Theorem 3.13 that the multiplicative group K* is the 
direct product of E[K) and a free Abelian group with denumerably many 
free generators. This was extended by Schenkman [64], who proved that the 
multiplicative group of the field generated by all algebraic numbers of degree 
< n, is a direct product of cyclic groups. This implies that every multiplicative 
group generated by a set of algebraic numbers of bounded degree is a product 
of cyclic groups. For the case of infinite extensions see Iwasawa [53c], Horie 
[90]. It has been proved in Brandis [65] (see also Brown [87], Samuel [71]) 
that if K C L and K ^ L, then the factor-group L* /K* cannot be finitely 
generated. 

If R C S are orders in Rk, then the index [U(S) : U(R)] is finite. A bound 
for this index was given in Wolfskill [95], [97]. 

7. Units of real quadratic fields. It is clear that every result about the Pellian 
equation X 2 — DY 2 = ±4 gives some information about units in real quadratic 
fields. This permits us to treat Lagrange [66] as the author of Theorem 3.13 
in this case. For a survey of older results on the Pellian equation the reader 
should refer to Chap. XII of Dickson [19]. 

For certain classes of fields explicit formulas for the fundamental unit are 
known. The first such formulas were obtained by Richaud [66] and rediscov- 
ered later by Degert [58]. They considered square- free D = n 2 +r (— n < r <n 
and r\4n) and showed that the number 



is the fundamental unit of the field Q(y/D). Such fields are now called 
Richaud- Degert fields. For similar results see Azuhata [84], Bernstein, Hasse 



u{xi,...,x n ) = (Fi(^)xi,... 



F n (u)x n ) 




if r = ±1,D^5, 
if r = ±4, 
if r ^±1,±4 
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[75], Kutsuna [74], Nakahara [70], Neubrand [81], Nordhoff [74], Uehara [83], 
Yokoi [68a], [70a]. 

The first tables of minimal solutions of Pellian equations were published 
by Legendre [98], Degen [17], Bickmore [93], Whitford [12], covering jointly 
the range [2, 1700] (see Lehmer [26] for a list of errors). With the advent of 
computers the determination of such solutions as well as of fundamental units 
of quadratic fields became an easy task, at least for not too large values of 



For asymptotical results dealing with fundamental solutions of the Pellian 
equation the reader should consult Hooley [84] . 

Several authors have studied the sign of the norm of the fundamental unit 
e of a real quadratic field K, trying to express it in terms of various invari- 
ants of K, since it dependence on the parity of the period of the continued 
fraction given in Theorem 3.19 is not very useful. A quick algorithm for the 
determination of this sign appears in Lagarias [80a]. In a series of papers 
Redei ([35], [38], [53]) used class-field theory to deduce a necessary and suffi- 
cient condition for N K /Q(e) = -1 (cf. Morton [79]). For various sufficient or 
necessary conditions see Brown [83], Epstein [34], Jensen [62], v.Lienen [78], 
Pall [69], Perott [88], Pumpliin [68], Scholz [35], Tano [89]. 

An interesting relation between signatures and residue classes mod 4 of 
units, and, more generally, of integers a, prime to 2, was discovered by La- 
garias [78]. He observed that if d(K) is a sum of two squares, then a mod 4 
determines the signature of a, Sunley [79] proved that the same holds for all 
totally real fields K with odd h*(K), and Lagarias [80b] proved that a totally 
real field K has this property if and only if the 2-ranks of H(K) and H*{K) 
coincide. Cf. Haggenmuller[82]. 

Recall that the n-th Bernoulli number B n is defined by 



It has been established by Ankeny, Artin and Chowla [52] that if p = 1 
(mod 4) is a prime, (T + U y/p) /2 is the fundamental unit and h the class- 
number of Q(y/p), then 



and they conjectured that p \ U. This has been checked for p < 10 11 (van 
der Poorten, te Riele, Williams [01]). It is known that it is equivalent to 
W#(p-i)/2 (Mordell [60a] for p = 5 (mod 8), Ankeny, Chowla [62] in the re- 
maining case). Generalizations of the Ankeny- Artin- Chowla conjecture were 
given in Jakubec [96b], H.Lang [73b], Mordell [60a], Slavutskii [65a]. 

It has been observed in Sprindzhuk [74a] that if E(x) denotes the number 
of fundamental units e of all real quadratic fields, lying in the interval (1, x), 
then 



D. 




— = £( P -i)/2 (modp), 
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[log x) 

E{x) = 2 Kk) xl/k + O(logx). 
k=i 

8. Cubic units. A theory of units in cubic fields was outlined by Hermite in a 
letter to Jacobi (Hermite [50]). His ideas were used for the actual construction 
of units by Zolotarev [69] in the case of pure cubic fields. The general case 
was treated by Voronoi [96]. See Delaunay, Faddeev [40] for a presentation 
of Voronoi's approach. Cf. also Brentjes [81]. In certain cases one can obtain 
fundamental units with the Jacobi-Perron algorithm, which goes back to 
Jacobi [68] and Perron [07]. On this subject see Bernstein [71]. 

Other methods, algorithms and explicit formulas for certain classes of cu- 
bic fields may be found in Appelgate, Onishi [82], Arwin [29], Avanesov, Bille- 
vich [81], Bergmann [66b,c], Berwick [13], [32], [34], Billevich [56], Brunotte, 
Halter-Koch [79], [81a], Bullig [36], [38], Cusick [82], [84b], Endo [78], God- 
win [60], [84], Giiting [77], Hasse [48a], Ishida [73], Minkowski [96b], Morikawa 
[74], Rudman [73], Steiner, Rudman [76], Stender [69], [72], [75], [77], Vel'min 
[51], Vulakh [02], Watabe [83], H.C.Williams [76], [80], [81b], Williams, Cor- 
mack, Seah [80], Yokoi [74]. In Thomas [79] and Grundman [95] units of 
subrings of Rk were constructed. 

Tables of cubic fields were provided by Llorente, Quer [88b] and Fung, 
Williams [90], covering fields with discriminants in the range [— 10 6 , 10 7 ]. 

9. Methods of finding fundamental units in various classes of quartic fields 
were given in Amara [81], Berwick [32], Frei [81a], [82], Hasse [48a], Kuroda 
[43] (cf. Kubota [56b]), Levesque [81], [82], Nagell [62], R.Scharlau [80], 
A.Stein [27], Stender [73], [75], [77], [78], [83], Wada [66], and for sextic fields 
in Bergmann [65], Frei [81b], Hasse [48b], Iimura [80], Maki [80], Nakamula 
[79], Setzer [78], Stender [74], [75], [77], [78]. 

For other classes of fields see Bernstein [75a,b], [77], [78a,b], H.Cohn [76], 
Frei, Levesque [79], [80], Greiter [80], Halter-Koch [75], [82], Halter-Koch, 
Neubrand [78], Oozeki [78], [79], Stender [74],. 

10. Proposition 3.20 is due to Remak [52]. Several other characterizations of 
CM-fields were given in Gyory [75]. Theorem 3.21 was in the case K = Q(Cp) 
with prime p stated by Kummer [50a] and proved by him in [51]. Another 
proof in this case appears in MacCluer, Parry [75]. The general case is due 
to Latimer [34] (cf. M.J.Weiss [36]). Theorem 3.22 is due to Denes [51] and 
the presented proof appeared in MacCluer, Parry [75]. The assumption of 
normality in this theorem is not necessary, as shown in Parry [75a] . Lemma 
3.23 for K = Q(Cp) was proved by Kummer [51]. The Galois groups of normal 
closures of CM-fields were considered by Dodson [84], [86], who observed that 
the theorem of Shafarevich [54] on solvable groups implies that every solvable 
finite group, containing an element of order 2 in its center, is the Galois group 
of a CM-field. 
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Theorem 3.25 shows that a real field K has totally positive fundamental 
units if and only if h*(K) = 2 r ^ 1 h(K). See Armitage, Prohlich [67], Tay- 
lor [75]. For the Corollary 4 to Theorem 3.25 see Kaplan [74]. A sufficient 
condition for the existence of units of all signatures was given by Neumann 
[77]. By the Corollaries 2 and 3 to Theorem 3.25 this occurs for a totally real 
field if and only if U+(K) = U 2 (K). For the maximal real subfield of the 
cyclotomic field Q(Cm) (with m ^ 2 (mod 4)) this happens in the case when 
m is a prime power (Garbanati [76]). For prime m this is due to Kummer [70] 
and for m = 2 k to H.Weber [96b]. Cf. Armitage, Frohlich [67], Hasse [52a], 
Hughes, Mollin [83]. 

The results of Berwick [32] imply that every totally real cubic field has a 
fundamental system of units formed by PF-numbers, and Zlebov [66] showed 
that the same applies to all real fields. Cf. Brunotte, Halter-Koch [81b]. 

11. Theorem 3.26 is due to Minkowski [00] (in the special case K — Q(Cp) it 
appears already in Kummer [51]). It was later extended by Herbrand [30b], 
[31b] to relative extensions. A simplified proof of Herbrand's result was given 
by Artin [32a], and a further generalization appears in Lednev [39]. It has 
been proved by Latimer [34] that a cyclic field has a strong Minkowski unit if 
and only if certain ideal in a matrix ring is principal. Theorem 3.28 appeared 
explicitly first in Zeinalov [65] (for p = 3 this was shown in Delaunay, Faddeev 
[40]), but it lies hidden already in Latimer [34]. Brumer [69] proved that it 
suffices to assume in it that all ideals of norm h{K) in Q(Cp) are principal. 
See Gillard [80a] for a generalization. 

Marko [96] established the existence of Minkowski units in real cyclic fields 
of degrees 4, 6 and 10, but note that a real cyclic quartic field may not have a 
strong Minkowski unit, as the example K = Q( y 65 + 2y/b ) (Bouvier, Payan 
[75]) shows. It was proved by N.Moser [83] that every imaginary dihedral 
extension of Q of degree 2p (with prime p) has a Minkowski unit. We shall 
prove her result in Chap. 7 (see Theorem 7.25). For other classes of fields no 
such complete results are known. Cf. Latimer [34], N.Moser [79a], Payan [81], 
M.J.Weiss [36]. 

The action of Galois group G on U (K) was studied for certain Abelian 
groups in Bouvier, Payan [75], [79], Duval [81], Hasse [48b], Pollaczek [29], 
Setzer [78], [80b], and for some non- Abelian groups in Halter-Koch [78a], 
Jaulent [79], N.Moser [78], [79a,b], Nakamula [82a]. Most of theses papers 
contain conditions for the existence of a Minkowski unit. For the existence of 
a conjugated system of generators in U + (K) see Hasse [48a], Morikawa [68]. 

A new approach to study the Galois structure of the unit group was 
introduced by Chinburg [83b], [84], [89] and the resulting development was 
subsumed in the book of A.Weiss [96]. For further progress see Burns [95b], 
Burns, Holland [97], Greither [96] (where one of Chinburg's conjectures was 
establishes for Abelian fields with odd conductor), Ritter, A.Weiss [97]. 
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12. Denote by K n the n-th cyclotomic field, i.e. K n = Q(C n ), with Cn being 
an n-th primitive root of unity. If p is an odd prime, then the subgroup of 
U(K P ) generated by all units of the form - l)/(Cp - 1) with 1 < a, b < p— 1 
is called the group of cyclotomic units. We shall denote it by C(K P ). It has 
been shown by Kummer [50a,b], [51] that the index of C{K P ) in U(K P ) is 
equal to h(K+) (cf. Hilbert [97, Satz 142], S.Lang [78], [82], Washington [82]). 
A way of computing the minimal polynomial for cyclotomic units was shown 
in Gurak [82]. 

Cyclotomic units were defined also in other Abelian fields and this led to 
an exact analogue of Rummer's index formula for cyclotomic fields K p n , when 
p n is a prime power. There are actually two definitions of cyclotomic units for 
Abelian fields which agree in the fields K p n. According to the first, the group 
of cyclotomic units Co(K) of an Abelian field K equals the intersection of 
U{K) with the group generated by roots of unity of order /, where Kf is the 
minimal cyclotomic field containing K (such field exists by the Kronecker- 
Weber theorem which we shall prove in Chap. 6) and by 1 — Q (2 < a < 
f — l).This definition is commonly used for cyclotomic fields. The second 
definition, used for non-cyclotomic Abelian fields, states that the group C(K) 
of cyclotomic units is the intersection of U(K) with the group generated by 
— 1 and all numbers of the form N Kri j Lri (1 — with n = 2, 3, . . ., n { a, and 
L n — K D K n . The index of C{K) and C 0 (K) in U(K) has been computed 
by Sinnott [78], [80] (see also Dohmae [97], Kucera [97]). In Hasse [52a] still 
another definition of the group of cyclotomic units was used, leading to a 
finite index only in the case of K p n , in which case it coincided with C (K p n ) . 
Its rank has been computed in Feng [82a]. 

For the structure of the p-Sylow group of U(K)/C(K) in case when K is 
real and p \ [K : Q] see Gillard [77], G.Gras [77a,b], Greenberg [75], Mazur, 
Wiles [84]. The conjecture of G.Gras [77b] that in this case the p-components 
of the groups U(K)/C(K) and H(K) have isomorphic compositions series has 
been established by Wiles [90a] (cf. Kolyvagin [90], Kuzmin [96]). 

Analogues of cyclotomic units in Abelian extensions of imaginary quadra- 
tic fields are provided by elliptic units, defined with the use of singular values 
of modular functions. They were introduced by Robert [73], but in special 
cases they appeared already in Fueter [10], Siegel [61] and Novikov [67]. For 
their properties and applications see Coates, Wiles [78], Gillard [79a,b,c], 
[80a,b], Gillard, Robert [79], Kersey [80], Kubert, Lang [79], [81], Nakamula 
[82b], [85a,b], [89], Robert [78], [79]. 

13. If a, b G Rk generate the unit ideal, then for infinitely many integers x 
(not necessarily lying in K) the number ax + b is a unit (see Chabauty [38]). 
A similar result holds also for polynomials in several variables over Z (Skolem 
[35]). Cf. Cantor, Roquette [84], Jacobsthal [13], Dade [63], Lagarias, Lenstra 
[81]. 

It has been shown by Cooke, Weinberger [75] (see also Lenstra [77b]) that 
if K is not imaginary quadratic, then GRH implies that for infinitely many 
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prime ideals p every non-zero residue class mod p contains a unit, i.e. one 
has = ip(I), In the case of real Abelian fields this has been established in 
Narkiewicz [88] unconditionally, with possible exception of at most two fields 
of degree < 3. The value of $(I)/ip(I) was studied under the assumption of 
GRH for real quadratic fields in Chen, Kitaoka, Yu [00] (cf. Ishikawa, Kitaoka 
[98]), and for cubic fields in Kitaoka [01]. 

14. A solution of the equation 

aixi H h a n x n = b (3.7) 

with b ^ 0, ai,...,a n is called non-trivial, if none of the subsums of the 
left-hand side vanishes. In the case n = 2 and b = 1 it follows from re- 
sults of S.Lang [60] and Lewis, Mahler [60] that there are only finitely many 
solutions of (3.7), and an explicit bound for the number of solutions, inde- 
pendent of ai,a2, was in this case (also for S- units) obtained in Evertse [84], 
(cf. Beukers, Schlickewei [96], Bombieri, Mueller, Poe [97], Evertse, Gyory 
[85]). Later it has been shown that a similar bound holds for non-trivial solu- 
tions in the case of arbitrary n and non-zero b (Schlickewei [90]. Cf. Bugeaud, 
Gyory [79b], [96a], Evertse, Gyory [88a], Evertse, Schlickewei [02], Evertse, 
Schlickewei, W.M.Schmidt [02], van der Poorten, Schlickewei [91]). The ob- 
tained bounds are exponential in #S + [K : Q], and it is known that there 
cannot exist a polynomial bound (Erdos, C.L.Stewart, Tijdeman [88], Ev- 
ertse,Moree, C.L.Stewart, Tijdeman [03]). However, in the case n = 2 for 
the majority of numbers ai,a2,& there are at most two solutions (Evertse, 
Gyory, C.L.Stewart, Tijdeman [88a]) (cf. Gyory [79b]). Algorithms for finding 
all non-trivial solutions in case n = 2 were given in Smart [99] and Wildanger 
[00]. 

Bounds for the number of non-trivial solutions of (3.7) in the case, when 
Oi,...,a n are arbitrary complex numbers and the x^s are roots of unity 
were obtained in Schlickewei [96] and Evertse [99]. For the case of rational 
or algebraic coefficients a* see Conway, Jones [76], Mann [65], Schinzel [88], 
Zannier [89]. 

Units u G Rk for which 1 — u is also a unit were called exceptional units 
by Nagell [69b]. There are only finitely many such units in any K, since they 
are solutions of (3.7) in the case n = 2. This follows already from a result of 
Siegel [21a; Satz 10] (cf. Nagell [64b]). Exceptional units in quadratic, cubic 
and certain quartic fields were determined in Nagell [59], [60], [64b], [69a,b] 
(cf. Chowla [61a]). Cubic fields containing exceptional units were studied in 
Ennola [91] and for quartic fields see also Niklasch, Smart [98]. Upper bounds 
for the number of exceptional units in a given field were obtained in Gyory 
[73], Evertse [84] and Niklasch [97]. It has been proved in Nagell [69a] that for 
every n > 5 there exists a field of degree n having at least 6n — 9 exceptional 
units. Fields with many exceptional units were considered in Grant [96]. For 
a survey on linear unit equations see Evertse, Gyory, C.L.Stewart, Tijdeman 
[88b]. 
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Other unit equations were considered in Chabauty [37], Ennola [73b], 
[75b,c], Grossman [76], [77], Kostra [94], Loxton [74b], Mahler [50], Mordell 
[63], Newman [71], [74a], [90], [93], Petho [93], Siegel [21a], Silverman [95], 
Watabe [82]. 

Define L(K), (the Lenstra constant) (Lenstra [77a]) of K, as the largest 
integer M such that there exist M distinct integers of K, whose all non-zero 
differences are units. Since these integers must be distinct mod 2 it follows 
that if K is of degree n, then L(K) < 2 n = N K /q(2). It has been shown in 
Gyory [95] that the maximal number of units of degree n, whose all non-zero 
differences are also units, does not exceed exp(36n 2n+5 ). 

15. Evaluations of the regulator. The first general upper bound for R(K) was 
obtained by Landau [18d], who proved 



where n = [K : Q] and D = \d(K)\ (see Corollary 4 to Theorem 7.3). See 
also Landau [18a], Remak [31], Siegel [69a]. For a similar result dealing with 
the class-number and regulator of orders see Sands [91]. 

Evaluations of the product R(K)h(K) will be considered in Chap. 8. 

Lower bounds for R(K) were first established by Remak [31], [32], [52], 
[54]. who showed that for totally real K one has R(K) > 10 -3 . A substantial 
improvement in this case was made by Pohst [77], who got R(K) > 0.315, 
and, for sufficiently large n — [K : Q], R(K) > exp(4n/5). For cubic fields 
see Cusick [84a]. For arbitrary K one has R(K) > 0.2052 . . . (Friedman [89]) 
and this bound is optimal. Quartic fields were considered in Cusick [84a] and 
Nakamula [96]. In the general case one has 



where r = r(K), r' is the maximal unit rank of proper subfields of K and 
Ci(n),C2(n) are positive. This was established by Silverman [84], who con- 
jectured that the exponent of the logarithm in this formula is optimal (cf. 
Uchida [94]. For lower bounds for R(K) depending only on the signature of 
K see Zimmert [81], Skoruppa [93], Slavutskii [92]. The last author obtained 



with w = #E(K). 

For lower bounds for the ratio R(L)/R(K) in case K C L see Berge, 
Martinet [89] and Costa, Friedman [93]. 

Upper bounds for the number of fields of a given degree, satisfying R{K) < 
x were obtained in Sprindzhuk [74b]. 

Regulators for quintic fields of small discriminants have been computed 
in Pohst, Wildanger [98]. 




R(K)> Cl (n) (c 2 (n)log(|d(K)|)) 



r — r 



R > 0.0001wexp(0.81ri +0.57r 2 ) 
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For real quadratic fields the regulator equals loge, where e > 1 is the 
fundamental unit. It has been established by Lavrik [70] that for every 5 > 0 
and sufficiently large d = d(K) one has 

loge< -^L_(.263 + 5)v^logd. 

Earlier Y.Wang [64] proved loge < (.25 + 6)^/d\ogd 1 which is slightly better 
than Lavrik's result in the case h(K) = 1. For earlier bounds see Chowla 
[64], Hua [42], Perron [14], Remak [13], Schmitz [16] and Schur [18b]. See 
also J.H.E.Cohn [77], Stephens [72], Takaku [71], Yokoi [70b]. On the other 
hand, for infinitely many d one has log e > B log 4 d with a certain positive B 
(Halter-Koch [89]. See also Reiter [85], Yamamoto [71]). 

16. Proposition 3.33 in the case of the field Q(i) goes back to Gauss [32]. 
The Euclidean algorithm can be used, as in the case of rational integers, 
to determine the greatest common divisors of two integers. The number of 
steps in Euclidean algorithm in norm-Euclidean imaginary quadratic fields 
was dealt with in Baldisseri [75] and Rolletschek [86]. 

Dickson [23a] showed that real quadratic fields K with d(K) = 5,8,12 
and 13 are norm-Euclidean and asserted that there no other such fields. This 
was shown to be false by Perron [32], who proved Theorem 3.31, and showed 
that Q(>/44) also is norm-Euclidean. Later the list of real quadratic norm- 
Euclidean fields was extended to contain also fields with discriminants 33, 
37, 41, 57, 73, and 76 (Berg [35], Hofreiter [35], Oppenheim [34], Redei [41], 
Remak [34]), A uniform proof that all these fields are norm-Euclidean was 
given in Varnavides [52]. 

The finiteness of the set of norm-Euclidean real quadratic fields was es- 
tablished in the case Q(y/p) with prime p by Erdos and Chao Ko [38], and by 
Heilbronn [38a] in the general case. The final step in showing that the above 
list of such fields is complete was made in Chatland, Davenport [50], after 
preliminary work of several authors, who covered various special cases. It has 
been observed in Arpaia [68] that every norm-Euclidean real quadratic field 
contains a subring which is not norm-Euclidean. 

Davenport [49], [50a] proved that there are only finitely many norm- 
Euclidean complex cubic fields, all satisfying < 64- 10 26 . He also proved 
(Davenport [50b]) the same assertion for totally complex quartic fields. They 
all satisfy \d(K)\ < 230 202117 (van der Linden [84b]). The finiteness of the 
set of norm-Euclidean cyclic cubic fields was established in Heilbronn [50] 
and this was generalized in Heilbronn [51] to cyclic fields of a fixed degree 
and prime-power discriminant. On the other hand Heilbronn [50] conjectured 
that there are infinitely many real non- cyclic norm-Euclidean cubic fields. 
The only norm-Euclidean pure cubic fields are Q( \/D) with D = 2, 3 and 10 
(Cioffari [79]) and there are only finitely many norm-Euclidean pure quartic 
and quintic fields (Egami [84], Lemmermeyer [89]). For norm-Euclidean cubic 
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fields see also Cavallar, Lemmermeyer [98], [00]. The maximal real subfields 
of Q(Cn) are norm-Euclidean for n = 16 and n = 32 (Cerri [00]). 

To find norm- Euclidean fields one usually applies geometrical methods. 
Lenstra [77a] used them to formulate arithmetical conditions for norm- 
euclidicity. Lenstra showed that if the Lenstra constant L(K) is large, e,g, it 
exceeds the Minkowski constant of K, then K is norm- Euclidean. This led 
to many new norm-Euclidean fields (Lenstra [77a,b], Leutbecher [85], Leut- 
becher, Martinet [82a,b], Martinet [79a], Mestre [81]). In 1985 one knew 576 
such fields (Leutbecher [85]), in 1995 already 743, the largest degree being 12, 
and Queme [98] proposed a new algorithm for checking the norm-euclidicity, 
which led to more than 1200 new quartic, quintic and sextic norm-Euclidean 
fields. 

Constructive criteria for euclidicity were given in Rodosskii [80] and 
Motzkin [49] . If S is a sufficiently large finite set of prime ideals of Rk then 
the ring Ks is Euclidean (O'Meara [65], Queen [73]). It has been proved in 
Gupta, Murty, Murty [87] that if K is real of degree n, #5 > max{5, 2n — 1} 
and Ks is a principal ideal domain, then it is Euclidean. A similar result 
holds for complex fields, but one has to assume additionally that K contains 
sufficiently many roots of unity. If one assumes GRH, then this result is true 
if #S > 2 (Lenstra [77b]). This shows in particular that if K is not imaginary 
quadratic and h(K) — 1, then GRH implies the existence of an Euclidean 
algorithm in Rk (Weinberger [72a]). If K is a totally real quartic field, then 
one can obtain this unconditionally, provided that for some prime ideal p in 
Rk every invertible residue class mod p 2 contains a unit (Clark, Murty [95]) 
This theorem does not hold for imaginary quadratic fields, as can be shown 
by the example Q(V~19) (Dubois, Steger [58], Lemmlein [54], Motzkin [49], 
K.S.Williams [75]). 

All Euclidean rings of the form Ks with #S < 2 were determined by van 
der Linden [84a]. 

A survey of Euclidean fields with an excellent bibliography gave Lemmer- 
meyer [95b]. 

A variant of of the euclidicity, called k- stage euclidicity was introduced by 
Cooke [76], who proved that if K with h(K) = 1 is not imaginary quadratic, 
then it is fc-stage Euclidean for a certain k — k{K), and in Cooke, Weinberger 
[75] it was proved that under GRH one has k(K) < 4. For some fields this 
can be proved without assuming GRH (Clark [96]). 

Another generalization of Euclidean algorithm appears in Johnson, Queen, 
Sevilla [85]: A field K is called generalized Euclidean, if for a, b € Rk with 
6^0 and principal (aRK, bRK) there exist q, r G Rk with a = qb + r and 
\NK/q{r)\ < \N K /Q(b)\. They proved that there are only finitely many such 
fields of the form Q(^/p), where p = 1 (mod 4) is a prime and showed that 
for real quadratic fields K with 4|d(K), if K is generalized Euclidean then it 
is also norm-Euclidean, except for d(K) = 40. 
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Theorem 3.34 is in this form due to Hasse [28], and has been rediscov- 
ered several times. In the case of rings of integers it was obtained earlier by 
Dedekind [31] and Rabinowitsch [13]. 

EXERCISES 

1. Prove that a field K is a CM-field if and only if it is non-real, closed under 
complex conjugation s, and s commutes with all embeddings of K in C. 

2. Call two ideals /, J of Rk strongly equivalent if there exist non-zero a, b G Rk 
such that al = bJ and N K /Q>(a/b) is positive. Prove that the resulting equivalence 
classes form a group under multiplication, and find a relation between its cardinality 
and h{K). 

3. (Skolem [48]) Prove that the multiplicative group of an algebraic number 
field equals the product of E(K) and a free Abelian group with denumerably many 
free generators. 

4. Determine the fundamental units of Q(\/l7) and Q(\/l9). 

5. (Yokoi [68a]) Prove that a real quadratic field K has a unit of negative norm 
if and only if K = Q(y/D) where D is not a square, but D — 4 is a square of a 
rational integer. 

6. (Kronecker [57b]) Prove that every unit of a cyclotomic field K can be written 
as a product of a root of unity and a real unit, which may lie outside K. 

7. Let K/Q be a complex normal extension with Galois group G. 

(i) Prove that if g G G acts trivially on U(K)/E(K), then g is either the unit 
element of G, or equals the complex conjugation. 

(ii) Prove that if the complex conjugation acts trivially on U(K)/E(K), then 
it lies in the center of G. 

(iii) Prove that the complex conjugation acts trivially on U(K)/E(K) if and 
only if the extension K + /Q is normal. 

8. (Garbanati [76]) Let L/Q be real Abelian and let Q C K C L. Prove that if 
U + (K) = U 2 {K), then U + (L) = U 2 (L). 

9. Let Q C K C L and assume that L/Q is Abelian. Prove that if Gal(K/Q) 
is isomorphic with the 2-Sylow subgroup of Gal(L/Q), then 

N L/Q (U(L)) = N K/q (U(K)). 

10. Prove that an irreducible monic polynomial / G Z[X] is the minimal poly- 
nomial of an exceptional unit if and only if \f(a)\ = 1 for a = 0, 1. 

11. (Nagell) (i) Prove that if the field K des not contain (3, then the number 
of exceptional units in K is divisible by 6. 

(ii) Determine all exceptional units in quadratic fields. 

(iii) Prove that if K is a complex cubic field which has exceptional units, then 
either d(K) = -23, or d(K) - -31. 

(iv) Prove the existence of infinitely many cubic real fields having exceptional 
units. 

12. Prove that the Lenstra constant of a field of degree n cannot exceed 2 n . 

13. Determine the Lenstra constant for quadratic fields. 
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14. Prove that for every n there exists a field of degree n in which there exists 
a unit u such that all numbers u-\~l,u-\-2,...,u-\-n — 1 are units. 

15. (Dress, Scharlau [82]) Let K be a totally real field. A totally positive number 
a £ Rk is called indecomposable, if it is not a sum of two totally positive numbers. 

(i) Prove that up to multiplication by a totally positive unit, there are only 
finitely many indecomposable numbers in Rk- 

(ii) Determine the maximal norm of an indecomposable element in a real 
quadratic field. 



4. Extensions 



4.1. The Homomorphisms of Injection and Norm 

1. This chapter is devoted to the connections between arithmetic in an al- 
gebraic number field K and its finite extension L/K. Such an extension is 
called traditionally an absolute extension if K — Q, and is called a relative 
extension if K ^ Q. The same applies to other notions which will arise in the 
sequel, and so we shall speak about, say, a relative discriminant of an exten- 
sion, whereas by the absolute discriminant we shall mean the discriminant 
d{K), defined in Chap. 2. 

The fundamental results of the theory can be proved in a more general 
setting, and in this chapter we shall work with an arbitrary Dedekind domain 
R having K for its field of quotients, L will be a finite separable extension 
of K, and S will denote the integral closure of R in L. We assume also that 
the domain R has the (FiV)-property. By Theorem 1.20 the ring S is also 
a Dedekind domain, and S shares the (FiV)-property. We shall denote by 
G{K) and G(L) the groups of fractional ideals of R and 5, respectively, and 
by I(K), I(L) the semigroups of non-zero integral ideals, i.e., of ideals of R 
and S in the usual sense. In the sequel the zero ideal will be disregarded, and 
in particular when speaking about prime ideals we shall have in mind only 
non-zero prime ideals. 

Our aim is to describe the relations between G{K) and G(L), and, in 
particular, we shall deal with two maps defined in a canonical way - the 
injection map from G(K) to G(L) and the norm map acting in the opposite 
direction. 

We start with the injection map i L / K : G(K) — > G{L), defined for 
A e G(K) by 

i L/K {A) = AS. 

One sees immediately that Il/k{A) is the smallest 5-module containing 
A. It is also clear that this map preserves inclusion and maps principal ideals 
into principal ideals. Moreover the equality ABS = (AS)(BS) shows that it 
is a homomorphism. 

Proposition 4.1. The injection map iL/K is a monomorphism, mapping 
I{K) into I{L). 
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Proof : Note first that one has S H K — R. In fact, the inclusion R C S H K 
is obvious, and since every a E S H K is integral over R and lies in K, hence 
a E R. If now i L / K (A) = 5, then SA = 5, whence i? = Snlf = 5inK D A, 
and so A must lie in I(K). But ^/kC^ -1 ) = S~ X = 5, and we may repeat 
the last argument to obtain A' 1 E I{K). This can happen only if A = R, 
and so the kernel oHl/k is trivial. 

If A E I(K), then A C R, thus i L / K (A) C i l /k{R) = S, whence 
i L/K (A) E I(L). □ 

This proposition allows us to treat every ideal of R as an ideal of S, if we 
identify A and This idea can be extended so as to make it possible to 

treat ideals belonging to integral closures of R in various finite extensions of K 
in abstractor without referring to a particular extension. Observe first that if 
M/L and L/K are finite separable extensions, then %m/k = ^m/l 0 ^l/k- Now 
consider the system of groups {G(L)}, where L runs over all finite separable 
extensions of a fixed field K, which is the field of quotients of a Dedekind 
domain R, and G{L) is the group of fractional ideals attached to the integral 
closure of R in L. This system can be partially ordered by G(L) ■< G(M) 
holding if and only if L C M, all fields concerned being subfields of a fixed 
algebraic closure of K. Since the maps %m/l are compatible with this ordering, 
we may consider the direct limit G of the system {G(L), Im/l}- The elements 
of G are fractional ideals of all fields L which are finite separable extensions 
of K, two such ideals, say AeG(L) and B E G(M) being regarded as equal 
if and only if there is a common extension N of the fields L and M such that 
%n/l(A) = In/m(B). The most important case, at least for us, is the one 
arising when we take K — Q and R — Z and consider all finite extensions of 
the rationals contained in C. 

Let us return to the injection map. If p is a prime ideal in R, then there 
is no need for the ideal Il/k(P) °f S to be prime. However, we can always 
write 

iL/K(p)=W---V e g', (4-1) 

where the ^fVs are prime ideals of S and the exponents e$ are positive rational 
integers. We shall say that the ideals ^Pi, . . . , lie above p (and p lies below 
each of them), and the exponent will be called the ramification index of 
tyi and denoted by e L / K ($i). The ideal ^ is said to be ramified in L/K 
if e L / K (y$i) > 1, and unramified otherwise. If e L / K (%$i) is divisible by the 
characteristic of the field 5/^, then tyi is called wildly ramified in L/K, 
and ramified prime ideals which are not wildly ramified are called tamely 
ramified. Finally, if tyi is either unramified or tamely ramified, then it is said 
to be at most tamely ramified. 

One says also that a prime ideal p of R is ramified in L/K, if at least 
one of the prime ideals of S lying above p is ramified. Similarly, p is called 
unramified resp. tamely ramified in L/K if all prime ideals of S above p are 
such. 
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An extension is called unramified, resp. tamely ramified (or simply tame), 
if all prime ideals of S are unramified or at most tamely ramified, respectively. 
Note that an unramified extension is tame by definition. 

If L is an algebraic number field and K C L, then the extension L/K is 
called unramified at infinity, if no real embedding of K in C can be prolonged 
to a complex embedding of L. In particular, every extension of a totally 
complex field is unramified at infinity. 

Proposition 4.2. If p is a prime ideal of R, k = R/p, and is a prime 
ideal of S, lying above p, then there is an embedding of k in S/ty, and one 
has [S/y : k) < [L : K). 

Proof : It follows from Lemma 1.22 that p — *}3n R, and thus the embedding 
R C S induces an embedding of k in S/?$. If a is an element of S, then with 
suitable C{ G R we have 

a n + c n _ia n ~ 1 + ---+c 0 =0, 

with n < [L : K] , and therefore the canonical image a of a in the residue field 
S/ty satisfies 

a n + c n _ia n - 1 + --- + c o =0, 

with Ci G k, hence the deg fc a < [L : K], and since the field S/?$ is finite, the 
inequality [S/ty : k) < [L : K) follows. □ 

The degree [S/ty : R/p] will be denoted by /l/k an d called the degree 
of ^3 over the field K. 

Proposition 4.3. If K c L c M, T is £/ie integral closure of S in M and 
p C$ are prime ideals of S and T, respectively, then 

zm/kVP) = e M /L@P)eL/K(p), 

and 

fM/KW) = fM/L(¥)fL/K(V). 

Proof : This is an immediate consequence of the definitions of e L / K and fL/K- 

□ 



Corollary. // the extensions L/K and M/L are both unramified, or tame, 
so is M/K. □ 
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2. Our subsequent results will concern the relations between the ramification 
indices and ideal degrees. Although they are true in the most general situation 
(assuming only finiteness and separability of the extension considered), we 
shall, for simplicity, prove them only in those cases which are really needed 
for our purposes. Our assumptions, valid in this chapter, are: 

(i) K is a field of zero characteristic, R is a Dedekind domain with quotient 
field K, L/K is an extension of degree n, and S is the integral closure of R 
in L. 

(ii) The ring R (hence also S) has the finite norm property, and for any 
ideal I of R we have N(IS) = N(I) n . 

(iii) The class numbers of R and S are finite. 

To show that all rings Rk satisfy these conditions it remains to establish 
the following proposition: 

Proposition 4.4. If K is an algebraic number field, L/K is its finite exten- 
sion of degree n, and I is an ideal of Rk, then N(IRl) = N(I) n . 

Proof : The ideal I h ( K ) is principal, so let a be its generator. Corollary to 
Proposition 2.13 gives N(I) h ^ = \N K/Q (a)\ : and therefore 

N(aR L ) = \N L/Q (a)\ = \N K/Q (N L/K (a)\ 

= \N K/Q (a n )\ = \N K/Q (a)\ n = N(I) nh ™. 

But aR L = I h WR L and finally we get N(I h ^R L ) = N(I) nh( < K \ and 
N(IR L ) = Nil) 71 , as asserted. □ 

Theorem 4.5. Ifp is a prime ideal in R and (4.1) is the factorization ofpS 
in S, then 

eifi H + e g f g = ra, 

where e» = e L / K (^i) and = fL/K^i)- 

Proof : Taking norms of both sides of (4.1) we obtain 

9 9 

N(p) n = N(ps) - n^^) 6 ' = n N w ifi = N(py ifi+ - +e s f s, 
i=i i=i 

and our assertion follows. □ 



Corollary 1. Ifp is a prime ideal of R and ^3 lies above p in S, then e^/j^^P) 
and Jl/k^9) do not exceed [L : K}. □ 

Corollary 2. There are at most [L : K] distinct prime ideals of S, lying 
above a fixed prime ideal of R. □ 
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If p is a prime ideal of R such that there is only one prime ideal *P of S, 
lying over p, and moreover sl/k^P) — [L : K], then p is called totally, or 
fully, or completely ramified in L/K. If Il/k(p) is a product of distinct prime 
ideals of degree one, then we say that p splits in L/K. 

3. In this subsection we assume that our extension L/K is normal and G is 
its Galois group. If / is a fractional ideal in L and sGG, then s(I) is also 
a fractional ideal. All fractional ideals obtained in this way from a given / 
will be called conjugated to I. The notion of conjugated ideals has a meaning 
also in the case when L/K is not normal: let Li, .. . ,L n be the images of 
L under its different embeddings into a fixed algebraic closure of K, and let 
Si : L — y Li be the corresponding isomorphisms, leaving K fixed. Now if / 
is a fractional ideal of L, then Si(I) is a fractional ideal in Li, conjugated to 
I. 

In the case of normal extensions one can make the preceding theorem 
more precise: 

Theorem 4.6. If L/K is normal and p is a prime ideal in R, then all prime 
ideals of S lying above p are conjugated, and have the same ramification index 
e and degree f . Moreover, if g denotes their number, then efg = [L : K]. 

Proof : Once we get the equality of all ramification indices and of all degrees, 
the last assertion will follow immediately from Theorem 4.5. Hence it suffices 
to show that all prime ideals lying over p are conjugated, since then the 
equality of degrees will be immediate, the corresponding residue fields being 
isomorphic, and the equality of ramification indices resulting by applying a 
suitable s G G to the equality (4.1). In fact, since every element s of G acts 
as a permutation group on the set . . . , ^p g , hence if s(^Ji) = then 

P s = s(ps) = s(y 1 yi---s(y g y°, 

and a = ei follows by unique factorization 

So we have to prove that all ^Vs in (4.1) are conjugated, i.e., the group 
G acts transitively on the set of prime ideals lying over p. We shall utilize the 
finiteness of the class-number h of S. This implies the existence of a G S such 
that — a S- Denote by a± = a, a2, . . . , a n the conjugates of a over K. Since 
a G ^Pi, we have also b = a\ • • • a n G tyi D R = p, hence the principal ideal bS 
is contained in pS, and so is divisible by it. This shows that for every fixed 
tyi we get %Si\bS, and therefore ^ divides some ajS. Let s be that element 
in G which carries a onto aj. Then 

s(¥ 1 ) h = s(a)S = a j Sc%, 



and we get s(^Pi) = ^3i, because both ^ and s($Pi) are prime ideals. So G 
indeed acts transitively. □ 
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4. This subsection is devoted to the norm homomorphism, which will be a 
map from G(L) to G(K), denned for every extension L/K, satisfying our 
standing assumptions. Let $ be a prime ideal of S and let p be the prime 
ideal of R which lies below We define 

with / = /l/kOP), and extend the definition of N L / K to the full group G(L) 
by multiplicativity, i.e., we put 

N L/K {I) = \lN L/K {W 

for I = UV av eG(L). 

Now we state some simple properties of the norm map just defined: 

Proposition 4.7. Let I be a fractional ideal in L. 

(i) If K — Q and I C S, then N L / K (I) is the principal ideal generated by 
N(I). 

(ii) If I CIS, then N L/K (I) C R. 

(Hi) If Id J, then N L/K (I) C N L/K (J). 

(iv) If I, J are ideals of S such that I and N L / K (J)S are relatively prime, 
then the norms Nl/k(I) and N L / K (J) are also relatively prime. 

(v) For I e G(K) we have N L/K o i L / K (I) = ! n , where n = [L : K). 

(vi) For any chain K C L C M of fields we have 

N l /k 0 N M / L = N M / K . 

Proof : (i) It suffices to check the assertion for I = ^3, a prime ideal. If pZ is 
the prime ideal of Z, lying below ^3, then N L /q(^3) = p-^Z with / = /l/q(^P), 
but obviously we have iV(*P) = p-^Z, and our assertion follows. 

(ii) Immediate from the definition of the norm map. 

(iii) Follows from (ii) and Proposition 1.13 (i). 

(iv) Assume the contrary. Then there is a prime ideal p of R dividing 
both N L/K (I) and N L/K (J). This shows that p£ divides N L/K (J)S, thus p£ 
and I are relatively prime, and so no prime ideal lying above p occurs in the 
factorization of I. But this means that N L / K (I) cannot be divisible by p, a 
contradiction. 

(v) It suffices to consider the case I = p, a prime ideal. If zl/k(P) has the 
factorization (4.1), then Theorem 4.5 gives 

N L/K 0i L/K ( P ) = f[N L/K (^ i r = P '^+~+°9f9 = p n 



(vi) Immediate by Proposition 4.3. 



□ 
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The next proposition shows that one can regard the norm of an ideal as 
the product of all ideals conjugated to it. This makes the norm mapping of 
ideals similar to the norm mapping of elements. 

Proposition 4.8. Let K c L, [L : K] = n, let M be the minimal normal 
extension of K containing L, and let T be the integral closure of R in M. Let 
also G be the Galois group of M/K, and let H be its subgroup, corresponding 
to L by Galois theory, thus H is the Galois group of M/L. Moreover let X 
be a set of representatives of cosets sH of G mod H . // now I is a fractional 
ideal of L, then 

N L/K (I)T=Y[s(IT). 

sex 

In particular, ifL/K is normal, then 

n l/K (i)s = n s(i). 

seG 



Proof : We prove first our proposition in the case when L/K is normal, and 
it is obviously sufficient to prove it in the case / = *P, a prime ideal. Let p be 
the prime ideal of R lying below ^3. According to Theorem 4.6 we may write 

ps = y g y 

with <P = ^Pi. For i = 1, 2, . . . , g denote by Gi the set of s G G, carrying ^Pi 
onto ^Pi. Clearly G\ is a group and the G^s are its cosets, whence we obtain 

#Gi = n/g = e/, 

with / = fL/K^P)- This equality implies in turn 

n sm = f[y? = (psy = N L/K ms, 

seG i=l 

as asserted. 

In the general case again it suffices to consider / = ^3, a prime ideal. 
Observe that 

#G _ [M : K] 

and, moreover, s~ 1 Si G H implies s^T) = 5i(^3T). Hence, using Proposition 
4.7 (v), (vi) and the part of our proposition already proved, we get 

/ \ [M:L] 

JJ 8®iT) = IJ s(%T) = N M/K {W)T = N L/K {N M/L {W))T 

\sex J seG 

= N L/K (^ M ^T = {N L/K W)T)W-- L \ 
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and this implies our assertion. □ 

Corollary 1. The norm N l /k maps principal ideals onto principal ideals. 
More precisely, if I is a principal fractional ideal generated by a G L, then 
N L /k(I) i s the principal fractional ideal generated by N L / K (a). 

Proof : Using the notation of the proposition we get 

N L/K (I)T = JJ s(IT) = J] s(aT) = JJ s(a)T = N L/K (a)T, 

sex sex sex 

and Proposition 4.1 shows that N L / K (I) = N L / K (a)R is principal. □ 

This corollary enables us to present a characterization of ideal norms, 
which may be used as the definition of the norm map: 

Corollary 2. /// is a fractional ideal of L and K C L, then N L / K (I) is the 
smallest fractional ideal of K which contains the set 

{N L/K {a) : a el}. 

Proof : The preceding corollary shows that N L / K (I) contains all norms 
N L / K (a) for a e I. To prove that these norms generate N L / K (I) consider 
first the case of integral /, i.e., / C S. By Corollary 4 to Proposition 1.14 
there exist a,b e I such that / = aS + bS and the ideals bS and N L / K (aI~ 1 )S 
are relatively prime. If we define ideals J\ and J2 by aS = 1J\ and bS = IJ2, 
then N L/K (aS) = N^k^Nl/k^) and N L/K {bS) = N L/K (I)N L/K (J 2 ), 
but Proposition 4.7 (iv) shows that the norms of J\ and J 2 are relatively 
prime, thus 

N L/K (aS) + N L/K (bS) = N L/K (I), 

as asserted. 

If now / is an arbitrary fractional ideal of L, then we may write it in the 
form / = A/aS with a G R and A C S. In fact, we can write / = B/bS 
with B C S and b e S, but the element c = N L / K (b)/b lies in S and 
/ = cB/cbS = A/a with A = cB C S and a = N L / K (b) <E R. Having done 
this, observe that for x G I we have x\ = ax G A, and so the fractional ideal 
generated by all elements N L / K (x) with x e I coincides with the product of 
a~ n by the smallest fractional ideal containing all elements N L / K (xi) with 
£1 G A. But this product equals a- n N L/K (A) = N L/K {ar 1 A) = N L/K (I). 

□ 
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5. From Corollary 2 to Theorem 4.5 one can deduce an evaluation of h(K) 
for algebraic number fields K, due to Landau [18a]. Although it is rather 
simple, no better evaluation valid for all algebraic number fields is known. 
We start with a simple lemma: 

Lemma 4.9. Let K be an algebraic number field of degree n, and denote by 
F(a) the number of distinct ideals I of Rk with N{I) = a. The function F is 
multiplicative, i.e., the equality F{ab) — F{a)F(b) holds for relatively prime 
a, b, and, moreover for every e > 0 one has 

F{a) < d n (a) = 0(a e ), 

where d n (a) denotes the number of factorizations of the number a into n 
positive factors, taking into account their ordering. 

Proof : The multiplicativity of F is an immediate consequence of the fact 
that every ideal of norm oh with relatively prime a, b is a unique product of 
ideals with norms a and 6, respectively. 

Now let a = p r be a prime power and let pRx = IIf=i W > wnere are 
prime ideals in Rk - If / is an ideal of norm N(I) = p r , and ^ is a prime ideal 
dividing I, then by Theorem 1.16 we have N($$)\N(I), whence iV(^P) must be 
a power of p. Thus p G ^3 and we see that ^ coincides with one of the ideals 
. . . ,ys g . This shows that with suitable a» > 0 we have J = nf=i W - lt 
follows that every such ideal / induces a factorization of p r into g factors: 

P r = N{I)=f[N(*p?), 

i=l 

and if J is another ideal of norm p r inducing the same factorization, then 
with bi > 0 we have J = n? = i ^ with iV(^) = NQft') for i = 1, 2, . . . , g, 
whence bi — ai and I = J. This shows that F(p r ) < d g (p r ) < d n (p r ), due to 
Corollary 2 to Theorem 4.5. By multiplicativity the lemma follows, the last 
evaluation being a standard result in elementary theory of numbers. □ 

The announced upper bound for h(K) runs as follows: 

Theorem 4.10. If[K:Q]=n>2 is fixed and D = \d(K)\, then 

h(K) — 0(V~D\og n ~ 1 D). 

Proof : By Lemmas 3.8 and 4.9 we have 

h(K)< F ( a )< J2 d » 

a<c(K) a<c{K) 

where 



144 4. Extensions 

r 2 (K) 



c(K) = — ( - ) VD 



is the Minkowski constant of K, and it remains to recall the standard evalu- 
ation 

Y J d n {a) = 0{x\og n - 1 x), 

a<x 

which can be easily proved by recurrence. □ 



For further reference we point out a special case: 
Corollary. If K is an imaginary quadratic field and D = |d(.RT)|, then 



Proof : It suffices to note that 

E d 2(°) = EE 1 = E[|] ^X^^X + xlogX, 

a<x a<x d\a d<x a<x 

and recall that in this case the Minkowski constant equals 2y/D /tt. □ 

6. We conclude this section with the proof of the Pellet- St ickelberger the- 
orem, concerning the quadratic character of polynomial and field discrimi- 
nants. 

Theorem 4.11. If f € Z[X] is monic and irreducible, and D denotes its 
discriminant, then for any odd prime p \ D we have 



where N is the degree of f and t — t{p) denotes the number of irreducible 
factors of f, the reduction of f mod p over the field ¥ p . 

Proof : Let xi,...,xn be the roots of /, denote by L the splitting field of / 
over Q and by k the splitting field of / over F p . If is a prime ideal in Rl 
lying above pZ, then ko = is a finite extension of F p , containing k. Let 

s : Rl — > ko be the canonical map, and put X{ — s{xi) {% = 1, 2, . . . , N), 
so that f{X) = - Now P ut & = S ( D ) and note that & = 

Observe that the elements %i are distinct. Indeed, if x r = x 8 , then x r — 
x s e ^3, and since D = ITi<j ~~ x j) 2 > we S et ^ ^ ^HZ = pZ, thus p\D, 
contradiction. Therefore we can write / = F\ • • • F t , where the polynomials 
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Fi G F P [X] are distinct and irreducible. If we denote by A{ = {ui \ . . . ,v$ } 
(with Ni = deg Fi) the set of all roots of Fi in k, then we can write 

r 

D = Il D iIl B l» 

i=l s>i 

where 

is the discriminant of Fa and 



yeA s 



Since is invariant under the action of the Galois group of k/¥ p , we 
have Bi s £ F p , and with a certain non-zero 5 G F p we obtain 



AT 



2=1 s>2 

If for a certain i we have 2 { A^, then Di is a square in the splitting field 
ki of Fi over F p , but since ki/¥ p is cyclic of odd degree, Di must be a square 
already in F p , since otherwise the field ¥ v {-\fDi) would be a subfield of ki of 
degree 2. This shows that 

:?)-' 

holds if and only if the product Yl A, taken over i's with 2\Ni is a square in 
F p . 

To decide when this happens observe that Di is a square in F p precisely 
when the product 

lies in F p , and this occurs if and only if this product is invariant under the 
Galois group Gi of ki/¥ p . Since for g G Gi the ratio 

equals 1 if and only if the permutation induced by g in the set A4 is even, we 
obtain that Di is a square in F p precisely when all elements of Gi are even 
permutations. Now observe that this cannot happen for even Ni. Indeed, 
the group Gi is cyclic of Ni elements and acts transitively on Ai, thus its 
generator is a cycle of even length, which is an odd permutation. Therefore 
(jp^j = 1 holds if and only if the number of even A^'s is even. Since 
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r r 



N =^2N i =r + Y^(N i -l)=r+J2 1 (mod 2), 

i=l i=l i 



we arrive at our assertion. 



□ 



The following corollary results immediately: 

Corollary. Let a be an algebraic integer of degree n, f its minimal polynomial 
andp an odd rational prime, not dividing the discriminant of f . If K — Q(a), 



where t p is the number of irreducible factors of the reduction of f mod p. □ 



4.2. Different and Discriminant 

1. In this section we shall define the discriminant for a relative extension. 
This cannot be done in the same way as in Chap. 2 for extensions of Q, since 
we used there the existence of integral bases, which is assured only if the 
ring of integers of the ground field is a PID. Even if it is, and we imitate 
the procedure used for absolute extensions, we find that the discriminants of 
various integral bases may differ by a square of a unit, which is not necessarily 
equal to 1. So we have to use another approach. Since we want to use our 
constructions also for completions of algebraic number fields, we shall not 
restrict ourselves to finite extensions of Q, but proceed as in the preceding 
section, assuming the conditions (i), (ii) and (iii) stated there. Thus L/K 
will be an extension degree n of a field K of zero characteristic, R will be a 
Dedekind domain with quotient field K, and S will be the integral closure of 
R in L. We assume moreover that R and S satisfy the finite norm property, 
have finite class-numbers, and for any ideal / of R we have N(IS) = N(I) n . 
Let A C L be a non-zero i^-module. The set 



will be called the codifferent of A over K. It is an R- module, which may 
even be equal to zero module. This happens if A is sufficiently large, e.g. 
A = L. To obtain non-trivial properties of the codifferent we have to make 
some additional assumptions on A. The most obvious thing to do is to assume 
that A is an 5-module, or a fractional ideal in L. 

Proposition 4.12. If I is a fractional ideal in L, then its codifferent I* is 
also a fractional ideal, and we have II* = S* . Moreover, if I is an ideal in 
S, then is also an ideal in S. 



then 




A* = {xeL: T L/K {xA) C R} 
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Proof : If #1, X2 G /* and &i, 62 G 5, then 

TL/KdbiXi + 6 2 x 2 )/) C T L/K ( Xl I) + T L/K (x 2 I) C i?, 

whence J* is an 5-module. Since with a certain a e S we have al C S and 
a G /*, we see that J* is non-zero. To show that with some non-zero q E S 
we have g/* C 5 let cji, . . . , uo n be a K-basis of L, contained in 5, and let b 
a non-zero element of / H i2 (it can be an element of the form 7V L j K (c) with 
non-zero c G / Pi S). We shall prove that the element q = bdet [T L / K ((Ji(jj)] , 
which is non-zero (as L/K is separable) and lies in R is good for us. Take any 
x — c\uj\ + • • • + c n (j n G /* with Ck G K, and observe that since all elements 
book lie in / hence TL/ K (bxouk) G i2. But 

n 

T L/K (bxu k ) = b^2ciT L/K ((JiUJ k ), 

i=l 

whence by Cramer's rule we infer that all elements c k b det [T L /K{uiUj)] lie 
in R, and so qx G S, implying ql* C 5, as required. 

The equality II* = S* results now from the following chain of equiva- 
lences: 

aeP T L/K (aI)cR T L/K (aIS) C R & al c S* & ael^S*. 
To prove the final assertion observe that I C S implies Sc/*, whence 

(I*)- 1 = ^(J*)- 1 c r(r)- 1 = s. □ 

If / is a fractional ideal in L, then (J*) -1 , which is a fractional ideal by 
the last proposition (and in case I C S even an integral ideal) will be called 
the different of / over K. We shall denote it by D L / K (I). The different of 
the unit ideal S will be called the different of the extension L/K and will be 
denoted by D L / K . 

Note that this notion depends not only on the extension L/K, but also 
on the choice of R. However, in all cases which we shall consider the choice 
of R will be obvious, so that no ambiguity will arise. Note also that the map 
G(L) —> G(L) given by I \-> D L / K (I) is in general not a homomorphism. 

We prove now some properties of the different. 

Proposition 4.13. (i) If I e G(L), then D L/K (I) = ID L/K . 

(ii) IfKcLc M, then D M j K equals the product D M / L D L / K . 

(Hi) If L/K is normal, then D^jx is an ideal invariant under the action 
of the Galois group of L/K. 

(iv) If I G G{K), then the conditions T L / K (J) C / and J C ID^ K are 
equivalent for every J G G(L). 

Proof : (i) By Proposition 4.12 we have 
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(D L i K {I))- x lD LIK = riD L/K = S*D L/K = S, 

and (i) results. 

(ii) If W denotes the integral closure of R in M, then 

Tm,k(D-) l (D2) k W)) = T L/K (T M/L (D-) L (Dl) K W))) 
= T L/K(Dlj K T M/L (D^ /L )) c T L/K (D~^ K S) c ii, 

implying 
and 

Dm/k C D M / L D l / K . 
On the other hand we have 

thus T m /l(D]£/ K W) C D~£/ k , and therefore 

VlV^/x^) = D L/K T M/L (D^) K W) C 5, 

implying 

D l/k Dm /k C ^m/L' 

and this gives 

Dm/k 3 D L / K D M / L , 

hence (ii) results. 

(hi) If 5 G Gal(L/K), then for a; G S* we have 

T L/K (s(a:)5) = T^^" 1 ^)) - T L/K {xS) C ii, 

hence *(S*) C 5*, and also s" 1 ^*) C 5*, i.e., S* C 5(5*). Finally we get 
s (5*) = 5*, and s{p L/K ) = -D L/K follows. 

(iv) It is enough to consider the sequence of equivalences 

t l/k {J) c j ^ r x T L , K {j) c i? 



Corollary 1. D L j K is the largest fractional ideal of L, all elements of which 
have their traces in R. 

Proof : Apply (iv) with I = R. □ 



Now we can characterize extensions in which the trace map from S to R 
is surjective, and, more generally, identify the set T L / K (S). 
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Corollary 2. The largest divisor of the ideal D L / K which lies in il/k{I{R)) 
equals T L /x(S)S ', and so T L / K (S) is the least common multiple of integral 
ideals I C R, satisfying il/kWIDl/k- 

Proof : Since Tl/k is an ideal in R it suffices to apply (iv) to J — S. □ 

Corollary 3. The trace map T L / K : S — > R is surjective if and only if the 
different D L /k does not have any divisor ^ S lying in iL/K(I(R))- 

Proof : Immediate by the preceding corollary. □ 

In the number-theoretic case one can prove more about the different and 
the codifferent. 

Proposition 4.14. If L is a finite extension of the rationals, I G G(L) has 
a Z-basis ai, . . . , a n , and 6i, . . . , b n G L satisfy 

T L/Q (aibj) = 5f = 1, 2, ... ,??,), 

then the codifferent I* is generated by the bi ; s as a Z-module. Moreover one 
has 

N(D L/Q (I)) = N(I)\d(L)\, 

and, in particular, 

N(D L/Q ) = \d(L)\. 

Proof : Cramer's formulas imply that the b^s are determined uniquely by the 
a^'s, and one sees easily, that they form a basis of the linear Q-space L. For 
x G L and y G / write x = Y17=i V = J27=i WR ^ n x i ^ Q an d Hi € 
Then 

n 

T L /q(xy) = ^XiyjTL/Qfaaj) = ^a;^, 

ij i=l 

and the last sum will lie in Z for every choice of y G I if and only if all x^s 
are integral. This shows that I* = 0™ =1 b{L. 

(The same argument is also applicable in the more general situation, when 
R is a PID.) 

To prove the second assertion it suffices, in view of Proposition 4.13 (i), 
to consider the case I — Rl. Let cji, . . . , uo n be a integral basis of L. By the 
already proved part of the proposition the ideal D^jq has a Z-basis b\ , . . . , b n 
such that 

T L/Q (w i b j ) = 8i. 

Choose a natural m to make all numbers q = mbi integral, and consider 
the ideal / = mD^j^ C Rl- Using Proposition 2.13 and its corollary we 
obtain 



150 4. Extensions 



_ dL/gjbi, . . . , fr n ) 



d(L) 



Finally observe that the product 



equals [Tl/q^&j)] , thus 



it coincides with the unit matrix and this leads to 

dz,/Q(&i,-..,M = d^ Q (u;i,...,u; n ) = d(L)" 1 , 
which gives N(D L/Q ) 2 = d 2 (L). □ 

2. Now we define the discriminant of the extension L/K. In contrast to the 
absolute discriminant it will not be an element of the ring Rk, but an ideal in 
this ring, however in the case K — Q it will coincide with the ideal generated 
by d(L) in Z. A definition of a discriminant which resembles more the absolute 
discriminant will be given in Chap. 6 in terms of ideles. 

Our definition is very simple: the discriminant d(L/K) of the extension 
L/K equals N l /k(D l /k). Proposition 4.14 immediately implies that d(L/Q) 
is the ideal generated by d(L). 

Proposition 4.15. If K <z L <Z M , then 

d{M/K) = d(L/K)^N L/K (d(M/L)). 



Proof : Follows from Proposition 4.13 (ii). □ 

Corollary 1. If Q C K C L, then the discriminant d(L) is divisible by 
d(K)l L:K l □ 

This improves Proposition 2.16. 

Corollary 2. If K/Q is an extension with a square-free discriminant, then 
there is no field between Q and K. 

Proof : If L were such field, then by Corollary 2 to Theorem 2.22 there 
would be a prime divisor p od d(L), and the preceding corollary would give 
pl K:L }\d(K). Therefore d(L) = 1, and Corollary 2 to Theorem 22 implies 
L = <Q>. □ 

For an element a G 5, generating the extension L/K consider its minimal 
monic polynomial F, and define the different 8l/k{p) °f a as the value of 
the derivative F' at a. For convenience we define also the different for those 
elements of S which do not generate L/K, putting 8l/k{p) = 0 in that case. 
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Theorem 4.16. The different D L / K is generated, as an ideal of S, by the 
set of all differents 5L/K{ a )i with a running over S. 

Proof : For the proof we need some results concerning subrings of S having 
the form A — R[a], i.e. generated by R and an element a of S such that 
L — K(a). Obviously we have 

n-l 

R[a] = Q)a j R, 

j=0 

where n = [L : K]. For such rings it is possible to give an explicit set of 
generators for the codifferent, treated as an P-module: 

Proposition 4.17. If a e S generates the extension L/K, A = R[a], n — 
[L : K] and f is the minimal polynomial of a over R, then the codifferent A* 
is generated as an R-module by the set l//'(a), a// 7 (a), . . . ,a n_1 // / (a) ; i.e. 



Proof : Let B be the P-module generated by the set {a? / f'{a)} (j = 
0, 1, . . . , n — 1), and observe that if ai — a, a2, . . . , a n are the conjugates 
of a, then 

Y> 4 +1 /(*) = fx 1 **, if0<fc<n-2 
f^f f ( a j) ' X-aj \X n -f(X) if k = n-l. 

Indeed, it suffices to note that on both sides we have polynomials of degrees 
< n — 1, attaining the same values at n distinct points a*. Putting X = 0 we 
obtain T L/K (a k / f (a)) e P, whence a k /f(a) e A% i.e. B C A*. 

To obtain the converse inclusion let 6 G i*, and write f(X) = c n X n + 
• • • + Co, with c n = 1. If we put 



p(x) = ]T> 



f(x) 



X - ai ' 

2=1 

where &i = 6, 6 2 ? • • • ? &n are conjugates of 6, then 

P(X) = ^c/^X^T^^-^ 1 ). 

j=l fc=0 

Since, by our choice of 6, T L / K (bA) c P, we see that the coefficients of P lie 
in R. But 6/'(a) = P(a) G P[a], i.e. 6 G 5, thus A* C P. □ 



Corollary. / ; (a)Scfl[a]. 
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Proof : S C .A*, hence f(a)S C f'(a)A* = R[a\. □ 

The greatest common divisor of ideals of S contained in A will be denoted 
by f A and called the conductor of A. The last proposition leads to a simple 
formula for it, and permits to obtain a relation between the different D L / K 
and the different #L/if(a) of an element a G 5, generating L/K. 

Proposition 4.18. Let a be an element of S, generating L/K, let f be its 
minimal polynomial over R, and let A = R[a\. Then 

(i) U = $L/K{a)Dlj K , 

(™) U = {x e A : xS C A}, 
(Hi) f A = { x eL: xA* C 5*}. 

Proof : (i) Since 5* C A* the preceding proposition implies 
S L/K (a)Dl} K = f'(a)S* C R[a] c S, 

thus the ideal 5L/K(a)D~^j K is integral and divisible by the conductor f A . 
Moreover, from the proof of the last proposition we obtain that T L /k(A/ f'{a)) 
is contained in R. Therefore T L / K (f A /f'(a)) C R, hence f A /f(a) C S*. Fi- 
nally we get 

f A C /'(a)S* C 5 L/K (a)Dl) K . 

(ii) If x G fA, then 

x5 C f A 5 = fi C i, 

showing that f A is contained in A = {x G A : xS C A}, and since A is an 
5-ideal contained in A, we get the converse inclusion A C f A . 

(hi) Put L = {x e L : xA* C 5*}. For x G L, j/ G S we have 

yxA* c yS* C 5*, 
and so / is a non-zero 5-module. Moreover LA* C 5*, which gives 

T L/K (IA*) C T i/JC (5*) C R, 
hence A* C I*. Now (i) and Proposition 4.13 (i) imply now 

A C f(a)I* = f{a)r'D- L ) K , 
which in view of (i) leads to 

Id I Ad S L/K (a)Dlj K = f A - 
On the other hand, if y G A*, then 

T L/K (vUS) C T L/K (yA) c R 
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hence yfA C S* proving C /. □ 

Corollary. One has S = R[a] if and only if the conductor of A — R[a] equals 
S. 

Proof : If f A = 5, then 1 G f, and (ii) implies S C A C 5. If S = A, then 
1 • 5 = 5 C A, and by (i) we get 1 G fo, i.e., f = S. □ 

For the proof of Theorem 4.16 we need two further lemmas. 

Lemma 4.19. Let L = K(a) with a G S, put A — R[a], let be a prime 
ideal of S, and for m = 1,2,... let </> m : A/ (A Pi <£ m ) — > S/^™ be the 
homomorphism induced by the embedding A C S. 

(i) If does not divide the conductor j^b then </> m is an isomorphism, 
i.e., every residue class mod in S can be represented by an element of 
A. 

(ii) Let p be the prime ideal of R lying below Write pS = ty e I with 
?($\I.IfaeI\?P and the homomorphisms </> m are isomorphisms for m — 
1,2,..., then<#\U- 

Proof : (i) Let b G f a \ and c G S. Proposition 4.18 (ii) shows that for a 
certain W G R[X] we have c = W(a)/b. With a suitable k > 0 we have 

b k = 1 (mod <£ m ), 

and since b = V{a) for some V G R[X], we obtain 

c = W^a)^- 1 = W{a)V{a) k ~ 1 (mod <p m ), 

thus every residue class mod is represented by an element from A. 

(ii) Lemma 1.21 implies that every element of S may be written in the 
form P(a)/D with P G R[X] and some fixed D G R (in fact, we can take 
D — d L / K (a)). Let p m be the highest power of p dividing D. Our assumption 
implies that every element x G S can be written in the form x = b + y with 
b G A and y G ^P em . Then 

</a m G <p em / m = p rn S C .D _1 p m A. 

Since p { Dp~~ m there exists c G £>p" m \ p C R, and thus ya m G c -1 A, hence 
we can write ya 171 = c~ x r with r G A Then, with a suitable F G R[X] we get 

_ _r_ _ y(a) 

implying ca m x G A, whence ca m G f^- However ca m G A \ and so does 
not divide f^, as asserted. □ 
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Lemma 4.20. Let be a prime ideal of S, denote by p the prime ideal of R 
lying below ty, and let I be an ideal of S not divisible by *J3. Denote by ko,k the 
fields R/p andS/ty, respectively, and let y G S\># be such that y = y mod ^3 
generates the extension k/ko- Let F G R[X] be such that F{X) G ko[X] is 
the minimal polynomial for y, and assume that F(y) does not lie in ^3 2 . If 
now a G S generates the extension L/K and satisfies a G I, a = y (mod ty 2 ), 
then for m = 1,2, .. . every residue class mod ^3 m in S can be represented 
by an element of R[a] . 

Proof : Let x G S. Since k = ko[a] there exists a polynomial V G R[X] 
such' that V(a) — x mod ^3. Then obviously x = V(a) (mod ^3), proving our 
assertion in the case m = 1. 

Assume now that our assertion holds for some m > 1 and let x G S. 
Then for some V G iZ[X] we have x = V(a) (mod ^3 m ). The principal ideal 
generated by F(a) in 5 is divisible by ^3, thus F(a)S = ^3 J with a certain 
ideal J, which is not divisible by ^3. Choose u, u' G 5 with u E J \ ty and 
W = 1 (mod $P). Moreover let W G be such that u' = W(a) (mod ^3). 

The element c={x- F(a))^ m /F m (a) lies in 5, thus there exists T G R[X] 
satisfying c = T(a) (mod ^3). Since x = V^a) + cF m (a) , we obtain finally 

x = V(a) + T(a)F m (a)W m (a) (mod ^ m+1 ). □ 

Corollary. For every prime ideal ^ of S there exists a G S such that the 
conductor of the ring R[a] is not divisible by ^3. 

Proof : Proposition 2.2 (ii) and Corollary 3 to Proposition 1.14 imply that 
there exist a G R, satisfying the assumptions of the lemma. Lemma 4.19 (ii) 
shows now that the conductor of the ring R[a] is not divisible by ^3. □ 

To conclude the proof of our theorem observe that by Proposition 4.18 (i) 
every different Sl/k{°) is contained in and ^aDl/k — $L/K( a )S with 

A = R[a] holds. Therefore it suffices to choose a as given by the Corollary to 
Lemma 4.20. □ 

4. It has been observed by Weil [43] that the different D L / K is related to 
differentiations in commutative rings. If R is such a ring and M an i^-module, 
then every homomorphism / : R + — > M + of additive groups is called a 
derivation, provided it satisfies 

f{uv) = uf(v) + vf(u) (4.2) 

for all u,v G R. 

Lemma 4.21. Let R C S and M be commutative rings and assume that M 
is at the same time an S -module. If f : S — > M is a derivation, vanishing 
at R, then for a G S and P G R[X] we have 
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f(P(a)) = P'(a)f(a), 
where P f is the formal derivative of P. 

Proof : An easy induction gives f{a k ) = ka k ~ 1 f(a) for k = 1, 2, ... , and it 
remains to recall that / is additive. □ 

In the case, when M is a commutative ring, a derivation / is called essen- 
tial, if its image f(R) contains at least one element which is not a zero-divisor. 
The connection between the existence of essential derivations and the diffe- 
rent D L j K is given in the following theorem: 

Theorem 4.22. If I is an ideal of S, then an essential derivation S — > S/I, 
vanishing on R exists if and only if I divides D L j K . 

Proof : We need a lemma: 

Lemma 4.23. Ifty is a prime ideal of S andm > 1, then for every derivation 
f : S — * S/?p m we have /(^ m+1 ) = 0. 

Proof : For x G ^3 m+1 and tt G ^3 \ <£ 2 write x = tt^^A/B with A G S, 
B G S \ ^3, which is possible by Proposition 1.27 (i). Using Lemma 4.21 we 
get now 

Bf(x) = Bf(x) + xf(B) - f{Bx) = /(7T^ +1 A) 
= A/(7r m+1 ) = (m + l)A7r m /(7r) = 0, 

and in view of B 0 ^3 we obtain f{x) = 0. □ 

Now observe that it suffices to establish the theorem for powers of prime 
ideals. Indeed, let I = ^ • • • <$ e g 9 . If / : S — > S/I is an essential derivation, 
equal to zero on R, then ft-.S — > defined by fi(x) = f(x) mod % l is 

also an essential derivation, vanishing at R. Conversely, if for i = l,2,...,gwe 
have essential derivations fa : S — > S/^ 1 , vanishing on R, then by putting 
f{x) = (fi(x), . . . , f g (x)) we obtain a derivation of S into the direct sum of 
the rings S/Spf*, which is isomorphic with S/I, according to Theorem 1.15. 
Thus / can be regarded as a derivation of S into S/I, vanishing on R. To show 
that / is essential choose x\, . . . , x g G S so that fi(xi) is not a zero divisor, 
and let x G S be a solution of the system x = Xi (mod (i = 1, 2, . . . , g) 

of congruences. Such a solution exists by the Chinese remainder theorem, and 
since Lemma 4.23 implies fi(x) = fi(xi) for i = 1, 2, . . . , g we see that f(x) 
is not a zero-divisor. 

Now assume that / : S — > S/ty 171 is an essential derivation vanishing on 
R, and choose a G S in such a way that for A — R[a] we have ^3 { f^, which 
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is possible by Corollary to Lemma 4.20. If x G S and x = W(a) (mod *p m+1 ) 
with W G R[X], then by Lemmas 4.21 and 4.23 we obtain 

f(x) = f(W(a)) = W'(a)f(a). 

Were f(a) a divisor of zero, then f(x) would be a zero-divisor for all x G S, 
contrary to the assumption. Thus f(a) is not a zero-divisor, and if we denote 
by F G R[X] the minimal polynomial of a over R, then 

0 = f(0)=f(F(a))=F'(a)f(a), 

leading to F'(a) = 0 (mod <p m ), and thus, by Proposition 4.18 (i), <£ m divides 
D L/K , since ^\f A - 

Now assume that yp m \D L / K , and use again Corollary to Lemma 4.20 to 
choose a G S so that the conductor \a of the ring R[a] is not divisible by 
<£. Moreover, let b G f a \ write 6 = VT(a) with G and let c G 5 

satisfy be = 1 (mod ^3 m ). Every element x e S can be written in the form 
x = V(a)/b with a certain V G and we put now 

f(x) = (V'(a)W(a) - V(a)W'(a))c 2 (mod <p m ), 

this definition being prompted by the familiar rule of differentiation of ratios. 
To check that this definition makes sense assume that we have x = V\(a)/b = 
V 2 {a)/b with V u V 2 G R[X]. Then Vi (a) = V 2 (a), hence we may write Vi{x)- 
V 2 (X) = F(X)G(X), where F G is the minimal polynomial of a and 

G G This implies 

V{{a) - V 2 \a) = F'(a)G(a) = 0 (mod <p m ), 

since by Theorem 4.16 <p m | D L/K \ F'(a)S. 

It remains to check that / is an essential derivation. Since f(u + v) — 
f(u) + f(v) clearly holds and f(a) = 1, it remains to check that (4.2) is 
satisfied. Let u,v G S and write u — Vi(a)/b, v = V 2 (a)/b. Then 

uf(v) + = cVi{a) (V 2 '(a)W(a) - V 2 (a)W\a)) c 2 

+ cV^a) (F/(a)W(a) - Vi(a)W(a))c 2 
ee c 3 ((^i(a)^(a) + ^(a)^2(a)) W(a) 
- 2c s V 1 (a)V 2 (a)W'(a) (mod <p m ). 

Let x = uv and write a; = P(a)/b with P G R[X). Since Vi(a)V2(a) = 
P(a)W r (a), we may write Vi(X)F 2 (X) = P(X)W{X) + G(X)V(X) with 
G G and this leads to 

VKajV^a) + ^'(ajV^a) ee P'(a)W(a) + P(a)W'(a) (mod <£ m ), 



and finally uf(v) + = /(#), as needed. 



□ 
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Corollary. The different D L j K equals the least common multiple of ideals 
I of S, for which there exists an essential derivation f : S — > S/I with 

f(R) = o. □ 



As an application of the theorem just obtained, we prove now one of the 
main results of the theory, the different theorem. 

Theorem 4.24. If is a prime ideal of S, p is the prime ideal of R, ly- 
ing below and pS = <# e I with \ I, then ^p e ~ 1 \D L / K . Moreover, if 
(e,iV(qj)) = l, then^\D L/K . 

Proof : The first part of the assertion can be obtained without the use of 
Theorem 4.22. Denote by M the least normal extension of if, containing L, 
let So be the integral closure of R in M, and let Li, . . . , L n be the fields 
conjugated to L. Let x G tyl and let p be the rational prime dividing N($$). 
For sufficiently large N we have 

x pN e m) pN c pS, 

and, similarly, the elements (x^) p of the integral closure Si of R in Li, 

N 

which are conjugated to x p , lie in pSi for i — 1, 2, . . . , n. This gives 

T L/K (x pN )epS 0 nR = p. 

N N 

By the choice of p the difference T L / K (x p )—T L / K (x) p lies in p, thus finally 
Tl/k( x ) £ P- The resulting inclusion T L / K (9pi) C p leads us, by Proposition 
4.13 (i), to q}/ C pDlj K , yiD L/K cpS = <p e 7, and finally D L/K C ^ e ~\ 
proving the first part of the theorem. 

To prove the second part, assume that (e, N($$)) = 1, i.e., e is not divisible 
by the characteristic of R/p. Let / : S — > S/^ e be a derivation, vanishing 
on R. In view of Theorem 4.22 it suffices now to show that every element 
of f(S) is a zero-divisor. Choose tt G p \ p 2 and II G \ *p 2 . With suitable 
a, b G 5, a, b 0 *P we have tt = i7 e a/&, which gives 

0 = tt/(6) + 6/(tt) = /(tt6) = /(i7 e a) = eil 6 " 1 /^, 

showing that /(il) is a zero-divisor in 5/^3 e . Therefore /(il) G ^P/^p e . If now 
x G with fc > 1, then x = U k ajb with a, 6 G 5, b 0 <P, whence 

&/(*) + xf(b) = kn^afin) + g Wf- 

and, in view of xf(b) G <P/^P e > we obtain bf(x) G ^/^3 e . Since b 0 <p this 
shows that /(a?) is a zero-divisor. Finally, let x 0 ^J. By Theorem 1.18 we 
have x N W>~ x — 1 + c with c G ^P, and this gives 



(iVOP) - l)^^)" 2 /^) = /(a^W- 1 ) = /(l + c) = /(c). 
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Since f(c) is a zero-divisor and (N(<#) - l)^^)" 2 0 <p, it follows that f{x) 
is also a zero-divisor. □ 

Corollary 1. The set of prime ideals of S ramified in L/K coincides with 
the set of all prime divisors of the different D L / K . □ 

Corollary 2. There are only finitely many prime ideals ramified in a given 
extension L/K. □ 

Corollary 3. (The discriminant theorem) A prime ideal of R is ramified in 
the extension L/K if and only if it divides the discriminant d(L/K). □ 

Corollary 4. There are no unramified extensions of degree > 1 of the ratio- 
nal field. 

Proof : Apply Corollary to Theorem 2.22 and the preceding corollary. □ 

Corollary 5. If the extension L/K is tame, then the trace map T L / K : S — > 
R is surjective. 

Proof : If the trace map is not surjective, then according to Corollary 3 to 
Proposition 4.13 there exists a proper ideal / of R such that IS divides the 
different D L / K . Let be a prime ideal of S dividing IS, let p be the prime 
ideal of R lying below denote by p the characteristic of the field R/p, and 
put e = e L /^(*P). Since we have p\I, and the tameness of L/K gives p \ e, 
hence 

ns\is\D L/K , 

in contradiction to the theorem. □ 



It should be noted that there exist fields with unramified extensions. To 
give an example consider two square-free and relatively prime rational inte- 
gers A, B, both congruent to unity mod 4 and distinct from 1, and put 

K = Q(VAB), l = Q(VA, Vb). 

Obviously we have L = K(\/A) = K{y/~B). The differents of \[A and y/~B over 
K are equal to 2^/A and 2v / #, respectively and so, by Theorem 4.16 we get 
2gD l/k , because (A, B) = 1. Now choose C, D e Z with C 2 -4D = A. The 
root of the polynomial X 2 + CX + D is an algebraic integer lying in L, and its 
different over K equals \[A, showing that A — (s/A) 2 G D L / K . But (A, 2) = 
1, and so the different D L /k contains two relatively prime rational integers, 
whence we get B L j K — Rl, and Corollary 1 to the preceding theorem implies 
that the extension L/K is unramified. It follows from the class-field theory 
that every algebraic number field with class-number greater than 1 has an 
unramified extension with Abelian Galois group. 
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5. Now we shall consider the discriminant of a composite of two extensions 
of the same ground-field. 

Proposition 4.25. // the extension L/K is the composite of K\/K and 
K 2 /K, i.e., L is the minimal field containing K\ and K 2 in a fixed al- 
gebraic closure of K, then the sets of prime ideals dividing d(L/K) and 
diKxjKyiKijK) coincide. 

Proof : Proposition 4.15 shows that every prime ideal dividing the product 
d(Ki/K)d(K 2 /K) divides also d(L/K). Assume now that p is a prime ideal 
of R, dividing d(L/K), but not dividing d(Ki/K), and let be a prime ideal 
of S lying above p, and dividing D L / K . If we would have ty\D Kl / K S, then, 
with / = f L / K (W), we would get 

P f =N L/K W)\N L/K (D Kl/K S) = N Kl/K (N L/Kl (D Kl/K S)) 

and thus p\d(K±/K), contrary to our assumption. Therefore *}3 \ D Kl / K S, 
and in view of D L j K = D L / Kl D Kl / K we get yS\D L / Kl . Now let a e K 2 be 
integral over R with K 2 = K(a), and denote by F, G its minimal polynomials 
over K and K u respectively. Then L = K x {a) and F(X) = G{X)H{X) with 
H G KxlX], thus F f (a) = G f (a)H(a), and so F'(a) lies in the ideal G'(a)S. 
By Theorem 4.16 we get G' (a) G D L/Kl C thus F' (a) G and using 
again Theorem 4.16 we obtain D K2 / K C ^P, showing that p divides d(K 2 /K). 

□ 

Corollary 1. (i) If p is a prime ideal of R unramified in K\/K and K 2 /K, 
then it is also unramified in the composite extension K\K 2 jK. 

(ii) If the extensions K\/K andK 2 /K are both unramified, so isK\K 2 jK. 

□ 

Corollary 2. If M/K is the minimal normal extension of K containing 
L, then the discriminants d(L/K) and d(M/K) have the same prime ideal 
divisors. In particular, if L/K is unramified, so is M/K. □ 

In the case when the groundfield K equals Q we can in certain situations 
obtain more precise results. 

Theorem 4.26. Let for i = 1,2 Ki/Q (i = 1,2J be a finite extension of 
degree rii and discriminant d(Ki), and assume (d(Ki),d(K 2 )) = 1. Then the 
degree of the composite L — K\K 2 equals ri\n 2 , one has 

d{L)=d{K x ) n *d(K 2 ) n \ 

and if cji, . . . , uo ni is an integral basis of K\ and . . . , £2 n2 is an integral 
basis of K 2 , then the set {tJif2j} forms an integral basis of L. 
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Proof : Let K be the minimal normal extension of Q containing K\. By 
Corollary 2 to Proposition 4.25 we have (d{K),d{K 2 )) = 1. Let K x = Q(a), 
and let F, G be the minimal polynomials of a over Q and over K 2 , respectively. 
Obviously G divides F, and to show that F — G it suffices to prove that the 
coefficients of G are all rational. These coefficients lie in K, because they are 
rational functions of some conjugates of a over Q, whence the field generated 
by them lies in k = K H K 2 . By Proposition 2.16 we infer that d(k) divides 
both d(K) and d(K 2 ) and hence equals ±1. But according to Corollary 2 
to Theorem 2.22 this can happen only if k — Q, therefore \K\K 2 : K 2 ] — 
degG = degF — \K\ : Q], thus F = G, and the first assertion of the theorem 
follows. 

To obtain the remaining parts observe that the discriminant of the system 
{uOiQj} equals A = d(ifi) n2 d(K 2 ) ni , and so the discriminant of L is a divisor 
of A. Corollary 1 to Proposition 4.15 shows that d(L) is divisible by d(Ki) n2 
and by d(K 2 ) ni , and to conclude the proof one has only to note that these 
numbers are relatively prime, whence d(L) has to be divisible by Z\, their 
product. □ 

Corollary. Let for i = 1,2, ... ,r Ki/Q be a finite extension of degree rii, 
and let {w^} be its integral basis. If for i ^ j we have (d(Ki),d(Kj)) = 1, 
then the discriminant of the composite extension K — K\K 2 - • • K T equals 

r 

where n = n\n 2 • • • n r , and an integral basis is formed by the set {n[=i u j?}' 

Proof : Follows from the theorem by a simple inductive argument. □ 

6. The last theorem permits us now to give a description of principal prop- 
erties of cyclotomic fields. Let 7f m = Q(Cm) be the ra-th cyclotomic field. 
Observe that for odd m the fields K m and K 2rn coincide, because — Cm gen- 
erates K 2rni whence it suffices to deal in sequel only with the case when m is 
not congruent to 2 mod 4. 

Theorem 4.27. (i) For all m,n > 1 we have K^Kn = if[ m?n ]. 
(ii) For m > 1 we have [K m : Q] = (f(m), 

d(K m ) = ft d(K p a)^ m /" a \ 

p a \\m 

and 1, Cm? • • • » Cm m ^ 1 is the integral basis of K m . Moreover the extension 
Km/Q is normal with its Galois group isomorphic to G{m), the multiplicative 
group of residue classes mod m, prime to m, the isomorphism being given 
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by r i— >• g r , with g r (Cm) — Cm- Finally, the minimal polynomial o/Cm over Q 
equals 

ym _ i 

F m (X)= n (X -&) = -, — "v 

(j,m) = l \ / 

(Hi) If m ^ 2 (mod 4), £/ien if m C if n /io/ds if and only if m\n, thus for 
distinct ra, n, both incongruent to 2 mod 4 the fields Km and K n are distinct. 

(iv) Ifm\n, then the subgroup of G(n), corresponding to K m according to 
the Galois theory equals 

{r E G{n) : r = 1 (mod ra)}, 

(v) For all ra, n we have Km H K n = K^ n y 

(vi) If m < n and K m = K n , then m is odd and n = 2m. 

Proof : (i) If [m, n] = s, then 

/■ _ /-s/m f _ /s/n 

thus KmK n C K s . To get the converse inclusion, solve 

/ » mn 
mx + ny = (m, n) = 

5 

in rational integers x, i/, and observe that 

SmSn Ss? 

thus K s C KmK n . 

(ii) If m = Hp P ap is the canonical factorization of m, then by (i) Km is the 
composite of the fields K p <* P , which by Theorem 2.20 have their discriminants 
relatively prime, so we may apply Corollary to Theorem 4.26 to obtain the 
formula for the discriminant and the statements about the degree and integral 
basis. The normality of the extension K m /Q follows from the observation 
that all conjugates of Cm are powers of Cm, and since Proposition 2.16 and 
Corollary to Theorem 2.22 imply that the intersection of K p * P and K mp -a p 
equals Q, it follows that Km/Q has its Galois group isomorphic to G(m). 
Moreover, if (j, m) = 1, then Q(C m ) = ^m? since jr = 1 (mod m) implies 
(Cm) r — Cm- Because [Km ' Q] = </?( m )> and every conjugate of Cm is an 
ra-th primitive root of unity, we obtain that the set of conjugates of Cm 
coincides with {C m : (j, m) = 1}, This establishes the assertion about F m - 
The statement concerning the isomorphism between the Galois group and 
G(m) results now immediately. 

(iii) If m|n, then Cm = Cn /m , implying Km C K n . Conversely, if K m C K n , 
then denoting by N the order of the group E(K n ) we get with a suitable a 
the equality Cn = Cn? implying n\N. Obviously K n = Kn and so (ii) gives 
<p(ri) — <p(N). Because of n\N this is possible if either N = n, or n is odd and 
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N = 2n. In both cases £ m is a power of Ov, so m\N thus either m\n or ra|2n, 
in which case for ra odd we get ra|n, and if m is even, then ra = 2 (mod 4), 
which is excluded by our assumption. 

(iv) Let H be the subgroup of G(n) corresponding to K m . Clearly r lies 
in H if and only if g r (Cm) = Cm- Now observe that with q = n/m we have 
Cm = Cn and 9r(Cm) = 9r(Q) = Cr? , showing that r belongs to H if and only 
if rq = q (mod n), which is equivalent to r = 1 (mod m). 

(v) Let d = (ra, n) and D = [m, n]. By (i) the fields Km and iiT n 
are contained in K]j. If for r\D we denote by i5f r the subgroup of G(D) 
corresponding to K r , then (iv) implies that K m H K n corresponds to the 
group HmHn, equal to 

{s mod D : s — r±r2, r\ = 1 (mod m), r2 = 1 (mod n), (5, £)) = 1}. 

We have to show that H m H n = Hd- The inclusion i7 m iif n C H"d being im- 
mediate, take s € Hd and solve the systems of congruences 

x = s (mod ra), x = 1 (mod n), 

and 

y = 1 (mod ra), y = 5 (mod n), 
which is possible in view of s = 1 (mod d) . Now we get 

x mod jD G if n , y m °d -D G H rn and xy = s mod Z>, 

proving 5 G H m H n . 

(vi) If ra < n and -ftT m = iiT n , then (iii) implies that n = 2 (mod 4), since 
n\m. Writing n = 2q with odd g we get _ftT m = K q . Applying again (iii) we 
get g|ra, because q ^ 2 (mod 4). Now it suffices to observe that g|ra < n = 2g, 
hence q = ra, as asserted. □ 



Corollary. One ftas 

m if ra is even, 



#E(K m ) - ^ 2m ifm is odd 



Proof : If T = #E(K m ), then T > m and if T = if m . If T > ra, then (vi) 
implies T = 2ra with odd ra. □ 

The polynomial F m (X) occuring in the last theorem is called the ra-th 
cyclotomic polynomial. We have seen above how its irreducibility over Q 
follows from the theory of fields, but there are several shorter direct proofs. 
We present here one, due to K.Grandjot [12], based on Dirichlet's prime 
number theorem and the fact that the binomial coefficients are for k = 
1, 2, . . . ,p — 1 divisible by p: 
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Let V £ Z[X] have Cm f° r one of its roots. It suffices to show that for 
every j prime to m the number £^ is also a root of V. For every prime p 
congruent to j mod m we have 

0 = V(( m y = V(&) = V(CL) (mod P R K J, 

and this shows that the algebraic integer V(Cm) is divisible by infinitely many 
prime ideals, hence it vanishes, as asserted. □ 

7. If the extension L/K is normal with Galois group G, then the question 
arises of determining the structure of L as a K[G] -module and of S as an 
R[G] -module, the group ring acting by 

g<EG g<EG 

The structure of L as a if[G]-module is described by the following theorem 
of Noether: 

Theorem 4.28. If K is an infinite field, and L/K is its finite normal se- 
parable extension with Galois group G, then L is isomorphic to K[G] as an 
K[G]-module. 

(For finite K this is also true, but the proof is different.) 

Proof : We follow Waterhouse [79] and start with a result of Dedekind on 
linear independence of automorphisms: 

Lemma 4.29. If gi, . . . , gN are distinct automorphisms of a field L, and for 
certain ci, . . . , c/v £ L one has 

cigi(x) + h c N g N (x) = 0 (4.3) 

for all x G L, then c\ — • • • — c/v = 0. 

Proof : Assume that the assertion is false, and select a sum 

N 
3 = 1 

with non-zero Cj £ L, which vanishes for all x £ L, and for which the number 
N of summands is minimal. Clearly N > 2. If we choose now y £ L with 
9i{y) ¥^92(y), then 

N N 
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and since obviously gi(y) ^ 0, we get 

N 

i=i 

Subtracting this equality from (4.3) we arrive at a vanishing linear combina- 
tion of automorphisms with fewer non-zero terms, contradicting the choice 
of N. □ 



Now let gi — e, #2, • • • ,#n be all the elements of G, and observe that the 
set of all vectors of the form 

(9i(x),g2(x),...,g n (x)), 

with x G L, generates the linear space L n , because the lemma shows that 
they cannot all lie in a proper subspace. 

This shows that there exist elements Ci, #1, . . . , c n , x n of L satisfying 

n n 

^^CiXi = l and ^q^(^)=0 (j = 2, 3, . . . , n). 



i=i 



The polynomial 



P(X u ...,X n ) = det 



Y^Xih-'gixi) 



i=i 



g,heG 



does not vanish identically, since P(ci,C2, . . . ,c n ) = 1. Since K is infinite, 



there are elements u\ 



, . . . , LL n 



in K such that P(^i, . . . ,u n ) 7^ 0, and this 



gives, with A = J27=i u i x i 

det [/T 1 0(A)] pfhGG = P(^i , . . . , u n ) ± 0. 

This implies that the set {g(A) : g G G} is K-linearly independent. 
Indeed, if we had J2 g eG dgg(A) = 0, with d p G -ftT, not all zero, then for every 
h G G we would obtain 

and so det [ft -1 ^^)] heQ = 0, a contradiction. 

Finally observe that the map K[G] — > L, defined by 

gee geG 

is if -linear, preserves the action of G and is surjective, since its image con- 
tains n if-linearly independent elements and dim^ L — n, whence it is an 
isomorphism of K[G] -modules. □ 



4.2. Different and Discriminant 165 



One can ask whether an analogous result is true for the ring 5, i.e. whether 
S is isomorphic to R[G] as an R[G] -module. The answer is negative in general, 
as the example K = Q, L = Q(i) shows. If K = Q and the answer is positive, 
then one says that the extension L/Q has a normal integral basis. 

We give now a simple necessary condition for S ~ R[G]: 

Proposition 4.30. If L/K is normal with Galois group G and S ~ R[G], 
then the trace map T L j K \ S — > R is surjective. 

Proof : If / : R[G] — > S is an isomorphism of R[G] -modules and a — /(e), 
e being the unit element of G, then for x G R we have with suitable a g G R 

gEG geG geG 

thus for all h G G 

x = h(x) - a 9 hg(a) = ^ a h -i g g(a), 

geG geG 

and we infer that the coefficients a g are independent of whence 

x = a e ^2 #( a ) = a eT L /K{o) = T L/K (a e a). 
geG 

Thus the trace is surjective. □ 

Corollary 1. If L/K is normal of degree n with Galois group G, and S is 
isomorphic to R[G], then the discriminant d(L/K) cannot be divisible by an 
n-th power of a prime ideal 

Proof : Applying Corollary 3 to Proposition 4.13 we find that D L / K is not 
divisible by proper ideals of R. By Proposition 4.13 (iii) we obtain 

d(L/K)S = N L/K {D L/K )S = D n L/K , 

thus if p were a prime ideal of R with p n \d{L/K), then we would have 
p n S\D'2^ K and pS\D L / K , a contradiction. □ 

Corollary 2. If K/Q is normal of degree n and has a normal integral basis, 
then d(K) is not divisible by the n-th power of a prime. 

Proof : The assertion results from the preceding corollary and Proposition 
4.14. □ 



We shall see later that if L/K is normal, then the trace map is surjective 
if and only if the extension L/K is tame (see Corollary 3 to Proposition 6.2). 
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The condition given in Corollary 2 above is in general not sufficient for 
the existence of a normal integral basis. 

We prove now certain simple results, permitting us to obtain normal in- 
tegral bases in some extensions of Q. 

Proposition 4.31. (i)IfQcKcL, both extensions L/Q, K/Q are nor- 
mal, and L/Q has a normal integral basis, then K/Q also has a normal 
integral basis. In fact, if an integral basis of L/Q is formed by conjugates of 
a e L, then the conjugates ofT L / K (a) form a normal integral basis of K/Q. 

(ii) If the normal extensions Ki/Q (i — 1,2,..., m) have normal inte- 
gral bases, and their discriminants are pairwise relatively prime, then their 
composite L = K\ • • • K m has a normal integral basis. 

Proof : (i) Let G be the Galois group of L/Q, and let {g(a) : g G G} be a 
normal integral basis of L. Let H be the subgroup of G fixing K. An integer 
x = YlgeG A g g{a) {A g G Z) lies in R K if and only if for all h G H we have 
h{x) = x, and since 

h ( x ) = ^Z A h -i g g(a), 

geG 

this occurs precisely when for all h G H we have Ah g = A g . It follows that 
if Xi = iJ, X 2 , . . • , X m are cosets mod H in G, then every x G Rr can be 
uniquely written in the form x = Y^Li Ai^i with ui = J2 g eXi d( a ) with 
Ai G Z. This shows that ui, . . . ,u; m is an integral basis of K. Since the cj^'s 
are all conjugated to uji = T L / K (a), the assertion (i) follows. 

(ii) This follows from the observation that the integral basis of L, con- 
structed from the normal integral bases of the fields Ki with the use of Corol- 
lary to Theorem 4.26 is invariant under the action of the Galois group of L. 

□ 



Corollary. The m-th cyclotomic field Q(Cm) has a normal basis if and only 
if m is square- free. 

Proof : Theorem 2.20 shows that if m = p is a prime, then the set 

C C 2 C p ~ l 

is a normal integral basis, hence the existence of a normal integral basis in 
Km for m square-free results from part (ii) of the proposition. 

If m is not square-free, then for a certain prime p we have p 2 |m, implying 
L — K p 2 C Km, and in view of part (i) of the proposition it remains to 
show that L does not have a normal integral basis. Now Theorem 2.20 gives 
[L : Q] = p 2 -p and \d{L) \ = p c with c = 2p 2 - 3p, and since 2p 2 -3p>p 2 -p, 
Corollary 2 to Proposition 4.30 shows that L does not have a normal integral 
basis. □ 
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We shall prove in Chap. 6 (Theorem 6.18) that every Abelian extension of 
the rationals is a subfield of a suitable cyclotomic field, and from this result 
a criterion for the existence of a normal integral basis in Abelian fields will 
follow. 



4.3. Factorization of Prime Ideals in Extensions. 
More about the Class-group 

1. We shall now consider the question of establishing effectively the decom- 
position of a prime ideal p of R into prime ideals of S. In many cases this can 
be done with the use of Theorem 4.33 below, whose certain special cases go 
back to Kummer, and which was proved by Dedekind for rings of algebraic 
integers. We need first an analogue of Lemma 4.20: 

Lemma 4.32. Let p be a prime ideal of R, a an element of S, generating 
the extension L/K and n — [L : K]. Further let A = R[a] and let f be the 
conductor of A. Then the following conditions are equivalent: 

(i) pSnA = p[a], 

(ii) The embedding of A in S induces an isomorphism f : A/(AC\pS) — > 
S/pS, i.e., every coset of S mod pS contains an element of A, 

(Hi) The embedding of A in S induces an isomorphism A/(Anp rn S) — > 
S/p^S, i.e., every coset of S mod p^S contains an element of A for m = 
1,2,... . 

(iv) Form = 1,2,... we have A n p m S - p m [a], 

(v) p\N L/K (f), 

(vi) The rational prime p, lying in p does not divide the index [S : R[a}}. 

Proof : (i) (ii). Since #(S/pS) = N(pS) = (Np) n and #(A/(A fl pS)) = 
#(A/p[a]) — N(p) n , the homomorphism / is surjective, and since it is obvi- 
ously injective, we obtain (ii). 

(ii) =^> (iii). For m — 1 the assertion is true by assumption. Assume now 
that (iii) holds for a certain m > 1, and choose c G p\p 2 , write cR — pi (with 
p | /), choose d G I\p, let d! G R satisfy dd! = 1 (mod p m ), and finally let b be 
an arbitrary element of S. By assumption there exists a polynomial V G R[X] 
such that b = V(a) (mod p m S), and therefore h = (b - y(a))d m c" m lies in 
S. If we now choose W G R[X] so that bi = W(a) (mod pS), then we arrive 
at 

b = V(a) + &ic m ^" m = V(a) + (cdf) m W{a) (mod p m+1 S), 

whence (iii) holds for m + 1. 

(iii) (iv). It suffices to note that p m [a] is contained in Anp^S and the 
indices of both these rings are equal to iV(p) mn by (iii). 

(iv) =^> (i). This implication is obvious. 
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(iii) =4> (v). Let F G R[X] be the minimal polynomial of a, write 

N L/K (F'(a))R = p m I 

with p \ I, choose b G /\p, and let c G 5. By (iii) there exists d G ^4 such that 
b(c - d)/N L / K (F , (a)) lies in S, therefore b(c - d)/F'(a) G S and we obtain 
b(c - d) G F'(a)S C ^4 by Corollary to Proposition 4.17. Since b G R and 
d G A, we get bd G A, and finally be e A. As c e S was arbitrary, this implies 
b G f . It remains to observe that N L / K (b) = 6 n 0 p and N L / K (b) G N L / K (f), 
hence p \ N L/K (f). 

(v) =^> (ii). If p | N L/K (f) and pS = J]* , then none of the ^'s divides 
f. Corollary 3 to Proposition 1.14 gives the existence of b G f , with 6 — 1 G ^ 
for all ^Vs dividing p. Then b G f C A, hence we may write b = V(a) with 
a certain V G iZ[-X*], and therefore every c G S may be put in the form 
c = W(a)/b = W(a)/V(a) for suitable W G Since (65, pS) = 1, we 
have for a suitable r > 0 the congruence V(a) r = 1 (mod pS), whence 

c = W(a)V(a) r_1 (mod pS). 

We have proved the equivalence of the conditions (i) - (v), and it remains 
to prove that the last condition is also equivalent to them. 

(vi) => (v). Write m = [S : R[a]\, and note that if b G S, then mb G A, 
therefore m G f, and thus f divides the ideal mS. Taking norms we get 
^L/K(f)\^L/K( rn ^) = m n S, showing that every prime ideal of R dividing 
Nl/k{?) must also divide mR. 

(ii) & (iv) =4> (vi). Again put m = [S : R[a}}, and assume that the rational 
prime p lying in p divides m. Then there exists c G S \ A with pc G A. It 
follows from (ii) that there are polynomials V, W G iZ[X] of degrees < n — 1, 
such that pc = V(o), and c = W(o) + 6 with b G pS. Since c 0 A, we have 
V ^ Let pi? = [IiPr ^ e tne factorization of pR in i?, and observe 

that V(a) — pW(a) = pb, hence 

9 

v(a) e P s n A cJlp^sn Ac p e / , 

2 = 1 

for j = 1, 2, . . . ,g. Now we use (iv) to obtain V(a) G p^ 3 [a], so all coefficients 
of the polynomial V(X) lie in p^ 3 for j = 1, 2, . . . , But this implies that all 
coefficients of V lie in pi?, and therefore c G A, contradiction. □ 

We may state now the main result of this section: 

Theorem 4.33. Let a G S be a generating element for the extension L/K, 
and let f G R[X] be its minimal polynomial. Moreover let p be a prime ideal 
of R satisfying the equivalent conditions of Lemma 4.32 ; and denote by k the 
field R/p. Let ip be the map R[X] — > R[X]/p[X] = k[X] resulting from the 
application of the canonical map R — > k to every coefficient. If 
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where the fi ; s are distinct monic and irreducible polynomials over k, then 

where ^ are distinct prime ideals of S, /l/kCPi) — deg,A ; and 

q3 i = pS + F i (a)S (t = l,2,...,</), 
where Fi G -R[X] is any polynomial satisfying <p(Fi) = 

Proof : Consider the residue maps 

y><: fc[X] — > fe[X]//ife[X] - 

for i — 1, 2, . . . , and denote by $i the composition ^ o (p : jR[X] — >> 
Observe that the kernel of equals J* = p[X] + FipQi?^] of R[X]. In 
fact, is evidently contained in Ker and if V G Ker then <p(V) G 
Ker <pi, whence for a suitable h G k[X] we have <p(V) — h(X)fi(X), i.e. 
V(X) = A(X) + with certain A G p[X] and B G Thus 

VG/i. 

The principal ideal generated by / in R[X] is divisible by Ii, hence the 
homomorphism ^ induces a map of R[X]/fR[X] into ki. But jR[X] 
is isomorphic to R[a], and so, using this isomorphism, we obtain a map 

: R[a] — > ki, 

which is easily seen to be surjective. Its kernel consists of elements V(a) with 
V G Ii, hence equals p[a] + Fi(a)R[a]. 

After these preparations we define now a map of S into ki in the following 
way: 

Let b G S, choose, using Lemma 4.32 (ii), a polynomial V G R[X] with 
b = V(a) (mod pS), and define 

The map is well defined, since if V(a) = 0 (mod pS), then Lemma 4.32 (i) 
implies V{a) G p£ n A = p[a], and so V>;(V(a)) = 0. 

The map !^ is surjective, because ^ was such. This shows that the ideal 
tyi = Ker \&i is a non-zero prime ideal in S. Now note that ^ = pS + Fi(a)S. 
In fact, we have 

<#i= {ceS: c = V(a) (mod pS), V G V[a] G p[a] + Fi(a)A} 

= pS + p[a] + Fi(a)A = p£ + F;(a)A = p£ + Pi(a)S, 

since Lemma 4.7 (ii) implies 5 = A + p^, which in turn gives Fi(a)S C 
Fi(a)i4 + pi^S C F;(a)A + pS. 
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If for some i ^ j we had ^ = *Pj, then, in view of (/;, fj) = l and the 
finiteness of k, there would exist polynomials A, B G R[X] and C G p[X] 
such that 

+ £pO^PO = 1 + C(X). (4.4) 

But Fi(a) G tyi and i^(a) G *Pj, hence putting X = a in (4.4) we obtain 
1 G which is absurd. 
Since the element 

F 1 (ar---F g (a)^ (4.5) 

belongs to pS, the prime ideals *Pi, . . . , ty g are the only possible prime ideals 
dividing pS, and this shows that with suitable exponents a±, . . . , a g we must 
have pS = ULiW- The degree f L / K (Wi) equals [h : k] = deg/*, hence it 
remains to show that = holds for i — 1, 2, . . . , g. The ideal *P^ divides 
the product (4.5), but, as we have seen, ^ can divide only the factor Fi(a) Gi 
of that product, thus ^^(a^S. It follows that the ideal pS + Fi(a,i) ei S is 
divisible by but it divides S + Fi(a) Gi S, hence we must have > a; 
for z = 1, 2, ... , g. Observe finally that Theorem 4.5 gives Yli=i a * deg/^ = 
[L : If], and obviously deg = [L : K], which together with the 

inequalities last obtained shows = e^. □ 

2. Now let us turn to applications of Theorem 4.33 to extensions of Q. Lemma 
4.32 (vi) shows that its assumptions are in this case satisfied by all prime 
ideals pL of Z with at most finitely many exceptions, and the exceptional 
primes p are exactly those which divide the index of a. By varying a we may 
apply Theorem 4.33 to all primes p, except those which divide the indices of all 
integers. The possibility of such situation was already noted in Sect. 2. 2. 5 and 
now we shall characterize such primes. It is useful to introduce the following 
definition: the greatest common divisor of indices of integers of K will be 
called the index of K, and denoted by i{K). 

If a G Rk, then a rational prime p divides the index of a if and only if 
there exists a polynomial V G Z[X] of degree not exceeding [K : Q] — 1, whose 
coefficients are not all divisible by p, but p divides V(a). This observation 
will be now used to establish the following theorem: 

Theorem 4.34. Let p be a rational prime, let 

be the factorization of pRx into prime ideals in an extension K/Q of degree 
n, and put fi = /k/qOPO- Thenp does not divide the index i(K) of K if and 
only if there exist distinct monic irreducible polynomials V±, . . . , V g over ¥ p , 
satisfying deg Vi = for i = 1,2, ... , g. 

Proof : If p \ i(K), then there exists an integer a in K with its index not 
divisible by p, and Lemma 4.32 (vi) and Theorem 4.33 imply the existence 
of polynomials with required properties. 
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To prove the converse implication let Wi G Z[X] be for i = 1, 2, . . . ,g a 
polynomial, which after reduction mod p gives V$, write pRk = ty^Iii an d 
choose di G Rk, generating the extension K/Q and satisfying 

Wi(a<)=0 (mod^), Wi(ai)#0 (mod q}?), a, = 0 (mod/,). 

To show that such choice is possible observe that the field ki = Rk/^i 
is the only extension of ¥ p of degree hence every irreducible polynomial 
over F p of degree has a root in fc$. Therefore the congruence 

Wi(X) = 0(mod 

is solvable in it^, and we may take for a* one of its solutions. An irre- 
ducible polynomial over ¥ p cannot have multiple roots, hence if the condi- 
tion Wi(di) 9pf is not satisfied, then we may replace a* by a* + 7r, with 

Now let a = ai (mod 9pf) for i = 1, 2, . . . , g be an element generating if/Q 
(which can be assured by Proposition 2.2 (ii)), and put 0, = pifo+Wi(a)i2K:. 
We shall show that ^ = 0,. Obviously we have ^|0i and f 0,, and, 
moreover, for i ^ j we have ^ f 0,, since otherwise we would have 

Wi(a) = 0 (mod qjj) 

and Wi(aj) = 0 (mod tyj), but in view of Wj(dj) = 0 (mod this would 
imply that Vi and V} have a common root in kj, which is not possible, since 
they are relatively prime. Since 0, divides pRk, therefore it is not divisible by 
prime ideals different from . . . , ty g , and so we get 9pi = 0,. Now consider 
the polynomial W = UUi W T • Clearly W(a) = 0 (mod pR K ). 

Observe now that if p\i(K), then for a suitable polynomial S G Z[X] \ 
pZ[X] with degS < n - 1 we have 5(a) = 0 (mod pR K ). Denote by S(X) 
the reduction mod p of 5(X), put V(X) = n? = i V^(X), and let 

D(X) = (V(X),S(X)). 

With suitable A, B G F P [X] we have 

A(X)V(X) + £(X)S(X) = £>(X), 

and so if A,B,D G Z[X] be polynomials whose reductions mod p are equal 
to A, B and .D, respectively, then with certain C(X) G Z[X] we get 

i(X) W(X) + B(X)S(X) = D(X) + pC(X), 

and therefore D(a) = 0 (mod pit^). Since D(X) divides V(X) we get 
D(X) = cfl? =1 l^(X) Ci with 0 < ci < ei and some non-zero c G F p , and 
thus with some F(X) eZ[I], and c' G Z \pZ we can write 
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Therefore divides nf=i Wi(a) Ci , and since for i ^ j we have 

W u W j {a)R K ) = l, 

we get ^p^lW^^aJi?^, leading to q = and D — W. However degD < 
deg S < n — 1 < deg W — n, a contradiction. □ 

To apply the last theorem one has to know the number r p (n) of non- 
associated irreducible polynomials over ¥ p of degree n. This number was 
found by Gauss, and we now prove his formula: 

Proposition 4.35. For every prime p and n > 1 one has 

r P (n) = l i Y,Kd)p n/d , (4.6) 

d\n 

where n(d) is the familiar Mobius function. 

Proof : Consider the field k = F p n which is of degree n over ¥ p . Every ir- 
reducible polynomial over ¥ p of degree d dividing n has exactly d distinct 
roots in k. Noting that non-associated irreducible polynomials cannot have 
common zeros, we obtain 

p n = #V =X>„(d), 

d\n 

and the application of the Mobius inversion formula gives (4.6). □ 

The formula (4.6) permits us to bound the prime divisors of i(K) from 
above: 

Proposition 4.36. If p is a prime dividing i(K), then p < [K : Q], 

Proof : Let 1 < k < n = [K : Q] . Among the degrees of prime ideals dividing 
pRx there can be at most n/k equal to k. If p\i(K) and p > n, then by 
Theorem 4.34 there must exist k < n with r p {k) < n/k < p/k. However, 
the sum on the right-hand side of (4.6) is non-zero and divisible by p, thus 
rp(fc) a contradiction. □ 

Corollary. If K is a cubic extension ofQ and p is a prime divisor of i(K), 
thenp = 2. The prime 2 divides i(K) if and only if one has 2Rk = Vi^2^p3, 
with distinct prime ideals tyi . 

Proof : Observe that there are two irreducible linear polynomials over F2 . □ 
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Our next application of Theorem 4.33 deals with splitting primes: 

Theorem 4.37. If K C L are algebraic number fields, then there are in- 
finitely many prime ideals of Rk, splitting in Rl. 

Proof : It suffices to prove the assertion in the case K = Q and L/Q normal. 
In fact, if M/Q is a normal extension containing L, then Proposition 4.3 
shows that if pZ splits in M/Q, then every prime ideal of Rk, lying over pZ 
splits in L/K. Thus, using Theorem 4.33, we can reduce our assertion to the 
following form: 

If P G Z[X] is non- constant, then for infinitely many primes p the con- 
gruence P(x) = 0 (mod p) has a solution. 

Assume this to be false for a certain polynomial P. Then its values can be 
divisible only by finitely many primes, say pi, . . . ,p r . Select x 0 with |P(x 0 )| > 
2, and write, with suitable non- negative ai 

r 
i=l 

with e = ±1. 

If now M = YT i=1 Pi i+1 and x = x 0 (mod M), then with suitable bi we 
have 

r 

clip? =P(x 0 ) = P(x) (modM), 

2=1 

and if \P(x)\ = Y[ r i==1 p^, then we get bi — ai for i = 1, 2, . . . , r. Thus for 
infinitely many x we have P{x) = ±P(x 0 ), showing that P must be constant, 
a contradiction. □ 



We conclude this subsection with a result, which is often helpful in factor- 
izing prime ideals. It is based on an extension of the notion of an Eisenstein 

polynomial. If F(X) = a n X n + h a 0 G Rk[X], and for a certain prime 

ideal p of Rk we have a n 0 p, a n _i, . . . , a 0 G p and ao 0 p 2 , then F is called 
p-Eisensteinian, or Eisensteinian with respect to p. In the same way as in the 
classical case Rk = Z one proves that such polynomial is irreducible over K. 

Proposition 4.38. If a E Rl generates the extension L/K, and its minimal 
polynomial F(X) - X n + Yl"=o ^j xj 

over Rk is p- Eisensteinian for a prime 
ideal p of Rk, then p ramifies completely in L/K, i.e., one has pRl = ty n 
with a certain prime ideal of Rl . 

Proof : Let $bea prime ideal of R L lying over p, and let be its highest 
power dividing pRl> By Corollary 1 to Theorem 4.5 we have e < n, so it 
remains to establish the inequality n < e. From a n G PRl we infer a G ^P, 
and, moreover, all coefficients a* lie in ^3 e , so if we had n > e + 1, then the 
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ideal *p 1+e would contain a 0 = -(a n H \-aia) and we would have a 0 G p 2 , 

contrary to the assumption. □ 

3. We turn now to the principal applications of Theorem 4.33, namely to 
explicit factorizations of prime ideals. We start with quadratic fields: 

Theorem 4.39. Let K be a quadratic extension of the rationals with discri- 
minant d — d{K), and let p be a rational prime. If p\d, then we have pRr — 
*P 2 ; and ifp\d, then two cases arise: 




<p 2 ifd = l(mod 8), 
ifd = b (mod 8). 



Proof : If D is the square- free part of d, i.e., D = d if d = 1 (mod 4) and 
D — d/4 otherwise, then y/D generates K, and in view of Theorem 2.18 
its index equals either 1 or 2, the last case arising if d = 1 (mod 4). As the 
minimal polynomial for y/D equals X 2 — D, our assertion concerning odd 
primes p follows immediately from Theorem 4.33, and the same happens for 
p — 2, provided 4|d. The remaining case (p = 2 and d = 1 (mod 4)) requires 
the observation that (1 + VD)/2 has index 1, and its minimal polynomial 
equals X 2 — X + (1 — D)/4, which is irreducible over F 2 if and only if D is 
congruent to 5 mod 8. □ 



Now we consider cyclotomic fields. 

Theorem 4.40. Let K = Q(Cm) with m ^ 2 (mod 4), and letp be a rational 
prime. 

Ifp \ m and f is the order ofp mod m, i.e., the least positive integer with 
pf = 1 (mod m), then pRx is the product of <p(m)/f distinct prime ideals of 
Rk having degree f . 

If p\m, m — p a mi, with p\m\, and fi is the order of p mod mi, then 

P R K = (Vi---v 9 r, 

with e = (p(p a ), g = ^(mi)//i and distinct prime ideals ^ ; s of degree f\. 

Proof : We start with a lemma, which is also applicable in a more general 
situation: 
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Lemma 4.41. Let K be an algebraic number field, not containing the m-th 
primitive root of unity Cm and let L = K(£ m ). Put n = [L : K], and let p be 
a prime ideal of Rk, not containing m and of the first degree over Q. /// is 
the order of N(p) mod m, then in L we have the decomposition 

pR L = ¥i'-¥ 9 , 

with g = n/f and all prime ideals ^ distinct and of degree f over K. 

Proof : Since the extension L/K is normal and p is unramified, we have only 
to show that the degree of any prime ideal *}3, lying over p in L, equals /. Put 
A = i?fl-[Cm] and observe that the conductor f of A divides tuRl. Indeed, if 
F G Rk[X] is the minimal polynomial of Cm, then there exists G G Rk[X] 
such that F(X)G(X) = X m - 1, and this shows 

«L/K(Cm)G(Cm)=mC- 1 - 

Since Cm is a unit, we see that 5L/K{Cm)RL divides tuRl, and Proposition 
4.18(i) gives now f\mRL- Therefore N L /x{f)\m n RK^ and we obtain that p 
satisfies the condition (v) of Lemma 4.32. Hence for every x G Rl there is a 
polynomial V G Rk[X], such that 

x~V(Cm) (modpR L ). (4.7) 

From the properties of multinomial coefficients we obtain now 

= V(C m ) Nip)f = V(C^ )f ) = V(Cm) = x (mod pR L ), 

and clearly the same congruence holds also mod ^3. Put t = an d 
use Theorem 1.18 to obtain that N(?fi) = N(py is the minimal exponent 
r > 1 for which y r = y (mod ^3) holds for all y G Rl- This forces t < f . If 

we would have N{p) 1 ^ 1 (mod m), then would be a primitive m-th 

root of unity different from Cm? and so the difference Cm^ = Cm would lie 
in ^3. This would imply in turn that the discriminant of the m-th cyclotomic 
field Q(Cm) lies in ^3 D Z, but this ideal is generated by a rational prime not 
dividing m, in contradiction to Theorem 4.27. Hence N(p) t = 1 (mod m), 
thus f <t and we obtain t = f. □ 

Our assertion concerning primes not dividing m follows immediately from 
the lemma. The case p\m is more complicated. Denote by K\ the field Q(CmJ 
and put q = p a . Since [K : Q] = (p(m) and [K\ : Q] = (f(mi), it follows that 

[K : K,} = ^H/^K) = tp(q) = [Q(C q ) : Q], 

and we see that the g-th cyclotomic polynomial F q (X) is irreducible over 
K\ . Since p does not divide mi we may apply the already proved part of the 
theorem to the field Ki, and obtain 
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pRK, =Pl"'Pg 

with distinct prime ideals pi and g = (p(mi)/ f. In K we have the factorization 

with some s and e to be determined. But we know that 

sef K/Q (Vi) = [K:Q]= <p(m) = y>(miMg), (4.8) 
and since p is not ramified in K\ /Q, we must have 

e\\K:K 1 ] = <p{q). 
Consider now the following factorization of the prime p in K: 

p = ^(i) = n (! - o = (i - c,)^ n( i + + • • • + o, 

k k 

where both products are taken over integers from the interval [1, g], not divisi- 
ble by p. The number 1 — ( q is not a unit, hence the second product occurring 
in the last equality must be a unit, as p cannot be factorized in more that 
<p(q) non-unit factors in the field Q(Cq)- Denoting this unit by e, we arrive 
finally at 

and so 

pR k = (i - C q Y {q) R K = pPi • • • <p s ) e . 

Since e\ip(q), we obtain e = (p(q), and (4.8) leads us to sf K /q(^i) = <p(mi), 
hence fx/qiVi) = <p(^i)/s. In view of 

jfo/(Q)0&) > f^/qiPi) = h 
we arrive finally at s < vi™*) — ^ an( j s = g. □ 

For later reference we state separately the factorization of the prime p in 
Q(Cp a )> obtained in the last theorem: 

Corollary. If p is a prime and a > 1, then in K = Q(Cp a ) we have pR K = 
ty e , where e — (p(p a ), and is the principal ideal generated by 1 — ( p a . □ 

As the third example we consider Kummerian extensions, i.e., extensions 
L — K(a) of a field K containing all n-th roots of unity, with a being a root 
of an irreducible polynomial of the form X n — c with c £ K. Such extensions 
are always cyclic, and every cyclic extension of degree n of a field containing 
the n-th roots of unity must necessarily be of this form. The proof of this 
fact can be found in any textbook of Galois theory. 
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Theorem 4.42. Let L/K be a Kummerian extension of degree n, generated 
by a e Rl with a n — c G R K . Moreover, let p be a prime ideal of Rk, 
not containing cn and define r as the maximal divisor of n, for which the 
congruence 

X r = c (mod p) 

has a solution in Rk- Then pRl is a product of r distinct prime ideals. 
Proof : We need first a simple lemma: 

Lemma 4.43. Let k = Rk/P and k' — Rl/*#, where is a prime ideal of 
Rl, tying above p. Denote by a the image of a in k' and let t be a divisor of 
n. If u — n/t, then the congruence 

X 1 = c (mod p) 

has a solution in Rk if and only if the element b{a) — (a) u lies in k. 

Proof : If b(a) G k, then every element of Rk lying in the residue class b(a) 
satisfies our congruence. Conversely, if x G Rk satisfies x l = c mod p, and x 
denotes the image of x in k, then c = (a) n = 6(a)*, whence (x/b(a)Y = 1. 
But the finite field k contains all t-th roots of unity since by our assumption 
K contains the splitting field of X n - 1. Thus x/b(a) G k and b(a) G k. □ 

We retain the notation of the lemma. Let / be the minimal positive expo- 
nent with a~f = u G k, and observe that the polynomial —uis irreducible 
over k. In fact, if n = Af + B with 0 < B < f, then a B G fc, thus B = 0. 
Hence / divides n, and k contains a primitive f-th root of unity, say w. Since 

/-i 

X f - u = X f - a f = Y[(X - aw 1 ), 

the constant term of any presumable factor of X^ — c would have the form 
±a u y with y G k and 1 < u < f. But our choice of / gives u = /, and 
thus our polynomial is irreducible. Since a root of it generates the extension 
k' '/fc, we obtain /l/k(^P) = W : = /> an( i tne application of Lemma 4.43 
concludes the proof of the theorem. □ 

4. The knowledge of factorization of prime ideals of Z in an extension K/Q 
is very helpful in determining the class-number of K and the structure of its 
class-group H(K). We shall illustrate this on the examples which follow. 
First we consider imaginary quadratic fields: 

Proposition 4.44. Imaginary quadratic fields with discriminants d = — 3 ; 
—4, —7, — 8, —11, —19, —43, —67 and —163 have a trivial class group. 
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Proof : For d = —3, —4, —7, —8 this is an immediate consequence of Lemma 
3.8. In the remaining cases we again use this lemma. According to it in 
every class of ideals in the considered fields there is an ideal whose ab- 
solute norm does not exceed 2j-K^J\d\ < 0.63662 y/\d\. Applying this to 
d = —11, —19, -43, —67, —163 we obtain the bounds 2, 2, 4, 5 and 8, respec- 
tively. Since our discriminants are all congruent to 5 mod 8, Theorem 4.39 
shows that the number 2 generates a principal prime ideal, and therefore we 
obtain h = 1 in the first two cases. For d = — 43 we have to consider ideals 
of norm 3 and 4, but Theorem 4.39 shows that 3Rk is a prime ideal, and 
therefore there are no ideals of norm 3, and 2R K is the unique ideal of norm 
4. This proves h — 1 for d = —43. In the remaining two cases our assertion 
results in the same way from 



and 




for p = 3, 5, 7. □ 



It is much more difficult to prove that those fields are the only imaginary 
quadratic fields with class-number one. 

To obtain a less trivial example of the class-group consider the field K = 
Q(\/— 14) of discriminant —56. Lemma 3.8 shows that every its class of ideals 
contains an ideal of absolute norm not exceeding 4. Theorem 4.39 implies 
2Rk — P 2 w ^h a prime ideal p 2 , which is not principal, since iV~(p 2 ) = 2, and 
there are no principal ideals in Rk having norm 2, because of 

N k /q{x + yV^) = x 2 + Uy 2 2 

for x,y £ Z. For the same reason we get 3Rk = P3P3 with non-principal 
ideals p 3 and p' 3 . Finally, the only ideal of norm 4 is 2R K , which is principal. 
Therefore the set {p2,p3,Ps} represents all non-principal classes, thus 2 < 
h < 4. Denote by X,Y the ideal classes containing p 2 and p3, respectively, 
and let E be the principal class. If we had X = Y, then in view of X 2 = E 
the product p 2 p3 would be principal, but its norm equals 6, and 6 is not 
represented by the form x 2 + 14y 2 , so p 2 p 3 is not principal, hence 1/7. 
Therefore there are at least 3 distinct classes, namely E, X and Y. Since X is 
of order 2 we must have h = 4, hence H(K) = {E, X, Y, Z}, where Z = Y~ x 
is the class containing p f 3 . In view of Y ^ Y~ x we see that H(K) is cyclic. 

A similar argument can be applied also to real quadratic fields. However, 
in this case additional difficulties arise, connected with testing the existence 
of principal ideals of a given norm. We illustrate this on the example of 
K = Q(y/lQ) with d{K) = 40. Lemma 3.8 shows that we have to look at ideals 
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of norms 2 and 3. By Theorem 4.39 we have 2R K = P 2 and 3R K = p3p 3 - 
The ideals p 2 ,p3,p 3 are not principal, since the equation x 2 — 10y 2 = a does 
not have rational integral solutions for a = ±2, ±3, because 2 and 3 are 
quadratic non-residues mod 5. If X, Y, Z are ideal classes, containing p2, p3 
and P3, respectively, then we have X 2 = ZY = E. Now observe that the only 
ideals with norm 6 are p 2 p3 G XY and p 2 p 3 G XZ = IF" 1 . It happens that 
the principal ideals generated by 4+\/l0 and 4 — a/IO are both of norm 6, and 
are distinct, the ratio (4 + \/T0) / (4 — \/l0) being not integral. This establishes 
XY = £ and XY' 1 = E, and so finally we see that X — Y — F" 1 , hence 
fT(J0 = C 2 . 

In the general case one has to determine whether a quadratic form repre- 
sents a given integer, and this may be sometimes rather an awkward task. 

Now we consider a few pure cubic fields K — Q(tfm) with m square- free 
and not congruent to ±1 mod 9. Theorem 2.19 shows that in this case the 
discriminant equals —27m 2 , the index of 6 — %fm equals 1, and Lemma 3.8 
shows that every ideal class contains an ideal of norm smaller than 3m/2. 
Moreover a simple computation shows that 

N K /q(x + y0 + zO 2 ) = x 3 + my 3 + m 2 z 3 - 3xyzm. (4.9) 

If m = 2, then we have to check only ideals of norm 2, but the polynomial 
X 3 - 2 is a third power mod 2, hence Theorem 4.33 gives 2Rk = p 3 and 
since p is generated by 6 we get h = 1. 

If rn — 3, then we have to consider ideals of norms < 4. In view of 

X 3 -3 = (X-l)(X 2 +X + l)(mod2) and X 3 - 3 = X 3 (mod 3) 

we get 2R K = p 2 p 2 with N(p 2 ) = 2, N(p' 2 ) = 4, and 3R K = P3 with AT(p 3 ) = 
3. In view of N k /q(9 — 1) = 2 we get p 2 — (0 - 1)Rk, hence p 2 and p f 2 = 
{2Rk)P 2 1 are both principal. Since p3 is generated by 0 we obtain h = 1 also 
in this case. By the same method one shows that for m — 5 and m = 6 one 
obtains fields with a trivial class-group. 

Now consider m = 7. Here we have to check ideals with norms < 10. 
Factorizing the polynomial X 3 — 7 in ¥ p for p = 2, 3, 5 and 7 we obtain 

2R K = p 2 p' 2 with AT(p 2 ) = 2,AT(p 2 )=4, 

3R K = p 3 with N(p 3 ) = 3, 

5R K = p 5 p5 with AT(p 5 ) = 5,Ar(p^)=25, 

7R K = p 3 with N(p 7 ) = 7. 

Now observe that every cube of a rational integer is either divisible by 7 or 
is congruent to ±1 (mod 7), hence it follows from (4.9) that every norm of 
an integer of K is congruent to 0, 1 or —1 mod 7, and therefore the ideals 
p2,P 2 , p3, p5, and P5 are non-principal. The ideal p7 is obviously principal, 
being generated by 0. Let X be the ideal class containing P3. Then X 3 = E, 
E being the unit class. It follows from (4.9) that N K /q(1 — 6) = -6 and 
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-Wk/q(2+0) = 15 and therefore the products P2P3 and p3p5 are both principal. 
Thus p 2 G X~ l = X 2 and p 5 G X 2 , implying p 2 G X. This shows that every 
tested prime ideal lies in the cyclic subgroup of H(K) generated by X. But 
every other ideal yet to be tested is a product of those prime ideals, and so 
H{K) coincides with this subgroup, i.e. h = 3 and H{K) — C3. 
Now we consider a sample of cyclotomic fields. 

Proposition 4.45. Cyclotomic fields = Q(£ m ) with m < 8 have a trivial 
class- group. 

Proof : The cases m = 3, 4, 6 are covered by the preceding proposition, and 
in the case m — 5 the assertion is an immediate consequence of Lemma 3.8, 
since the Minkowski constant in this case is less than 2. For m = 7 we have to 
consider ideals with norms < 4. Since the number 3 generates a prime ideal 
and 2R K = pq with N(p) = N(q) = 8, hence again we get h = 1. Finally, 
in the case m = 8 we have to test ideals of norm < 2. Theorem 4.33 gives 
2R K = p|, N(p 2 ) = 2, and it follows from the Corollary to Theorem 4.40 
that p 2 is principal. Thus also in this case the class-group is trivial. □ 

5. We conclude this section with some results concerning the behaviour of the 
class-group under extensions. As we already have seen, an embedding K C L 
induces a monomorphism i^/K °f the group of fractional ideals G(K) into 
G(L), which maps principal ideals into principal ideals. This induces in turn 
a homomorphism of the class-group H(K) in H(L), which we shall denote 
by i* L j K . Immediately from the definition follows the following proposition: 

Proposition 4.46. (i) The map i* L / K is injective if and only if no non- 
principal ideal of K is mapped by i* L j K on a principal ideal of L. 

(ii) The map i* L / K is surjective if and only if to every fractional ideal I 
of L there corresponds a non-zero element a G L and an ideal J of Rk such 
that I = aJRL- 

(Hi) The map i^jjt is trivial if and only if every fractional ideal of K 
becomes a principal ideal in L. □ 



The following theorem, in a quite different formulation, was used by Rum- 
mer for founding his theory of ideal numbers: 

Theorem 4.47. Every algebraic number field K has an extension L/K with 
[L : K] < h{K) and trivial i* L / K . 

Proof : Let 

H(K) = C hl x---xC hr 

be a factorization of H{K) with cyclic factors, and let, for j = 1, 2, . . . , r, Xj 
be a generator of the group . For each j = 1, 2, . . . , r choose an ideal Ij in 
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Xj . Then the ideal I^ 3 is principal, so let a,j G Rk be its generator, and let bj 
be a root of the polynomial X hj — dj. Denote by L the field K(bi, . . . , 6 r ), and 
observe that [L : K] < hxh^ • • • h r = h. Now let I G Rk be a non-principal 
ideal, and let 

A — ./Y^ • * • JY r 

be the class to which it belongs. Then the fractional ideal I]X- =1 Ij rnj is 
principal, generated by, say a G K. Now observe that for j = 1, 2, . . . , r we 
have 

(^i? L )^ = a^ L = if *ii L , 
thus -/ji?L = biRL. This implies 

/iiL= [af[lp )RL=af[b™>R L , 
hence / becomes principal in L. □ 



Now we define the norm-homomorphism for ideal classes. Since the map 
Nl/k carries principal ideals into principal ideals, it induces a homomorphism 
of the corresponding class-groups, which we shall again denote by N L j K . By 
Proposition 4.7 (v) we get N L / K o i* L / K {X) — X n , where n is the degree 
of L/K. Moreover, we immediately obtain from the definition the following 
properties of the norm map: 

Proposition 4.48. (i) The map N L j K is injective if and only if every non- 
principal ideal has a non-principal norm. 

(ii) The map Nl/ K is surjective if and only if for every ideal I of Rk 
there exists a non-zero a G K such that the ideal al is the norm of a fractional 
ideal of L. 

(Hi) The map N L j K is trivial if and only if the norm of every ideal of Rl 
is principal. □ 

In a similar way one defined the analogous homomorphisms of the narrow 
class groups. 

For prime p denote by H p (K) the p-component of the group H(K). 

Proposition 4.49. Let n = [L : K] and let p be a prime not dividing n. 
Then 

(i) The map i* L / K restricted to H P {K) is an embedding of H P (K) into 
H P (L). 

(ii) The map N L j K restricted to H P (L) maps this group onto H p (K). 
Proof : (i) If the class X lies in H P (K) fl Ker i* L / K , then 
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X n = N L/K {i* L/K {X)) = E, 

but the order of X is a power of p, and in view of p \ n we get X = E. 

(ii) Let X e H P (K) and let p r be its order. There exist rational integers 
A,B with Ap r + Bn = 1. Then N L/K {i* L /K (X B )) = X Bn - X. □ 

Corollary 1. // £fte class-number h(K) is prime to the degree of L/K, then 
the map i* L j K is infective and h(K) divides h(L). □ 

Corollary 2. If p \ n = [L : IT], £/ien H P (L) is the direct product of 
H P (K) and Ker N L/K D H P (L), and if (h(K),n) = 1, tten = 
fr(if) x Ker 7V L/K . □ 



In the case of a cyclic class-group H(K) one can improve part (ii) of the 
last proposition, yielding the following counterpart to Theorem 4.47: 



Theorem 4.50. If H(K) is cyclic, and L is a field containing K in which 
every ideal of K becomes principal, then h(K) divides [L : K], hence [L : 
K] > h{K). 



Proof : We need an auxiliary result: 



Lemma 4.51. Let p be a prime and let C p a be a cyclic factor of H P (K). If 
[L : K] = n = p b N with p \ N , then the group i^/ K (C p a) is cyclic, and has 
at least p a ~ b elements. 



Proof : If X be a generator of C p a, then obviously i^/ K (X) is a generator of 
the group ^/^(C f P a )- If this group has p c elements, then 

x Np<>+<> = X n P < = NL/K{ i* L/K{X r c )) = E, 

and thus b + c> a and c > a — 6, as asserted. □ 



The assumptions of the theorem imply that for every prime p the image 
i* L/K {H p (K)) is trivial. Writing [L : K] = p b N with p \ N and H P {K) = C p a 
we obtain from the lemma the inequality a < b, thus h(K) divides [L : K], 
as asserted. □ 



It should be pointed out that Theorem 4.50 may fail if H(K) is not 
cyclic. We demonstrate this on an example due to Furtwangler [16]: consider 
the field K = Q( > / = 2T). We shall show that H{K) = C 2 x C 2 , thus h{K) = 
4, but every ideal of Rk becomes principal in three quadratic extensions 
of K, namely in L x = K(y/=3), L 2 = K(^7) and L 3 = K(y/21). The 
discriminant of K equals —84, hence Lemma 3.8 shows that we have to test 
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ideals of norms not exceeding 6. By Theorem 4.39 we obtain 2Rk = p|, 
3Rk — p! and 5Rk = P5P5. Since the norms of prime ideals occurring here, 
namely 2, 3 and 5, cannot be expressed in the form a 2 + 21& 2 , none of them is 
principal. For the same reason the products p 2 p3, P2P5, P2P5, P3P5 and p3p' 5 
are non-principal. Let X, Y, Z, T be the ideal classes containing p 2 , P3, p5 
and p' 5 , respectively. Then X 2 = Y 2 = ZT = E, and X,Y, Z are distinct, 
thus h(K) > 4. On the other hand, evidently h(K) < 5, and since h(K) 
is even, X being of order 2, we obtain h(K) = 4, and we see that H(K) 
is non-cyclic, generated by X and Y. It remains to prove that in the fields 
Li,Z/2 and L3 the ideals p2 and p3 become principal, but this is implied by 
the following decompositions: 

2 =(8 + 3a/7)(3 - V7) 2 , 3 = -(V^S) 2 in L u 
2=(2- ^(l + Vs) 2 , 3 = (V3) 2 inL 2 , 



2 = -i(l + 2) 2 , 3 = 




and the observation that the numbers 

8 + 3a/7, 2 - \/3, -i, (5 - V / 21)/2 

are units. 



6. Finally consider a normal extension L/K with Galois group G. This group 
acts on the group of fractional ideals of L, and since the subgroup consisting 
of all principal ideals is invariant under G, hence G acts also on the group 
H(L) of ideal classes. A class A £ H(L) is called ambiguous if it is invariant 
under G, and obviously the set of all ambiguous classes forms a group, which 
we shall denote by Am(L/K), and call the group of ambiguous ideal classes. 
For prime p we shall denote by Am p (L/K) the p-component of Am(L/K). 

Observe that the image of H(K) in H(L) under the map i* L / K is contained 
in Am(L/K). It may happen, however, that this image does not cover the 
full group Am(L/K), as may be seen from the following example: let K = Q 
and L = Q(V 14). We showed earlier that H(L) = C 4 and the only prime 
ideal dividing 2Rl lies in a class X, generating H(L). This ideal is invariant 
under the action of the Galois group, and so the class X is ambiguous, but 
it does lie in the image of the trivial class-group of K. 

In some cases it is possible to say more about Am(L/K). 

Proposition 4.52. Let L/K be normal of degree n. Then 

(i) If (n,h(K)) = \, then i* L / K (H(K)) is a direct factor of Am(L/K). 

(ii) If (n,h(K)) = (n,h(L)) = 1, then Am(L/K) = i* L/K (H(K)) - 
H(K). 
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(Hi) Ifn—p a isa prime power, p\ h{K) and Am(L/K) ~ i* L / K (H(K)), 
thenp\ h(L), and the quotient h(L)/h(K) is a rational integer, congruent to 
unity mod p. 

Proof : (i) From the proof of part (ii) of Proposition 4.49 one can readily see 
that our assumptions imply 

N L/K oil /K (H(K)) = H(K). 
We infer in turn that the map 

f = i*L/K° N l/k : Am(L/K) — ► Am(L/K) 
is an endomorphism with image i* L / K (H(K)). The kernel of / equals 
{X G Am(L/K) : X n = E}, 

because for ambiguous X we have f(X) = ^/^(^ n )- Since i* L ^ K (H(K)) and 
Ker / have their orders relatively prime, we see that the extension 

1 — > Ker / — > Am(L/K) — ► i* L/K (H(K)) — ► 1 

splits. 

(ii) It suffices to observe that Ker / must be trivial in our case and apply 

(0- 

(iii) Observe first that if a finite p-group G acts on a finite Abelian group 
if as a group of endomorphisms, then #H is congruent mod p to the number 
of its elements which are invariant under G. To see this let o(h) be the orbit 
of an element h G H under the action of G, i.e., o(h) = {g(h) : g G G}. If h 
is G-invariant, then #o(h) = 1 and otherwise #o(h) is divisible by p, and so 

#H= J2 1 (modp). 

h 

#o(M = i 

Applying this observation to our situation, we see first that h(L) is 
congruent to #Am(L/K) mod p, and since #Am(L/K) = h(K), we ob- 
tain p \ h(L). The quotient h(L)/h(K) is a rational integer by Corollary 
1 to Proposition 4.49, and for the same reason we have H(K) C H{L). 
Now observe that the quotient group H{L)/H{K) has no non-trivial ele- 
ments invariant under G = Gal{L/K). Indeed, otherwise there would exist 
a class X G H{L) such that for every g G G we have g{X) = XY g , with 
Y g G i* L j K (H(K). If # is a non-trivial element of G, and p k is its order, then 
we get 

X = ^ {X) = XYf. , 

k 

thus Y p is the unit class E, and since p \ h(L), we infer that Y g — E. 
Therefore g{X) = X holds for every g G G, implying X G Am{L/K) = 



4.4. Notes to Chapter 4 



185 



H(K). The preceding argument shows now that the order of H(L)/H(K) 
has to be congruent to unity mod p. □ 

If (n,h(K)) > 1, then similar results hold for the groups H P (K), H P (L) 
and Am p (L/K) for every prime p \ n. In particular one has the following 
result: 

Corollary. If L/K is normal of degree n and p is a prime not dividing n, 
then the groups H P (K) and H P (L) are isomorphic if and only if every class 
of H p (L) is ambiguous. □ 



4.4. Notes to Chapter 4 

1. The main results of this chapter are due to Dedekind [71], [78]. Theorem 
4.10 was proved in Landau [18a], and another bound appears in Newman 
[56] . The evaluation of the class-number is closely connected with that of the 
regulator, since, as proved by Siegel [36] for quadratic fields and by Brauer 
[47a] in the general case, for fields K of a fixed degree one has 

K#)| 1/2 " e < R{K)h{K) < \d(K)\ l ^ e 

for all e > 0 and sufficiently large We shall establish this result for 

Abelian fields in Chap. 8 (see Theorem 8.14). In that chapter more informa- 
tion will be given about the asymptotical behaviour of the class-number. 

For the minimal field K for which a given ideal I C Rl lies in the image 
°f iL/K see Mann [50]. 

2. Theorem 4.11 was proved by Pellet [78], and later rediscovered by Sti- 
ckelberger [97], Voronoi [04] and Skolem [52]. See also Carlitz [53c] (where a 
similar result was obtained for p = 2), Cvetkov [83], Dalen [55], Hensel [05b], 
Herbrand [32d], Lasker [16] and Swan [62]. 

The definition and principal properties of the different and conductor 
appear in Dedekind [78], where one finds in particular Theorem 4.16, Propo- 
sition 4.18 and Lemma 4.19. Ideals which can serve as conductors were char- 
acterized in Dedekind [82] (cf. Furtwangler [19], Grell [27]). For other results 
on conductors see Bauer [36], Hensel [87], Ore [27]. 

Proposition 4.13 (iv) appears first in Hecke [17b], and for Corollaries 1 
and 2 to it see Halter-Koch [67] and Yokoi [60]. We shall see later that if L/K 
is tame, then the trace map Rl — > Rk is surjective, and the converse holds 
for normal extension (see Corollary 3 to Proposition 6.2). More generally, if 
L/K is tame, then for every ideal I of Rk one has T L /k{I) — I^Rk (Ullom 
[69]). Proposition 4.17 goes essentially back to Euler. Possible forms of the 
discriminant d(L/K) were determined in Ore [27] and W.R.Thompson [31]. 
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3. Theorem 4.22 was stated by Weil [43] and a proof was published by 
Kawada [51]. The proof given here, as well as that of the different theo- 
rem (Theorem 4.24), is a modification of that of Kawada (cf. Kinohara [52], 
Narkiewicz [69], Neukirch [67]). 

The first proof of the different theorem was given by Dedekind [82]. For 
other proofs of that theorem, or of the discriminant theorem (Corollary 2 to 
Theorem 4.24) see Artin [59], [67], Bauer [23], Chebotarev [37b], Hecke [23], 
Hensel [94a], Hilbert [97], Narkiewicz, Schinzel [69]. For a generalization see 
Noether [27b]. 

Theorem 4.24 does not shed any light on the highest power of a prime 
ideal dividing D L / K . An upper bound for it was obtained by Hensel [02], who 
confirmed a conjecture of Dedekind [82] (see Proposition 6.4). See also Bauer 
[19a], [21b], Ore [25b,c], [26a,d], [27], Yokoi [66]. 

For Theorem 4.26 and other properties of the differents and discriminants 
of composite fields see Bauer [21c], Hensel [89], [93], [97d,e], [99], Kataoka [80], 
Liang [73], Motoda [75], Pumpliin [66], Rados [30], Toyama [55]. 

The analogue of Corollary 4 to Theorem 4.24 fails for relative extensions, 
although it holds in certain particular cases. Examples of fields K having 
no proper unramified extensions were given in Kuroda [62] and Nakahara 
[73]. Class field theory shows that such fields must have h*(K) = 1, since 
otherwise there exist Abelian unramified extensions. In fact, the maximal 
unramified Abelian extension of K has its Galois group isomorphic to H*(K). 
For non-Abelian unramified extensions see Elstrodt, Grunewald, Mennicke 
[85], Hajir, Maire [02], Maire [00], J.H.Smith [69], Taussky [37b], Uchida 
[70], Y.Yamamoto [70]. Maximal unramified extensions M/K of imaginary 
quadratic fields with h = 2 were determined (for d(K) = -427 under GRH) 
in Yamamura [96]. It turned out that M is either the first or the second Hilbert 
class-field of K. The same task for fields with small conductors was fulfilled 
in Yamamura[97] . 

4. The irreducibility of cyclotomic polynomials F m was for prime m estab- 
lished by Gauss [01] (cf. Kronecker [45a,b], [56b]). The first proof in the 
general case was given by Kronecker [54]. We presented the proof found by 
Grandjot [24]. Other proofs may be found in Arndt [58b], Dedekind [57], 
Landau [29], Lebesgue [59], Levi [31], Schur [29a], Spath [27], Toepken [37]. 
A survey of early proofs gave Ruthinger [07]. 

Irreducibility of cyclotomic polynomials in extensions of Q was considered 
in Kronecker [54], Nagell [64a], Petersson [55], [59], Pumpliin [63], Weisner 
[28]. For the factorization of F m mod p, which can also be obtained from The- 
orems 4.33 and 4.40, see Ballieu [54], Chowla, Vijayaraghavan [44], Guerrier 
[68]. For Theorem 4.40 see Bauer [39], Nagell [19], [64a], Rados [06]. 

5. Additive Galois-module structure. Theorem 4.28 is due to E. Noether [32], 
and the presented proof was found by W.C. Water house [79]. For other proofs 
see Berger, Reiner [75], Cassels, Wall [50], Chapman [96], Chevalley [33], 
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Deuring [32], Stauffer [36], Winter [72]. This theorem implies the existence of 
an element u £ L with L — K[G]cu. The possible cj's were studied in Bushnell 
[77b], [79], [83], Everest [83], Girstmair [96], Halter-Koch, Lorenz [81], Okada 
[80]. 

Deuring [32] utilized Theorem 4.28 to deduce the main theorems of Galois 
theory. 

Martinet [69] showed that a normal extension L/K with Galois group G 
is tame if and only if Rl is a projective Rk[G] -module. 

For certain large classes of fields tame ramification is sufficient for the 
existence of a normal integral basis (NIB). This happens, for example, for 
absolute Abelian fields (the Hilbert-Speiser theorem, Hilbert [97], Satz 132, 
Speiser [16]; see the Corollary to Proposition 8.1). For an algorithm in this 
case see Schlickewei, Stepanov [93]. The same holds for fields with dihedral 
Galois group D n (Miyata [80]; for n being an odd prime: Martinet [69], [71b]; 
for n = 2 k : Frohlich, Keating, S.Wilson [74] (cf. Cougnard [00]); for n = p k : 
Taylor [78a]), as well as for all fields of square- free degree (Ph.Cassou-Nogues 
[77], [78], Taylor [80a], [81a], [82a]). For other classes of fields see Coug- 
nard [72], [73], [74], [80], Frohlich [74a], [75], [76a], Ichimura [95], [96], [01b], 
Ichimura, Kawamoto [03], Jaulent [81a], Kawamoto [84], Queyrut [72]. 

In Gomez Ayala [96] it was shown that if p is an odd prime, K C L C 
Q(C P ), and [L : K] = 2, then L/K has a NIB. Necessary and sufficient 
conditions for the existence of relative normal integral bases in an extension 
L/K in the case when L has Galois group and [L : K] = 2 were given in 
Ji [98]. The case n = 2 was earlier treated in Srivastav, Venkataraman [97] 
(cf. Spearman, Williams [96a]). A criterion in case of Kummer extensions of 
prime degree appears in Gomez Ayala [94] (cf. Replogle [01]). For normal 
bases of cyclotomic fields over their subfields see Brinkhuis [83], Cougnard 
[85], [86], Greither [90]. 

For a relation between power bases and normal integral bases in unrami- 
fied cyclic extensions of prime degree see Childs [77], Ichimura [00b], [01a]. 

For relative NIB see also Itoh [98]. 

It has been established in Greither, Rubin, Srivastav [99] that Q is the 
only algebraic number field such that its every tame Abelian extension has 
a NIB (cf. Conrad, Replogle [03]). On the other hand, if L/K is Abelian with 
Galois group G, then Rl is a free Z[G]-module (Taylor [78b]). 

The first example of a tame extension of the rationals without a NIB 
produced Martinet [71a]. His example had the quaternion group Hg for Galois 
group. In Martinet [77b] a method is given to produce infinitely many such 
examples. For other examples see Brinkhuis [81a], Cougnard [83a]. 

Confirming a conjecture of Serre, Frohlich [72] proved that if K/Q is a 
tame extension with quaternion group Hg, then K has a NIB if and only if the 
so-called "root-number" W(x), corresponding to the unique irreducible sym- 
plectic character x °f ^8? equals unity (cf. Frohlich [76b], Martinet [77b]). 
This in turn is equivalent to the non- vanishing at s = 1/2 of Artin's L- 
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function corresponding to \ (Armitage [72]). This condition can be also ex- 
pressed in an elementary way (Frohlich [72] , Martinet [77b] ) . 

Two modules over a ring R are called stably isomorphic if with suitable 
free modules F 2 one has M © F\ ~ N © F 2 . If p is a prime ideal of a 
Dedekind domain R, then denote by R p the closure of R in the corresponding 
completion of K, the field of quotients of R. Denote by Cl(R[G]) the group of 
classes of stably isomorphic locally free rank one R[G] -modules, i.e., finitely 
generated modules M, whose p-completions are free R p [G]-modules with one 
free generator. It was proved in Noether [32] that if L/K is normal with 
Galois group G, then Rl is a locally free i2x[G] -module if and only if the 
extension L/K is tame. Hence for every normal tame extension L/K one can 
consider the class [Rl] of Rl hi CI(Rk[G]). Clearly, [Rl] — 1 is necessary 
for the existence of a NIB, but this condition is, in general, not sufficient. 
The set of values of [Rl] when L/K runs over tame extensions with a fixed 
Abelian group was described in McCulloh [87]. The case of an elementary 
Abelian p-group was treated in McCulloh [83] (cf. Sodai'gui [88]). 

The ring Rk is called stably free over Z[G], if R K © Z[G] ~ Z[G] © Z[G]. 
The first example of a Galois extension K/Q with stably free Rk, which is 
not free, was given by Cougnard [94]. In this example the Galois group G is 
a quaternion group of 32 elements. 

Frohlich conjectured that [Rl] is related to Artin root numbers, appearing 
in the functional equation of Artin's L-functions associated with the extension 
L/K, and this has been proved by Taylor [81a] (for a generalization to the 
wild case see Taylor [95]). His result implies in particular [Rl] 2 = 1 and shows 
that if L/K is a tame normal extension, whose Galois group G does not have 
any irreducible symplectic 1 characters, then Rl is a free Z[G]-module. The 
last result applies, in particular, when G is either Abelian, or dihedral, or of 
odd order, as in these cases there are no symplectic characters. The Abelian 
case was settled already in Taylor [78b]. 

A simple criterion for the existence on a NIB in a tame extension of degree 
12 with quaternion Galois group was given in Cougnard, Queyrut [02]: the 
product of primes with ramification index equal to 3 has to be congruent to 
unity mod 3. 

The connections between normal integral bases and Artin root-numbers 
in the tame case were presented in the book by Frohlich [83a] (for earlier 
expositions see Cougnard [83b], Frohlich [74b], [77a], Martinet [73]). 

Chinburg [85] defined three new invariants of normal extensions L/K, 
which lie in the locally free class group of Z[G], and stated three conjectures 
about them. One of these invariants, denoted f2(L/K,2), coincides with [Rl] 
in the tame case, and the corresponding conjecture states that the analogue 
of the main theorem of Taylor [81a] holds for f2(L/K,2). This subject was 

1 Recall that a real-valued character x °f G is called symplectic if it corresponds 
to a matrix representation of the form G — > GLjv(H) — > GLjv(C), where H 
denotes the ring of quaternions. 
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treated in the book of Snaith [94]. See Burns [95a,b], Burns, Holland [97], 
Greither [96], [98], Holland [92], [94], Holland, S.M.J. Wilson [94], Hooper, 
Snaith, van Tran [00], Kim [91], [92], Ritter, A.Weiss [97], Snaith [95a,b] for 
various results concerning Chinburg's invariants. It follows from them i.a. 
that all three Chinburg's conjectures are true for real Abelian fields of odd 
prime conductor. 

For the wildly ramified case see also Berge [78], Cassou-Nogues, Queyrut 
[82], Cassou-Nogues, Taylor [00], Frohlich [78], Holland, S.M.J. Wilson [93], 
Queyrut [81a,b], [82], S.M.J.Wilson [80], [89], [90]. 

There is another class- group of the group-ring Z[G] used in this context. 
Theorem 4.28 shows that if K/Q is normal with Galois group G, then K — 
Q[G]uj holds with a suitable uo G K, and it follows that there exists an 
invertible Z[G]-ideal I C Q[G] with R K = Iuj. It is clear that K has a NIB if 
and only if I is principal. Hence, if we introduce the class-group c/(Z[G]) as 
the factor group of the group of all invertible fractional Z[G] -ideals contained 
in Q[G] by the subgroup of such principal ideals, then K will have a NIB if 
and only if the image (Rr) of I in c/(Z[G]) equals 1. If for a given group G 
we put 

R(G) = {(R K ) : K/Q tame , Gal(K/Q) = G}, 

then the question arises how large R(G) can be. The case G = C™ (p prime, 
n > 1) was settled in McCulloh [82]. 

On class-groups of group rings the reader is advised to consult Reiner [76] 
and Taylor [84], and the literature quoted there. 

If L/K be a normal extension with Galois group G, then 

A L/K = {ae K[G] : aR L C R L } 

is called the associated order of the extension L/K. If K = Q and G is 
Abelian, then Leopoldt [59] showed that Rk is a free A^-module, and a 
simple proof can be found in Lettl [90a]. This remains true for Abelian ex- 
tensions of cyclotomic fields (Bley [95], Byott, Lettl [96], Chan, Lim [93]), 
but J.Brinkhuis [87] showed that it may fail for certain other Abelian exten- 
sions. Cf. Berge [72], [78], [81], Cougnard [75], [76], [77], Frohlich [76b], [77c], 
Girstmair [92a], Jacobinski [63], Jaulent [81a,b], Leopoldt [59], Martinet [72], 
Taylor [81b]. Moreover, if L/Q is Abelian, and Q C K C L, then it has been 
shown in Lettl [98] that Rl is locally free over A L j K , i.e., the closure of Rl 
in the completion L p is free over the corresponding associated order for every 
prime ideal p of R K . 

For Galois structure of ideals see Jaulent [81b], Ullom [69], [74a]. 

In Leopoldt [59], [62] one finds an explicit description of the Z[G]-module 
Rk as a direct sum of cyclic Z[G] -modules in the case of absolute Abelian 
extensions. This case was also considered in Acciaro, Fieker [00], Bertrandias 
[79], Chatelain [70], [73], Jakubec, Kostra [92], [98], Ullom [69], Yokoi [60]. 

Kummerian extensions were treated in Childs [77], [80], [81], Frohlich 
[62b], McCulloh [77], Taylor [80b]. 
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M.Newman, O.Taussky [58] and R.C.Thompson [62] described extensions 
K/Q which cannot have more than one NIB apart from those obtained by 
permutations and sign changes. These results can be also deduced from Hig- 
man [40]. 

New necessary conditions for the existence of NIB were found by Brinkhuis 
[81a,b], [83], [84], who related the Galois structure of Rk to the embedding 
problem for fields. 

For other results concerning the Galois structure of Rk and normal inte- 
gral bases see Brinkhuis [95], Chinburg [83b], Cougnard [82], Martinet, Payan 
[67], Maurer [78b], Taylor [82b], [83], Ullom [80], [81], Vostokov [77]. 

6. Kummer [47b], [56] actually defined ideal prime numbers in a cyclotomic 
field as formal factors of a rational prime p, imitating the factorization mod 
p of the corresponding cyclotomic polynomial. This allows us to consider him 
as the originator of Theorem 4.33, which appeared first in its modern form 
in Dedekind [78] (cf. Engstrom [30b], Zolotarev [74]). Kronecker [82] related 
the factorization of primes in extensions of Q to the factorization mod p of 
the corresponding norm forms, and this method was also used later in Bauer 
[19b], Hensel [94a] and Ore [26d]. 

Ore [23], [25a], [27] employed a method which is p-adic in nature and 
based on the behaviour of the defining polynomial mod p N for sufficiently 
large N (cf. Bauer [36], Bauer, Chebotarev [28]). In Ore [28a] he used an 
approach based on the study of Newton's polygons, associated with a suitable 
polynomial. This method was put into a more general context in Montes, Nart 
[92]. 

The simple proof of Lemma 4.32 was communicated to the author by 
Schinzel. 

Theorem 4.34 is due to Dedekind [78] (cf. also Hensel [94b], [97b] and Ore 
[27]). Proposition 4.35 was first proved in Gauss [01]. 

Proposition 4.36 is due to Zylinski [13], and Nakamura [74] generalized 
it to relative extensions. Unramified prime divisors of the index i(K) were 
described in Hensel [84] (cf. Hensel [94b]). See also Carlitz [33], [52], Nagell 
[66]. 

The maximal power p a of a given prime p which can divide i(K) was in 
certain cases determined in Engstrom [30a]. For n = 3, p = 2 his result gives 
a = 3 (cf. Spearman, Williams [02b] and Tornheim [55] for the cubic case). 
Sliwa [82a] determined the exponent a for all unramified primes p. See also 
Del Corso, Dvornicich [02], Gaal, Petho, Pohst [91], Nart [85]. Upper and 
lower bounds for the minimal index of an integer were obtained in Thunder, 
Wolfskill [96]. 

It has been shown in Nakahara [87] that for every N there exist cyclic 
quart ic fields K whose all integers have their indices exceeding N, but 
i(K) = 1. The same result for Abelian noncyclic quartic fields was obtained 
in Nakahara [83] . 
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7. To use Theorems 4.33 and 4.34 one has to factorize polynomials over finite 
fields. There are several algorithms for this purpose. See the books of Knuth 
[69], Lidl, Niederreiter [83], McEliece [87] and Shparlinski [92], as well as the 
survey of von zur Gathen, Panario [01], and the literature quoted there. 

8. The proof of Theorem 4.37 presented here is due to T.Nagell. An analytical 
proof will be given in Chap. 7. Other proofs, some of which apply also to 
more general situations, can be found in Dress [64], Dujcev [56], Moriya 
[50] , Nagata, Nakayama, Tuzuku [53] , Voloch [00] . A counterpart to Theorem 
4.37 is also true: there exist infinitely many prime ideals which do not split 
completely in a given extension (see Corollary 5 to Proposition 7.16). 

Class-field theory determines the prime ideals splitting in an Abelian ex- 
tension L/K as those whose classes lie in a certain subgroup of Hj (K) with 
a suitable I. This property characterizes Abelian extensions (see e.g. Cassels, 
Frohlich [67]. Cf. Gauthier [78]). Bruckner [66] described absolute normal 
extensions in which the splitting primes are exactly those which are repre- 
sent able by binary quadratic forms from a given set. 

Hasse [26a,b] proved that for any algebraic number field K there are 
infinitely many extensions L/K of a fixed degree in which prime ideals from a 
given finite set factor in a prescribed way, subject only to conditions resulting 
from Theorem 4.5 (cf. Ore [26c]). 

9. Theorem 4.39 for the field Q(i) was known already to Gauss [32]. In this 
case, as for all other fields with class-number 1, prime ideals correspond 
to classes of irreducible integers, and their description can be carried out 
in elementary way (see e.g. Hardy, Wright [60, Chap. XII). An analogue of 
Theorem 4.39 for relative quadratic extensions is given in Hilbert [99]. 

Theorem 4.40 goes back to Kummer [47b], [56] (see also Bachman [66], 
Bhaskaran [71]). Also Theorem 4.42 was proved by Kummer [59] in a special 
case. The general case is essentially due to Hilbert [99, Satz 149]. Cf. Hensel 
[18], [21a], Rella [24a]. 

Factorizations in cubic fields were considered in Agou [71] , Dedekind [00] , 
Hasse [30b], Latimer [29], Llorente, Nart [83], Martinet, Payan [67], Reichardt 
[33], Wahlin [22], Westlund [13]. 

The case of normal fields with Galois group was considered in Zhang 
X. [82]. 

Factorizations in Abelian extensions are described by class-field theory, 
but in the case of the rational base-field this can be done in an elementary 
way, which will be presented in Chap. 8. 

There is no comparable approach in the non- Abelian case and our knowl- 
edge is reduced to extensions of a rather special form. On this topic see 
Bruckner [68], Biisser [44], Frohlich [60a], Furuta [59], [61], [77], Gut [32], 
[33], Halter-Koch [71b], Ito [77], S.Kuroda [51], S.-N.Kuroda [70], Mann, 
Velez [76], Sato [81], Velez [77], [78], van der Waall [74a]. A connection with 
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the theory of modular forms was established by Shimura [66]. See Chowla, 
Cowles [77], Hiramatsu [82]. 

Relations between factorizations in two extensions and their composite 
were studied in Bauer [16b], [20], [21a], [40a,b], Hensel [89], Herbrand [31a], 
Maus [67], Ore [26b], Vassiliou [32]. 

In Maurer [73] it has been shown that the factorization of a rational prime 
in an extension is determined by the properties of trace form 

F(X l5 . . . ,X n ) = det [TrK/Qfauj)]^. , 

where cji, . . . ,w n is an integral basis of K. 

For other questions concerning factorizations of prime ideals in extensions 
see Barrucand, Laubie [82], Bhaskaran [74], Hasse [51c], MacCluer [71], Parry 
[71a,b,c], Reichardt, Wegner [37]. 

A rational prime which splits completely in K, but remains irreducible 
is called a sci prime. Such primes were described for biquadratic fields in 
McCoy, Parry [01]. 

10. Proposition 4.44 is very old. A proof of it without using ideal theory was 
given by Lanczi [65] (cf. Zaupper [83]). Elementary proofs in special cases 
may be found in Gauss [32], Rudin [61]. For the converse of this result see 
Theorem 8.29. 

The knowledge of prime ideals having small norms suffices, in principle, 
for the determination of the class-number and the structure of the the class- 
group. Algorithms for that purpose are described in H.Cohen [93] and Pohst 
[93]. A rather quick algorithm (which is subexponential under GRH) was 
found by Buchmann [90]. In the case of Abelian fields the class-number can 
be expressed in terms of values of Dirichlet L- functions L (s. x) at s — 1 (see 
Theorem 8.10). 

11. The argument used in the proof of Theorem 4.47 was utilized by Hecke 
[18,11] in the definition of his ideal numbers, which he utilized for the construc- 
tion of a certain class of zet a- functions, called now Hecke 's zeta- functions . 
After the invention of ideles and adeles the ideal numbers slowly disappeared. 

Proposition 4.49 is due to Furtwangler [08], and has been rediscovered 
several times. Proposition 4.25 appears in Yokoi [68b] and Yokoyama [65]. 
Other results on these topics may be found in Chevalley [31], Denes [52a], 
Draxl [70], Frohlich [52], Iwasawa [55a], Ohta [78], Okamoto [76], W.Scharlau 
[73], Schipper [77], Yokoi [67], Yokoyama [65]. 

12. The structure of the class-group of a normal extension K/Q as a Galois 
module remains still largely unknown. One of the central problems here is 
the determination of the ideal of relations of H(K) in Z[G], i.e., the set of all 
elements J2 a g9 ^ ^[G] such that for every class X G H(K) one has 
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geG 

It follows from Propositions 4.7 (i) and 4.8 that this ideal always contains 
N = ^Z g 9, and in the case of an imaginary Abelian extension other non- 
trivial relations are provided by the Stickelberger ideal 

S = Z[G}nAQ[G], 

with A = f~ 1 Y2 a a 9a 1 i where / is the conductor of K, i.e., the smallest 
integer with K C Q(£f) (which exists by the Kronecker- Weber theorem; see 
Theorem 6.18) and g a is the restriction to K of the automorphism of Q(C/)> 
given by Q i-> £/• The fact that S annihilates H(K) was established for 
cyclotomic fields by Stickelberger [90] (in the case K — Q(C P ) this is an 
immediate consequence of a result in Kummer [47b]; see Hilbert [97, Satz 
136]). For other proofs see Childs [81], Frohlich [77b]. For the general case 
see Coates [77], S.Lang [78] and Washington [82], where further references 
can be found. 

Let K be a normal complex field with Galois G, let s G G act as the 
complex conjugation, put for any Z[G]-module M 

M~ = {a e M : s(a) = -a}, 

and let S be the Stickelberger ideal. Iwasawa [62] showed that if K — Q(Cp) 
with prime p, then the index of S~ in Z[G]~ equals h(K)/h(K+) (see Skula 
[81] for another proof). This result was extended by Sinnott [78] to arbitrary 
cyclotomic fields, and C.G.Schmidt [79], Sinnott [80] and Iimura [81b] did 
the same for arbitrary complex Abelian fields. See also Kimura,, Horie [82], 
[87]. For further generalizations consult Cassou-Nogues, Taylor [91], Bayad, 
Bley, Cassou-Nogues [96]. 

An analogue of the Stickelberger ideal annihilating Hj(K) was con- 
structed by C.G.Schmidt [82] for cyclotomic K. For other results of anni- 
hilators of the class-group see G.Gras [79a,b], Kobayashi [82], Oriat [81]. 

The action of the Galois group on H(K) was studied also in Cornell, 
Rosen [81], Denes [52a], Gerth [75c], Iwasawa [66], Komatsu, Nakano [01], 
S.N.Kuroda [64b] and Lemmermeyer [03]. 

The group Am(L/K) was studied in the case of cyclic extensions of prime 
degree in G.Gras [72b], [73], [74a], [78], Moriya [30]. A formula for the num- 
ber of elements of ray class-groups and their epimorphic images, which are 
invariant under the action of the Galois group was given by G.Gras [94]. 

For other classes of fields see Furuya [82], Jaulent [81c], Payan [73]. 

The maximal factor group of H(K) on which the Galois group operates 
trivially is called the central ideal class group of K. It has been studied in 
Frohlich [54a], [83b], Furuta [71], [76], [77], Garbanati [78a], Shirai [75], [78], 
[79]. 
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13. The class-field theory provides a canonical extension of K having the 
property stated in Theorem 4.47, namely the Hilbert class field K of K, de- 
fined as the maximal Abelian unramified (also at infinity) extension of K. 
The proof of his property for K has been reduced by Artin [30a] to a group- 
theoretical statement, proved later by Furtwangler [30] {Principal Ideal The- 
orem, Hauptidealsatz). Other proofs can be found in Borevich [57], Iyanaga 
[34], Magnus [34], Schumann [37], Taketa [32]. For various generalizations 
and analogues see Furuya [77], Her brand [32c], Iyanaga [31], [39], Kempfert 
[62], Kuniyoshi, Takahashi [53], Miyake [80a], Takahashi [64], [65], Tannaka 
[33a,b], [34], [49], [50], [56], [58], Tannaka, Terada [49], Taussky [32], Terada 
[50], [52], [53], [54a,b], [55], [71], Zink [75]. 

If a class X G H{K) lies in the kernel of i^^ K , then X is said to capitulate 
in L. Thus the Principal Ideal Theorem asserts that all classes capitulate in 
K. The first result concerning capitulation is the Theorem 94 of Hilbert [97], 
stating that if L/K is cyclic and unramified of degree N, then the order of 
the kernel of i* L/K divides N (cf. Taussky [69], [71]. 

Capitulation in various classes of fields was considered in Azizi [97], [00], 
Azizi, Mouhib [03], Benjamin, Sanborn, Snyder [94], Bond [81], Chang [77], 
Chang, Foote [80], Cremona, Odoni [90], Furuya [77], Gerth [93], G.Gras [97], 
Heider [84], Heider, Schmithals [82], Iwasawa [89], Jehne [77a], Kisilevsky [70], 
Schmithals [85], Scholz, Taussky [34], Terada [71]. 

It has been conjectured for a long time that if L/K is an Abelian unram- 
ified (also at infinity) extension, then at least [L : K] classes capitulate in L. 
This assertion, which generalizes both Hilbert 's Theorem 94 and the Princi- 
pal Ideal Theorem, has been proved by Suzuki[91]. A further generalization 
was obtained by Gruenberg and A.Weiss [00]). 

Surveys of the capitulation problem were given in Jaulent [88] and Miyake 
[89]. 

14. If h(K) 7^ 1, then one can consider the Hilbert class-field of K and 
continue this process. It has been conjectured (see Hasse [26c]) that this 
process terminates, and that in this way one will be led to an extension 
L/K with h(L) = 1 (the class-field-tower problem, Klassenkorperturmprob- 
lem). It turned out, however, that the class-field tower may be infinite (Golod, 
Shafarevich [64]). This happens, e.g., if K is a quadratic field with sufficiently 
many ramified primes. Previously Scholz [29] noted that this tower may be 
arbitrarily long. For expositions of the Golod-Shafarevich theorem see Panella 
[66], Roquette [67], Serre [66]. Cf. Koch [69], [75], Kostrikin [65], Vinberg 
[65]. It was shown in Kuzmin [69] that if K/Q is normal and has at least 8 
ramified primes, then its class-field tower is infinite. Examples of quadratic 
fields with an infinite class-field tower and few ramified primes were given in 
Martinet [78], Matsumura [77] and Schmithals [80a] (see also Gerth [03]). It 
was shown in Schoof [86] that there are infinitely many real and imaginary 
quadratic fields with two ramified primes and infinite class-field tower (cf. 
Hajir [96], Schmithals [80a]). Cubic fields were considered in Maire [97], [98]. 
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For study of the first few layers of the class-field tower of quadratic fields 
see Benjamin [93], [99], Benjamin, Lemmermeyer, Snyder [97], [98a,b], Ben- 
jamin, Snyder [95], Brink, Gold [87], Gerth [98], Hajir [97b], Kisilevsky [76], 
Lemmermeyer [94a], [97a], Taussky [37a]. 

Class- field towers of other classes of fields were studied in Browkin [63], 
Brumer [65], Cornell [83a,b], Furuta [72], Lamprecht [67], Scholz, Taussky 
[34], Shafarevich [63b], T.Takeuchi [79], [80], E.Yoshida [03]. The growth of 
the p-class group in layers of a p-class- field tower was studied in Hajir [97a]). 

15. The ray class- fields mod / of a given field K are defined as the maximal 
Abelian extensions of K in which only primes ideals dividing a given ideal / 
are ramified. The Galois group of such a ray class-field equals Hi(K) if no 
ramification at infinity is allowed, and equals Hj(K) otherwise. For imagi- 
nary quadratic fields the ray class-field are described by the classical theory 
of complex multiplication, which goes back to H.Weber ([96b,III], [97]) and 
Fueter [07], [11], and which assumed its modern form in Hasse [27] and Deur- 
ing [49], [52]. For an introduction to complex multiplication see Borel et al. 
[66] . The paper of Hasse [27] gives a pair of generators for every such field, 
and Ramachandra [64] succeeded in giving in each case one generator, which 
is the value at a point of K of a holomorphic function, independent of K. 
This is an analogue of the case K — Q, where the Kronecker- Weber theorem 
(see Theorem 6.18) shows that the ray-class field mod raZ is equal to the 
m-th cyclotomic field. 

A generalization of the classical theory of complex multiplication, leading 
to the construction of class-fields for a large class of fields, was developed by 
Shimura and Taniyama [61]. See also Shimura [62], [68], [71a,b], [72]. 

For algorithms and/or explicit determination of class- fields see the book 
of H.Cohn [85], as well as the following papers: Barrucand, H.Cohn [73], 
H.Cohen, Diaz y Diaz, Olivier [98a], H.Cohn [79a,b], [81a,b], [83], H.Cohn, 
Cooke [76], Daberkow, Pohst [98], Eichler [56], Fieker [01], Gogia, Luthar 
[78], G.Gras [72c], Gut [43a,b], Hasse [33], [64], Hasse, Liang [69], Hecke [12], 
[13], Herz [66], Hilbert [99], Kaplan [77a], Liang, Zassenhaus [69], Madden, 
Velez [80], Schertz [78a]. 

One of the main problems of algebraic number theory is the construction 
of an analogue of the class-field theory for non- Abelian extensions. An early 
attempt to do this was made by Krasner [47]. A way towards its solution 
is the Langlands program, which predicts deep connections between number 
theory and group representations. An introduction to it was given in Gelbart 
[84] and Murty [93]. Its analogue for p-adic fields has been established in 
Harris, Taylor [01] and Henniart [00] (cf. Bushnell, Henniart [01]), and for 
local fields of positive characteristic in Laumon, Rapoport, Stuhler [93] (for 
expositions see Carayol [00], M.R.Murty [02], Rogawski [00]). 

16. It has been proved in Cassou-Nogues, Taylor [87a,b], [88], Cougnard [90], 
Cougnard, Fleckinger [89], Gomez Ayala [94], [95], Schertz [89], [91] that 
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many extensions L/K, where K C L are ray class-fields of an imaginary 
quadratic field, have relative power integral bases. This does not happen 
always, as suitable examples show (Cougnard, Fleckinger [89]). Even in the 
simplest case, when K is an imaginary quadratic fields with h = 1, such 
examples were given in Cougnard, Verant [92] and Gomez Ayala, Schertz 
[93]. Cf. Greither [97], Kawamoto [01], Komatsu [97]. 

17. The use of cohomology in algebraic number theory was initiated by Hoch- 
schild and Nakayama [52] and Nakayama [52]. This approach turned out to 
be very successful in restating the class-field theory in a purely algebraic 
fashion. For an introduction to the application of cohomological algebra to 
algebraic number fields see Neukirch, Wingberg [00] , where one can find fur- 
ther literature. 

18. Several authors devoted their attention to maximal extensions with pre- 
scribed properties of number fields. Denote by K the algebraic closure, and 
by K ab the maximal Abelian extension of an algebraic number field K. Kub- 
ota [57] determined Ulm's invariants of Gal(K ab /K), and a study of Galois 
groups of maximal p-extensions of algebraic number fields makes the contents 
of the book of Koch [70]. Maximal solvable extension K so1 of an algebraic 
number field K was studied by Iwasawa [53b], who proved that the group 
Gal(K sol /K ab ) does not depend on K. 

It has been shown by Neukirch [69a] that if K, L are finite normal ex- 
tensions of the rationals with Gal(K / K) ~ Gal(L/L), then K = L. The 
analogue of this result for maximal Abelian extensions is not true (Onabe 
[76]). The conjecture of Neukirch [69b] that Gal(Q/Q) has only inner au- 
tomorphisms has been proved by Ikeda [75b], [77] and Uchida [76a], [77a]. 
A simpler proof appears in Neukirch [77] (see also Ikeda [75a], Kanno [73], 
Komatsu [74]). For a survey of results concerning Gal(Q/Q) see Geyer [78] 
and Neukirch [74a] . 

EXERCISES 

1. Prove that if L/K is normal, then the kernel of the trace map L — > K 
equals the additive group generated by the set {(1 — <r)a : a G Gal(L/K), a G L}. 

2. Show that every normal extension of an odd degree is unramified at infinity 
and prove that one cannot remove the assumption of normality. 

3. Let K be a quadratic field and let a G Rk- For A = Z[a] determine its 
conductor and A*. 

4. Compute the different of a pure cubic extension of the rationals. 

5. Prove the analogue of Theorem 4.28 for a finite field K. 

6. (McCulloh) Let K = ^(v 73 ^) and L = K(i). Prove that L/K has a relative 
integral basis, but it does not have a normal integral basis. 

7. (i) Let K/Q be normal with Galois group G, let uj G Rk, and assume that 
the set {ct(uj) : a G G} forms a normal integral basis of K. Prove that there exists 
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w' £ Rk, not of the form ±a(uj) with a G G, such that its conjugates form a normal 
integral basis if and only if the group ring Z[G] has invertible elements not of the 
form ±a (a G G). 

(ii) (Newman, Taussky [58]) Prove that if, moreover, G is cyclic of order 2, 3, 4 
or 6, then K can have at most one normal integral basis, up to permutations and 
sign changes. 

(iii) Show on an example that (ii) may fail if G is cyclic of order 5 or 8. 

8. Determine the factorization of ramified primes in pure cubic fields. 

9. Prove that in a cubic field K one has i(K) > 1 if and only if 2 splits completely 
in K/Q. 

10. Let K/Q_ be normal of degree 4 with a non-cyclic Galois group. Prove that 
with suitable a, b G Z one has K = Q(y/a, Vb), determine the discriminant d(K), 
and find the law of decomposition of prime ideals in K/Q. 

11. Let K be a quadratic field and put D = \d(K). Prove the inequality 

h{K) <\y/D\ogD 
for all real K and for all complex K with sufficiently large D. 
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5.1. Principal Properties 

1. In this chapter we shall consider fields which are completions of algebraic 
number fields under discrete valuations. According to Theorem 3.1 every va- 
luation gives rise to a complete field, uniquely determined up to a topological 
isomorphism. By Theorem 3.3 every discrete valuation v of an algebraic num- 
ber field K is induced by a prime ideal p of its ring of integers. The completion 
of K under v will be denoted by K p or K v and called the p-adic field. In 
the case of K — Q we shall not distinguish between the prime p and the 
prime ideal generated by it, and we shall write Q p for the field which is the 
completion of Q under the valuation induced by pL. The field Q p is called 
the p-adic field. 

It is not aim to present the full story of p-adic fields, and we shall develop 
their theory only to such extent as needed for our immediate purposes. The 
interested reader should consult the books of Cassels [86], Fesenko, Vostokov 
[93], Gouvea [93], Koblitz [77], Mahler [73], Robert [00] and Serre [62] for 
more information. 

First we define the integers and units of a p-adic field. Let K be an 
algebraic number field, p a prime ideal of Rk, v the valuation of K associated 
with p, K p the completion of K under v and k the quotient field Rk/P- The 
extension of v to K p will be denoted by the same letter v. By Corollary 1 to 
Theorem 3.1 we see that v is discrete, the ring R p — {x G K p : v(x) < 1} is 
the closure of the ring R = {x G K : v(x) < 1}, and $ = K p : v(x) < 
1} = pR p is a prime ideal of R p , which is the closure of the prime ideal 
{x G K : v(x) < 1} of R. The proof of Theorem 3.1 shows moreover that 
the sets v(K) and v(K p ) coincide. This enables us to define an extension to 
K p of the exponent of K corresponding to p by putting v{x) = \og a v(x) for 
non-zero x in K p , where the number a from (0, 1) is so chosen that for every 
non-zero x G K one has v(x) = a v ( x \ It is convenient also to put z/(0) = oo. 

The ring R p will be called the ring of integers of K p , and its elements 
the integers of K p . For the ring of integers of the p-adic field Q p we shall also 
write Z p . The invertible elements of R p form a group U(K p ), which is the 
group of units of K p . Clearly an element x G K p is a unit if and only if one 
has v(x) = 1, i.e., u(x) = 0. 
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Proposition 5.1. (i) The ring R p is a Dedekind domain with trivial class- 
group, is its unique non-zero prime ideal, and the quotient fields Rp/^P and 
Rk/P are isomorphic. 

(ii) One has U(K p ) = Rp\ty, and ifn is any fixed element o/*P\*p 2 , then 
every non-zero element x G Kp can be uniquely written in the form x — an 171 
with a G U(Kp) and m G Z. In that case one has m = u(x). 

(Hi) The ring R p is the closure of Rk in Kp, and, more generally, *p m is 
the closure ofp 171 for m = 1, 2, . . . . One has moreover *p m D Rk = p m - 

Proof : Part (i) results immediately from Theorem 1.26, Proposition 1.27 and 
Corollary 2 to Theorem 3.3, and the first assertion of (ii) follows from (i) and 
the observation that if a domain has only one non-zero prime ideal, then this 
ideal consists of all non-invertible elements. To prove the second assertion of 
(ii) it suffices to remark that if m = v(x), then z/(a?7r~ m ) = 0, and a?7r~ m is a 
unit. 

Finally, to prove (iii) observe that (ii) implies the equality *p m = {x G K p : 
v(x) = m}. □ 

An explicit form for elements of Kp is provided by the following theorem: 

Theorem 5.2. Let K be a field of zero characteristic, complete under a 
discrete valuation. Denote by R its valuation ring, by P the unique prime 
ideal of R, and assume that the residue class field R/P is finite. Let A be 
a system of representatives of R mod P, containing the zero element, and 
let t n (n = 0, ±1, . . .) be a sequence of elements of R such that to ^ P and 
t n +i/t n G P \ P 2 for n = 0,1, — Then every non-zero element x G K can 
be uniquely represented as the sum of a convergent series 

x = a N t N + a N +it N+ i H (5.1) 

with a suitable N G Z, a/v, Q>n+1i • • . G A and ^ 0. 

Proof : Assume first that x is a non-zero element of R. Since to ^ P we may 
choose ao G A so that x = aoto (mod P). Then x\ — (x — aoto)/ti lies in R. 
Choose in turn a\ G A with a\ = x\ (mod P), and put a?2 = {x\ — Q>\)t\jt2 G 
R. If the elements xi and ai are already chosen for all i < r and satisfy xi = ai 
(mod P), then we put x r +i = (x r — a r )t r /t r +i G R, and define a r +i G A by 
x r+ i = a r+ i (mod P). Observe now that for every r we have 

x = aoto + a\t\ + • • • + a r t r (mod P r+1 ), 

hence the series (5.1) converges to x. 

If x is an arbitrary non-zero element of K, then write x — et m with a 
suitably chosen m and a unit e of R. Applying the preceding argument to the 
element e and the sequence t' n = t m + n /tm, we obtain (5.1) for our element x. 
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To prove uniqueness of the representation (5.1) it suffices to show that if 
we have c m £ m + c m+ i£ m+ i H — • = 0, and the elements Cj G R are either zero 
or lie outside P, then one has Cj — 0 for all j. Assuming c m ^ 0 and dividing 
by tm we obtain 

0 — c m -f- c m _j_ 1 1 m _j_ i /t m 4- • • • , 

and it remains to note that in this series all terms except possibly the first 
lie in P, thus c m G P and c m = 0, contrary to our assumption. □ 

This theorem permits to extend the assertion of Proposition 5.1 (i): 

Corollary 1. If p is a prime ideal in Rk, and p is the prime ideal of R p , 
then for N = 1,2,... the factor-rings Rk/P N and R p /p N are isomorphic. 

Proof : For N = 1 this is contained in Proposition 5.1 (i). The injection 
Rk — > Rp maps p N into p N , hence induces an injective homomorphism of 
R K /P N into R p /p N . To prove that it is surjective observe that Proposition 
5.1 (i) shows that the elements tj in (5.1) may be taken from Rk, and this 
implies that every residue class mod p contains elements from Rk- □ 

Corollary 2. For every prime p one has 

Z p - liminvZ p /p m Z p - liminvZ/p m Z, 

the mappings R/p m R — > R/p k R being defined for m > k, and R = Z, Z p 
by x mod p m R H> x mod p k R, 

Proof : The first isomorphism follows from the theorem, and the second is a 
consequence of Corollary 1. □ 

The problem of convergence criteria for series in K p is solved easily by 
the following proposition: 

Proposition 5.3. If L is a field complete under a non- Archimedean valua- 
tion v, then the series Y^=i a n ( a n £ L) converges if and only if one has 
linin^oo a ri = 0. 

Proof : The necessity being obvious, we turn to the sufficiency. Assume thus 
that the sequence {a n } converges to zero, i.e. lim^oo v{a n ) = 0. Then for 
any M < N we have 

v(aM + Qm+i H h a N ) < max v(aA 

V ^ ' ~ M<i<N V 7 

and the right-hand side tends to zero when M tends to infinity. Therefore 
the sequence of partial sums of our series is fundamental, hence convergent 
by completeness of L. □ 
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Now we describe the main topological properties of fields K, satisfying 
the assumptions of Theorem 5.2. 

Theorem 5.4. The additive and multiplicative groups of K are locally com- 
pact topological groups, and the ring R and its ideals P m (m = 1, 2, . . .) are 
compact and open. These ideals form a basis of neighbourhoods of the zero 
element, and thus R is a totally disconnected topological space. 

Proof : We need a lemma: 

Lemma 5.5. If for j — 1,2,... we define a ring homomorphism fj from 
RjP x +i to R/Pi by 

fj : x x mod P° , 

then the inverse limit 

X = liminv R/P j 
is topologically isomorphic with R. 

Proof : Let x G R, and let Xj be the image of x in R/Pi under the residue 
class map. We define a map of R into X by putting 

/ : x ^ [xi,x 2 , • • •]• 

It is obvious that / is a ring homomorphism with trivial kernel. Moreover, if 
a — [oi, a2, . . .] Gl then for any r > 1 and m, n > r we have 

a m ee a n (mod P r ). 

Thus, if we consider a sequence Ai, A2, . . . of elements of R with A n mod 
P n = a n , then this sequence is fundamental, and for its limit A we have 
f{A) = a. Thus / is surjective, and so it is an isomorphism. It remains to 
show that both / and its inverse map are continuous, and since these maps 
are homomorphisms and the underlying space is homogeneous, being a carrier 
of a topological group, it suffices to show continuity at 0. If a sequence {c n } 
in R converges to 0, then for every N one has c n G P N for sufficiently large n, 
hence f(c n ) is of the form [0, . . . , 0, £jv+i, • • •], thus tends to zero. Conversely, 
if y n — [c£ n \ c4 n \ . . .] tends to zero, then for every N and sufficiently large n 
we have = 0 for i — 1, 2, . . . , N. It follows that if f{x n ) = y n , then x n 
tends to 0. □ 

To prove the theorem observe that R is compact as the inverse limit of 
finite sets, and so are the ideals P m , as closed subsets of R. Moreover if 
a G P 171 and a — b G P m+1 , then the element b also lies in P m , showing that 
P m is open. The set P is a compact neighbourhood of the zero element in the 
additive group of K, and 1 + P has the same property in the multiplicative 
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group, whence these groups are locally compact. The remaining assertions 
are now evident. □ 

Corollary. Let F 1 (Xi 1 . . . , X r ), . . . , F k (Xi, . . . , X r ) be polynomials with co- 
efficients in R. The system of equations 

F i (x u ... 1 x r ) = 0 (* = l,2,...,k) (5.2) 

has a solution in R if and only if for every m > 1 the system of congruences 

Fi(x u ...,x r ) = 0 (mod P m ) (i = l,2,...,fc) (5.3) 

is solvable in R. 

If for every m > 1 the system (5.3) has a solution with some Xi 0 P, then 
the system (5.2) has a solution with not all Xi 's being zero. 

Proof : The necessity is obvious. To prove the sufficiency, let for m — 1, 2, . . . 
the elements a^ m \ . . . , x^ G R form a solution of (5.3). As R is a compact 
metric space, we can find a sequence rrik such that the sequences {x^ 171 ^} are 
convergent to yi G R, say. It is clear that the y^s form a solution of (5.2), 
and if for some i we have x- m/e ^ 0 P, then the same applies to yi, because P 
is open. □ 

2. In this subsection let K be a p-adic field, R its ring of integers, p = ttR the 
prime ideal of R, and k = R/p- For x G R put x — x mod p G fc. Similarly, 
for every polynomial W G R[X] we shall denote by W the polynomial over 
k obtained from W be replacing each of its coefficients by its residue in k. 

One of the main tools used in the study of p-adic fields is the theorem, 
commonly known as HenseVs lemma, which we are now going to prove. 

Theorem 5.6. Let W be a polynomial over R. If the polynomial W can be 
written as a product of two relatively prime non-constant polynomials /, g G 
k[X], then there exist two relatively prime polynomials R[X] satisfying 

deg F — deg /, F = /, G = g, W = F • G. 

If moreover f is monic, then one can also choose a monic polynomial F. 

Proof : Let m = deg /, n = deg g. We shall define inductively two sequences, 
fk and g k , of polynomials over R enjoying the following properties: 

(a) deg/fc = m, degg k = n, 

(b) All coefficients of the polynomial W — f k gk lie in p fc+1 , 

(c) All coefficients of the polynomials fk — fk-i and — g^-i lie in p fc , 

(d) If / is monic, so is 

(e) fo = f,go = g- 
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The existence of such sequences will immediately imply the theorem. In 
fact, the conditions (b) and (c) show that the coefficients of fk and gk form 
converging sequences, and by (a) the polynomials fk and gk converge to 
certain polynomials F and G, respectively, in the topology defined in the set 
i?7V of polynomials over R with degrees not exceeding N — max{ra,n} by 
the family H + p k R[X] n Q N with H G Q N _and k = 1, 2, . . Prom (b) follows 
the equality W = FG, (c) and (e) imply F = /, G — g, and since / and g 
are relatively prime, so are F and G. Moreover, if / is monic, then by (d) F 
is also monic. 

So let us now construct the required sequences. Let fo G R[X] be any 
polynomial of degree m for which / 0 = /, and which is monic, if / is such. 
Similarly, let go G R[X] be of degree n with g^ = g. Assume now that we have 
already chosen /o, • • • > In,9n subject to (a) - (e) for certain N > 0. The 
condition (b) implies that the polynomial cjy — (W — /at^at)^ - ^ -1 has its 
coefficients in R and since /, g are relatively prime there exist polynomials 
ajsf and over R with dega/v < m — 1 and deg&w < n, satisfying 

-c^ + ~mg + b N f = 0, 

i.e., 

—c N + a/vG + bwF = 0 (mod p). 
It remains to observe that the polynomials 

/jv+i = In + ajs[7T N+1 , gN+i = gN + &AT7r iV+1 
satisfy (a) - (c) and (e), and if / was monic, also (d). □ 



Corollary l.IfWisa polynomial over R such that the polynomial W has 
a simple zero u G k, then there exists an element a G R such that W(a) = 0 
and a = u. 



Proof : Write W{X) = (X - u)V(X) with V G k[X}. Since V(u) ^ 0, the 
polynomials X — u and V are relatively prime, thus the theorem shows the 
existence of a factorization W{X) = (X — a)U(X) with a certain U G R[X] 
and a — u. □ 



Corollary 2. // the field k has q elements, then in every non-zero residue 
class of R mod p there is a root of unity of order q — 1 . 

Proof : Consider the polynomial / = X q ~ x — 1. Every non-zero element of 
the field k is a root of /, hence it has q—1 distinct roots, and the preceding 
corollary is applicable. □ 

Corollary 3. If p is an odd rational prime and m is a rational integer, not 
divisible by p, then the field Q p contains square roots of m if and only if m 
is a quadratic residue mod p. 
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Proof : Apply Corollary 1 to the polynomial X 2 - 



m. 



□ 



Corollary 4. // W G R[X] is irreducible over K, then W is a power of a 
polynomial irreducible over k. 

Proof : Otherwise W would have a factorization into two relatively prime and 
nonlinear factors, and Theorem 5.6 would imply the existence of a similar 



3. The aim of this subsection is to show that every finite extension of a 
p-adic field is also a p-adic field, and, moreover, that p-adic fields can be 
characterized as those fields of zero characteristic which are complete with 
respect to a discrete valuation, and have a finite residue class field R/P, where 
R is the valuation ring and P the valuation ideal. Proposition 5.1 (i) shows 
that p-adic fields have those properties, and so we assume in this subsection 
that K is a field, satisfying the following three conditions: 

(i) char K = 0, 

(ii) K is complete with respect to a discrete valuation v, 

(iii) The field R/P, where R and P are the valuation ring and the valua- 
tion ideal, respectively, is finite. 

We start with a proposition which describes the prolongation of a discrete 
valuation to a finite extension. 

Proposition 5.7. If K satisfies (i) - (iii) and L/K is a finite extension, 
then there exists exactly one valuation w of L, which coincides with v on K. 
If n = [L : K], then for x G L one has 



Moreover L satisfies the conditions (i) - (iii). 

Proof : Denote by S the integral closure of R in L. By Theorems 1.20 and 1.26 
S is a Dedekind domain, whence if Pi is a prime ideal of S lying above P, then 
the valuation w associated with it extends v after a suitable normalization. If 
w f is another extension of v to L, then by Proposition 3.2 they both induce 
the product topology in L, and so Proposition 1.23 implies w = w' . This 
gives us both existence and uniqueness of the extension. By Theorem 1.20 
the ring S has the finite norm property, and Proposition 1.27 (iv) shows that 
the same holds for the valuation ring of w, giving (iii). Since (i) and (ii) are 
satisfied, because L is complete in the product topology, it remains to show 
that w has the asserted form. To do this let M/K be the minimal normal 
extension containing L in a fixed algebraic closure of L, and denote by u the 
unique extension of v to M. If a G Gal(M/K), then putting f(x) = u(a(x)) 
for x G M, we obtain again an extension of v to M, and thus f = u. Since 
with suitable a u . . . , a n G Gal(M/K) we have 



factorization of W. 



□ 



w(x)=v(N L/K (x)) 1 ' n . 
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2=1 

one gets for every x G L the equality 

n 

v(N L/K (x)) = u(N L/K (x)) = Y[u(<Ti(x)) = u(x) n = w(x) n . □ 

2=1 

Corollary 1. If K satisfies (i) - (Hi) and L/K is finite, S denotes the va- 
luation ring of the extension of v to L and x G L, then the conditions x G S 
and N L j K (x) G R are equivalent. □ 

Corollary 2. If K satisfies (i) - (Hi) and L/K is finite and normal, then 
every automorphism a G Gal(L/K) is continuous in the topology induced by 
the extensions w of v to L. 

Proof : If for x G L we put w'(x) — w(a(x)), then by the proposition we get 
w' — w, i.e., o~ is an isometry. □ 

Corollary 3. If K is a field satisfying (i) - (Hi), then the valuation v has a 
unique extension to the algebraic closure K of K . 

Proof : If a G K, then the field L — K(a) is a finite extension of K, hence 
by the proposition there exists a unique extension w of v to L. Observe now 
that if M/K is a finite extension containing a and contained in K, and w' 
is the unique extension of v to M, then w' is also an extension of w, and 
we get w'{a) — w(a). This shows that by putting V(a) — w(a) we define a 
valuation on K, extending v, and it is obvious that V is the only extension 
of v to K. □ 

The valuation defined in Corollary 3 will be not discrete, and the field K 
will be not complete with respect to it, but since this will not be used in the 
sequel, we omit the proof. The interested reader is referred to Ostrowski [17]. 

Our next result, known as Krasner's lemma, is simple, but very useful. 

Proposition 5.8. Let K be a field satisfying (i) - (Hi), and let the extension 
L/K be finite and normal. Denote by w the extension of v to L, and let 
a G L and M = K(a). If b G L satisfies w(a — b) < w(o~(b) — b) for every 
a G Gal{L/K) with a(b) ^ b, then b G M. 

Proof : If the assertion fails, then there exists a G Gal(L/K) with a(b) ^ b 
and a (a) = a. But then 

w(b — cr(b)) = w(b — a + a — o-(b)) < m&x{w(b — a), w(a — cr(b))} 

= max{it;(6 — a),w(a(a) — o~(b))} = w(b — a) < w(a(b) — 6), 
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giving a contradiction. □ 

With the aid of Krasner's lemma we shall now show that two monic 
irreducible polynomials of the same degree, whose corresponding coefficients 
are sufficiently close to each other, define the same extension. 

Proposition 5.9. Let K be a field satisfying (i) - (Hi), and let F G R[X] be 
a monic polynomial of degree n, irreducible over K. If G G R[X] is another 
monic polynomial of the same degree, whose coefficients are sufficiently close 
to the corresponding coefficients of F, then G is irreducible over K, and to 
every root a of F in a fixed algebraic closure K of K there corresponds a root 
(3 G K of G such that the fields K(a) and K{(3) coincide. 

Proof : We shall denote the extension of v to K by the same letter v. Let 
F(X) = X n + Y,"=o a i xi and G(X) = X n + J2i=o hX\ We prove first that 
if S > 0 is given and max^ v(ai — bi) is sufficiently small, then to every root a 
of F there exists a root (3 of G such that v(a — (3) < 5. Let a G K be a given 
root of F, and let . . . , (3 n be the roots of G in each of them occurring in 
this sequence according to its multiplicity. Assume, to the contrary, that for 
i - l,2,...,nwehave v(a-A) > 6. In view of = (X-fc) • • • {X-(3 n ) 

we get 

n 

v(G(a)) = l[v(a-0 i )>S n , 

i=l 

hence 

v(F(a) - G(a)) = v{G{a)) > 5 n . 
On the other hand, we have 

n-l 

F(a)-G(a) = J2(*j-t>j)* j , 

3=0 

thus 

v(F(a) — G(a)) < maxv(aj — bj)v(a j ), 

3 

and finally 

S n < Bmdixv(aj — bj), 

3 

with B = maxj v(aY . However the last inequality is impossible if v(dj — bj) 
is sufficiently small for j = 0, 1, . . . , n — 1. 

Now let ai, . . . , a n be all the roots of F in K, and put 

S = mmv(cti — aj). 

1^3 

If the coefficients of G are sufficiently close to the corresponding coefficients 
of F, then to every ai there corresponds a root (3i of G with v(a{ — fa) < S. 
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Applying Proposition 5.8 to the smallest normal extension of K, containing 
the splitting field of F and all the /Vs, we get a$ G K(fli), thus K(a,i) C 
K(Pi). Since [K(oti) : K] = n and [K(J3i) : K] < n, we get K{ai) = K(A), 
and the irreducibility of G follows immediately. □ 

Now we prove a characterization of p-adic fields: 

Theorem 5.10. Let K be afield with a valuation v. The following properties 
are equivalent: 

(a) K is a p-adic field with the p-adic valuation, 

(b) K satisfies the conditions (i) - (Hi), 

(c) K is a finite extension of Q p for a suitable prime p. 

Proof : We know already that the implication (a)=> (b) is true. Assume now 

(b) , hence K satisfies (i) - (iii). The restriction of v to the field of rational 
numbers is discrete, thus Theorem 1.31 shows that it is equivalent to a certain 
p-adic valuation. Since K is complete, Theorem 3.1 implies that K contains 
an isomorphic copy of some field Q p , and v restricted to Q p coincides with its 
usual valuation (after a suitable renormalization, if required). We may simply 
assume that Q p C K. Let v be the exponent of K, induced by v, and put 
e = v(p). Then e is a non-zero rational integer and we have pR — P e . Now 
choose 7r G P \ P 2 , and put tj e + r = P*n r for j = 0, 1, . . ., r = 0, 1, . . . , e — 1. 
Moreover let the set ft — . . . , ujf} C R (with pf = #R/P) have the 
property that the elements u>i mod P form a basis of the field R/P, treated 
as a linear F p -space. A simple argument, utilizing Theorem 5.2, shows now 
that R is freely generated, as an Z p -module, by the elements a^7r r (i = 
1, 2, . . . , /; r = 0, 1, . . . , e — 1). In particular R is a finitely generated free Z p - 
module, hence K has a finite dimension as a linear Q p -space. This establishes 

(c) . 

Finally assume (c) and let K = Q p (a) with a G R. The coefficients of 
the minimal polynomial of a over Z p may be approximated arbitrarily close 
by rational integers. If we replace these coefficients (except the leading term, 
which should be 1) by those approximants, we obtain a polynomial over Z 
which, by Proposition 5.9, will be irreducible over Q p , and one of its roots, 
say 6, will generate K over Q p . The field L = Q(b) is a finite extension of 
Q contained in K. Observe now that the valuation v of K induces in L a 
discrete valuation which, by Theorem 3.3, is induced by a prime ideal p of 
Rl, and we obtain K = L p . □ 

4. The next theorem enables us to translate several problems concerning 
finite extensions of algebraic number fields into the language of p-adic fields. 
Its applications will be discussed in the next chapter. 

Theorem 5.11. Let K be an algebraic number field, p a non-zero prime ideal 
of Rk, and K p the completion of K, corresponding to p. Moreover, let L/K 
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be an extension of degree n, *P a prime ideal of Rl lying above p, and Ly$ 
the corresponding completion. Finally, let R and S be the rings of integers in 
K p and Ly$, respectively. Then we have: 

(i) [Lq, : K p ] = e L/K (^)f L/K (^), 

(ii) The field Ly$ is the composite of L and K p , 
(Hi) The ring S is the integral closure of R in Ly$, 

(iv) Ifp and *}3 are the prime ideals of R and S, respectively, then *}3 lies 
overp and e Lv/Kp (<#) = e L/K (^), f Lv / Kp (W) = /l/kOP), 

Proof : We need a lemma: 

Lemma 5.12. Under the assumptions of Theorem 5.11 we have: 

(i) The extension Ly$/K p is finite. 

(ii) The ring S is the integral closure of R in Ly. 
(Hi) For every ideal I of R one has 

N(IS) = N(I) M , 

where M = [Ly$ : K p ]. 

Proof : (i) The closure of K in is complete, and so, in view of Theorem 
3.1, we may identify it with K p . Let ai, . . . , a n be a basis of the K-space L, 
and observe that 

Li = a 1 K p + a 2 K p H h a n K p 

is a K p -space, contained in and containing L. Moreover we have 

dini£: p L\ < n — dim^ L. 

By Proposition 3.2 Li has the product topology, hence it is closed, and this 
implies L\ — Ly$. This shows [Ly$ : K p ] <n<oo. 

(ii) Let a G S. By Proposition 5.1 (ii) there is a sequence x±,X2... of 
elements of Rl converging to a. Let 

n-l 

F m (X)=X" + 5>$ m) X^ 

3=0 

be a polynomial over Rk, having x m for one of its roots. (If x m generates 
L over K, then F m is the minimal polynomial of x m , otherwise F m is the 
product of the minimal polynomial and a suitable power of X). From every 
sequence {c^} we can extract a subsequence, converging in R to Cj, say. If 

now F(X) = X n + X^j=o CjX^, then obviously F(a) = 0, showing that a is 
integral over R. Thus S is contained in the integral closure of R in but 
S is integrally closed, and (ii) follows. 
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(iii) Let *p, p be the prime ideals of S and R, respectively. Proposition 
5.1 (i) shows that R is a principal ideal domain, and since S is a torsion- free, 
finitely generated i?-module there exist elements uo\ , . . . , lum £ S such that 
every x G S can be uniquely written in the form x = YliLi x i UJ i with Xi G R. 

If now m = iV(p), and A = {ai, . . . ,a m } is a set of representatives of 
R mod p, then the set {X^jli a j UJ j '• a j ^ A} is a set of representatives 
of S mod p5. Indeed, if £ = YljLi Zj^j £ S (£j G i2), then we may write 
£j = aj + with ojj G A and G p to get 

M 
3 = 1 

On the other hand, if 

M M 

where a^,/?? G -A, and 7r is the generator of p, then 

.7=1 

implying c^- = f3j (mod p) and a^- = for j = 1,...,M. This implies 
N(pS) = N(p) M . The assertion (iii) follows now from Theorem 1.16 (i), 
and the observation that every non-zero ideal in R is a power of the unique 
prime ideal. □ 

We return to the proof of the theorem. The assertion (ii) follows from the 
observation that the fields K p and L generate the linear space L\ , occurring 
in part (i) of the preceding lemma. Part (iii) of the theorem is contained in 
Lemma 5.12 (ii), and to obtain the remaining parts observe that Proposition 
5.1 shows that *P is the only non-zero prime ideal of S, and so it must lie 
above p. Lemma 5.12 (hi) shows that Theorem 4.5 is applicable, and therefore 
we get [Ly : K p ] = e/, where e = e L ^ /Kp (<£), / = f L ^/K p OP)- The equality 
/ = /l/kOP) follows from Proposition 5.1 (i). Since pR L = <p ei £} holds with 
ei = e L / K (ty), and \ O, hence taking closures we get pS — ^3 ei £Ji, £Ji 
being the closure of £}. Since £Ji is not divisible by *P, it contains an element 
which does not lie in *P, and is a unit in S, whence £Ji = S, and we get 
<P = pS = y , thus e = ei. This proves (iv), and (i) follows immediately. 

□ 



We point out a useful corollary: 
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Corollary. If L\, L2 are finite extensions of an algebraic number field K, 
and p is a prime ideal of Rk, splitting in L\ and L2, then it splits also in 
their composite L1L2. 

Proof : Let ^3 be a prime ideal lying over p in L — L1L2, and put ^ = ^DR^ 
(i = 1, 2). By (i) we have the equality [(L i )^ i : K p ] = 1 for i = 1,2, whence 
both fields Li are contained in K p . Thus L = L1L2 C K pi and we obtain 
that being the closure of L, is a subset of K p . Therefore [Ly$ : K p ] = 1, 
and we get from (i) the equalities 

e L/ Km = fL/Km = h 

as asserted. □ 



We see that the behaviour of the prime ideals p and is the same as that 
of p and *}3. Moreover, one sees easily that *}3 = tyS and p — pi?, and so we 
can dispense with the pedantic distinguishing between p and p, *}3 and ^3. In 
the sequel we shall thus use the same letter for a prime ideal in an algebraic 
number field and its closure in the corresponding completion. 

Note, moreover, that as there is only one prime ideal in the ring of integers 
of a p-adic field, we can freely write e(Ly$/K p ) for e L ^/ Kp (^3) and f(Ly$/K p ) 
f° r /Lqj/Kp an d speak about the ramification index or the residue class 
field degree of the extension rather than that of a prime ideal. 

5. Lemma 5.12 (ii) implies that we can apply the theory developed in Chap. 

4 to finite extensions of p-adic fields, and since the class-group of the ring 
of integers of a p-adic field is trivial, we can obtain more. In particular the 
following result shows that in the p-adic case every finite extension possesses 
a power integral basis: 

Proposition 5.13. If L/K is an extension of degree n of p-adic fields, and 
R, S are the corresponding rings of integers, then there exists a G S such 
that the R-module generated freely by l,a, ...,a n_1 coincides with S, i.e., 

5 = R[a\. 

Proof : It follows from Corollary to Lemma 4.20 that there exists a G S such 
that the conductor of the ring R[a] is not divisible by ^3, hence this conductor 
equals S, and now Corollary to Proposition 4.18 shows that the i?-modules 
R[a] and S coincide. □ 

Now we shall define, following Frohlich [60b], the numerical discriminant 
d(L/K) for finite extensions L/K of p-adic fields. This discriminant will be 
very useful for the intended applications to algebraic number fields. 

Let thus L/K be such an extension, and let R, S be the rings of integers 
in K and L, respectively. According to the preceding proposition S is a free 
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i?-module, and for every set uj\ , . . . , uo n of its free generators we define its 
discriminant <Zl/k(^i> ... ,Lj n ) by 

dL/Ki^u . . . , w n ) = det \r L / K {UiUj)\ , 

or, equivalently, by 

dL/K(wi,-..,Wn) = (det 

(7) 

where uj\ ' are the conjugates of uoi in an algebraic closure of L. In the same 
way as was done in Chap. 2 in the case of algebraic number fields, we see that 
this discriminant is non-zero, and the discriminants of different sets of free 
generators of S differ by the square of a unit of R. Since in Q the only square 
of a unit was the unit element, we could then define the field discriminant 
as the common value of discriminants of sets of free generators. Now it is 
no longer possible to proceed in the same manner, and we define instead 
the discriminant d(L/K) as the class in the factor group K* /U{K) 2 , which 
contains the discriminants of every system of free generators of S. 

The next proposition lists the principal properties of the discriminant so 
defined: 

Proposition 5.14. Let L/K be an extension of degree n of the p-adic field 
K, and let R, S be the rings of integers of K and L, respectively. 

(i) The ideal in R, generated by any representative of d(L/K) equals the 
discriminant d(L/K), defined in Chap. 4> 

(ii) The extension L/K is unramified if and only if d(L/K) lies in 
U{K)/U{K)\ 

(Hi) If M/L is an extension of degree m, then 

8{M/K) = d(L/K) m N L/K (d(M/L)), 

where the norm mapping is to be understood as acting from L* /U(L) 2 to 
K* /U(K) 2 , which is allowed since the norm of a square of a unit is also a 
square of a unit. 

Proof : Since every representative of d(L/K) generates the same ideal, we can 
consider a set of generators of the form 1, a, ... , a n_1 , which exists according 
to Proposition 5.13. In the same way as in the proof of Proposition 2.9 (iv) we 
find that the discriminant of this set generates the same ideal as the element 
^Yl/k(/ / (^))> where / is the minimal polynomial of a over R. By Corollary 1 
to Proposition 4.8 and the observation that the different D L j K equals f f (a)S, 
we obtain (i). 

Assertion (ii) follows from (i) and the discriminant theorem, so it remains 
to establish (iii). To do this let ai, . . . ,a n be a set of free generators of S 
as an i^-module, and let bi , . . . , 6 m be a set of free generators of the ring T 
of integers of M as a 5-module. One sees easily that the set of all products 



U) 
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dibj form a set of free generators of T as an R- module, and we shall use 
it to compute the discriminant d(M/K). Let AT be a normal extension of 
K containing M, let T\ — {ti,...,t n } be the set of all embeddings of L 
in AT, fixing K, and extended to automorphisms of AT, and, similarly, let 
T2 = {si, . . • , 5 m } be the set of all automorphisms of AT, fixing L. Consider 
the matrices A = [t(ai)] (t e T u i = 1,2, ...,n) and B = [s(bj)} (3 e T 2 , 
i = 1, 2, . . . , m). We have obviously 

<9(L/K) = (detA) 2 mod U(K) 2 

and 

d{M/L) = (detB) 2 mod U(L) 2 . 
Moreover, if C denotes the mnxmn matrix [tk(o>i)tk(si(J>j))]( k ^ ^ -y then 

d(M/K) = (det C) 2 mod J7(K) 2 . 

To find the relations between the determinants of the matrices A, B and 
C write 



(k,l),(i,j) 



A 1 

and 

Bi=[t fe (««(&i))«] (fc , 0 , (iJ 



and observe that B±Ai = C. In view of 

det Ai = ±(det A) m , det Si = ±AT L/K (det J5), 

we obtain the following chain of equalities mod U(K) 2 : 

d(M/K) = (detC) 2 = (det Ax) 2 (detBi) 2 = (det A) 2m AT 2 /K (det B) 
= d(L/K) m N L/K (d(M/L)) 9 

as asserted. □ 



To give an example let us compute the discriminants of quadratic exten- 
sions: 

Theorem 5.15. Let K be a p-adic field, R its ring of integers, p its prime 
ideal, and a an element of R which is not a square in K, and which does not 
lie in p 2 . Moreover choose tt G p \ p 2 . If L = K(y/a) and S is the ring of 
integers of L, then the following possibilities arise: 

(i) If it \ 2a, then 

S = R[y/a\, d(L/K) = a mod U(K) 2 , 

(ii) If it\a, then 



S = R[y/a\, d(L/K) = 4a mod U(K) 2 , 
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(Hi) If tt\2, tt \ a, and the congruence 

X 2 = a (mod p 2 ) 

has no solutions in R, then 

S = R[y/a\, d(L/K) = 4a mod U(K) 2 , 

(iv) If tt\2, tt \ a, and I is the largest positive integer such that tt 1 \2 and 
the congruence 

X 2 = a (mod p 21 ) (5.4) 

has a solution in R, then 

S = R[(b + y/a)ir- 1 ] d(L/K) = Aair' 21 mod U(K) 2 , 
where b is a solution of (5.4). 

Proof : By Proposition 5.13 we have S = R[c] with a certain cG5, which in 
any case can be written in the form 

c= x + y^/a { Rk > Q)f (55) 

TT K 

and without restricting the generality we may assume that (x,y,Tr) — 1. 

We start with the case (i). Note that the norm N L / K (c) = (x 2 —ay 2 )7r~ 2k 
lies in R, and thus if k is positive, then the congruence 

X 2 = aY 2 (mod p) 

is solvable in R with X, Y 0 p, and this shows that the congruence X 2 = a 
(mod p) has a solution in R. By Corollary 1 to Theorem 5.6 this implies (in 
view of 2a 0 p) that a is a square in K, contrary to our assumption. Thus 
k — 0 and c = x + y^fa with x,y G R. This gives 

S = R 0 (x + 2/>/a) C C 5, 

thus *S = R[s/a\. Moreover, we have d(L/K) — 4a mod U(K) 2 , and in view 
of 2 G 17(10 we arrive at d(L/K) = a mod U(K) 2 . 

Now consider the case (ii), and let v be the exponent associated with 
the prime ideal p. Since v{a) > 1 and tt 2 {a, we must have v(a) = 1, thus 
Proposition 1.24 implies v{x 2 — ay 2 ) — r = min{2i/(x),l + 2v(y)), and in 
view of N L / K (c) G R we obtain 2k < r. Since one of the numbers ^(x), v(y) 
is zero, we get k = 0, and proceeding in the same way as in the case (i) we 
obtain S = R[y/a\ and d(L/K) = 4a mod U(K) 2 . 

In the case (hi) observe that if k > 1, then N(c) — (x 2 —y 2 a)/ / K 2 G R, so 
= 2/ 2 a (mod 7r 2 ), and in view of tt \ xy the congruence X 2 = a (mod tt 2 ) 
has a solution in R, contrary to our assumption. Therefore k = 0, hence 
c = x + t/y^a, and the assertion follows an in case (i). 
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We are left with the case (iv). In this case our assumption implies k > 1, 
and since N(c) = (x 2 — y 2 a) /7r 2k G R and ir | (x, y) we get 7r \ xy. As 

d(L/K) = % 2 a7r- 2fc - 4a7r- 2fe mod U(K) 2 , 

it remains to show that k = I. Since -K 2k \kay 2 and 7r f ay, we obtain 7r 2/c |4, 
thus i^(2) > k. Moreover, (5.4) is satisfied with I = k by X — xy' , where 
yy' = 1 (mod p 2/c ). Finally we prove that no number m > k has the required 
properties. In fact, if for a certain t G R we have t 2 = a (mod p 2m ), then 
(t + A/a)7r -m lies in 5, and it follows that for suitable A, B e R we have 

(t + v^ - ™ = -A + B(x + yy/a)^~ k , 

hence tt^ -771 = By e R and k > m. □ 

Note that this theorem actually covers all quadratic extensions of a p- 
adic field, since every such extension has a generator yfa with a G R and 
0 < v(a) < 1, because if a = e7r m with e G {/(If) and m > 2, then >/a defines 
the same extension as or V^"? depending on the parity of m. 

Corollary. Let K be a p-adic field, and let L = K(y/a) with 0 < u(a) < 1. 
Then the extension L/K is unramified if and only if either K is not an 
extension of Q2 and a is a unit, or K is an extension of Q2, a is a unit, and 
the congruence X 2 = a (mod 4) has a solution in R, the ring of integers of 
K. 

Proof : Apply Proposition 5.14 (ii) and the theorem just proved. □ 

6. Now let us have a closer look at the group of units. Let K be a p-adic 
field, R its ring of integers with the prime ideal p, v the valuation of K, v 
the associated exponent, 7r a fixed element of p \ p 2 , p the characteristic of 
the residue class field k = R/p (thus Q p C K), e the ramification index of 
^7Qp> / the degree of p over Q p , i.e., / = [k : F p ], and finally let U — 
U(K) be the group of units of K. We shall consider also certain subgroups 
of U: the group E(K) of all roots of unity, contained in K, its subgroup 
Ei(K), whose elements are roots of unity of order pf — 1, and the groups 
Um = Um(K) (m > 1) consisting of all units u, congruent to unity mod p m . 
The group U\ is called the group of principal units of K. Note that the 
intersection Ui(K)nE(K) may be non-trivial, as the example K — Q2(\/— T) 
shows, in which case G E(K) Pi U\(K). On the other hand, one has 

Ei(K) H U\{K) — {1}. The group E\{K) forms the uninteresting factor in 
the decomposition given in the next result: 

Proposition 5.16. For every p-adic field K we have 



U(K)=E 1 (K)xU 1 (K). 
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Proof : Apply Corollary 2 to Theorem 5.6 and the preceding remark. □ 

Corollary 1. The multiplicative group of a p-adic field K is the product of 
E\{K), Ui(K) and the infinite cyclic group. 

Proof : Apply Proposition 5.1 (ii) and 5.16. □ 
Corollary 2. One has U^/U^K) ~ k* . 

Proof : Both groups are cyclic and have p? — 1 elements. □ 

Now let us consider the groups £7 m , 

Proposition 5.17. (i) The groups Um form a basis of open neighbourhoods 
of the unit element in the group K* and are compact. 

(ii) For m = 1,2,... the factor group Um/Um+i is isomorphic to the 
additive group of¥ p f. 

(Hi) For m— 1, 2, . . . the factor group U(K)/Um(K) is isomorphic to the 
group of invertible elements of the factor ring R/p 171 . 

Proof : The assertion (i) is immediate, and to show (ii) define a mapping i\) 
of the additive group of p m into Um/Um+i by putting 

il){x) = 1 + x mod Um+i. 

Since 

i/j(x + y) = l+x + y mod C/ m+ i = (1 + x)(l + y) mod Um +1 = i/j(x)^(y), 

i\) is a group homomorphism, which is clearly surjective, and has p m+1 for its 
kernel. Thus Um/Um+i and (p m ) + /(p m+1 ) + are isomorphic, and it remains 
to apply Lemma 1.17. 

To prove (iii) put for u £ U{K) (j)(u) — u mod 7r m . Clearly 0 is a surjective 
homomorphism of U(K) onto (i?/p m )*, and ker^ — /7 m . □ 

Corollary. The quotient Um/Um+i is the f-th power of C p , the cyclic group 
of p elements. 

Proof : Observe that k is an /-dimensional linear space over ¥ p . □ 

The group Ui can be considered as a Z p -module. To establish this let e 

be a principal unit, and let a — ao + a\p H (0 < ai < p — 1) be an element 

of Z p . Consider the sequence 



^ _ ^ao+aiH \-a n p n 
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and observe that for n > m we have 

A short calculation shows that the last expression converges to zero when m 
tends to infinity, and thus by completeness the sequence {e n } has a limit, say 
77. Since U± is closed, we have 77 G U±. This shows that by putting e a = 77 one 
defines an action of Z p on U±, and now it is easy to check that in this way 
U± becomes a Z p -module. 

To obtain a description of the Z p -module U± we need some auxiliary 
results. 



Lemma 5.18. If k is a rational integer not divisible by p, then every element 
6 E [/1 has a k-th root lying in U±. 

Proof : It suffices to observe that 1/k G Z p . □ 

Lemma 5.19. If m > e/(p — 1) and u G E/" m + e , then the polynomial X p — u 
has a root in U m . 

Proof : Write u = 1 + a?r m+e with a G R, and let b = 1 + c?r m (with c G i?) 
be an arbitrary element of U m . Then 



6P - w = (1 + C7r n 
Since v{p) — e, we have 



(1 + a7r m+e ) - (j)^™' " a7rm+e 



e + mj if 1 < j < p — 1, 
rap if j — p 



hence writing p — €7r e with a certain unit e we obtain finally 

(bP - u)7T- m - e = V{c) + ec - a, 

where V G p[X]. It follows that to solve the equation X p — u — 0 in U m it 
suffices to find a root of the polynomial W{X) = V(X) + eX - a in R. But 
after reducing W mod p we get a non-constant linear polynomial over and 
the application of Corollary 1 to Theorem 5.6 gives what is needed. □ 

Corollary. If m > e/(p — 1) then the groups U m and Um+ e are isomorphic. 
This isomorphism is given by the map g : U m — > U m ± e defined by g{u) — u p . 

Proof : If u — 1 + a7r m G U m with a non-zero a G R, then 
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and since the minimal value of v y^ja^^j for j — 1, 2, ... ,p is attained 
only at j — 1, and is > e + ra, we get g(U m ) C ^7 m+e , and V{U V — 1) = 
m+z/(^(pa J ^. This shows that u p ^ 1, thus # is injective, and its surjectivity 
follows from the lemma. □ 



The next lemma is of a general nature. 



Lemma 5.20. Let A = A 0 D A 1 D A 2 D . . . and B = £ 0 D B x D £ 2 D . . . 

&e descending sequences of Abelian groups, such that the quotient groups 
A/A n and B/B n are all finite. Assume that A ~ liminv A/A n and B ~ 
limmv B/B n , the isomorphism being given by the canonical maps 

a i — y [ci mod A\ , a mod A 2 , . . .] (a E A), 

b^[b mod JBi, 6 mod B 2 , • • •] (& G 

Le£ / : ^4 — >> B be a homomorphism mapping each A n into the corre- 
sponding B n , and assume that all the induced homomorphisms 

fn • A n /A n +i — > B n /B n +i 

are injective, or surjective, or bijective. Then the same holds for f . 

Proof : The groups A and B are inverse limits of finite groups, and therefore 
they acquire a topology in which they are both compact and complete. 

Assume first that all homomorphisms f n are injective, and let x G Ker 
/. Since P| n A n — {0} hence if x ^ 0, then for a suitable n we have x G 
A n \ A n +i. Moreover from f(x) — 0 we infer that f n (x mod A n +\) = 0, and 
as f n is injective we obtain x G A n +i, contradiction. Thus Ker / = 0 and / 
is injective. 

Now assume that each f n is surjective. Our assumptions imply that A 
and B are complete topological groups with A n and B n forming bases of 
open neighbourhoods of the zero element in A and B, respectively. Therefore 
if {a m } is a sequence of elements of A such that for sufficiently large m and 
any n > m the difference a n — a m lies in a given set A n , then that sequence 
is convergent, and the same applies to B. Now let yo G B be given. If yo = 0, 
then /(0) = yo- Otherwise there exists an n with yo G B n \ B n +i, because 
C\ n B n = {0}. By the surjectivity of f n there exist X\ G A n , y\ G B n with 
yo — f{x\) + yi. Similarly we obtain x 2 G A n +i and y 2 G -E? n +i such that 
2/i = f( x 2) + 2/2? and proceeding in this way we obtain a sequence Xi,x 2 , . . . 
of elements of A, and a sequence yi,y 2 , . . . of elements of 5 which satisfy 

G Ai+fc-i, 2/fc G S n+ fc_i, and are related by 



2/fc = /Ofc+i) + 2/fc+i (fc = 0, 1, . . .)• 
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Now put Zk = $^j=i x o-> an d observe that the sequence {zk} is fundamen- 
tal in A, thus convergent to a certain x e A. Note also that / is continuous, 
since for every n the inclusion f(x) G B n implies f(x + A n ) C J3 n - Thus 

fe 

y 0 = lim(2/ 0 2/fc) = Hm^/fcj) = lim/(z fc ) = /(a;), 
and so / is surjective. □ 



Now we can describe the structure of the Z p -module U\(K)\ 

Theorem 5.21. Let K be a p-adic field of degree n over Q p , and let s > 0 be 

the maximal exponent with the property that K contains a primitive p s -th root 
of unity. Then U\(K) is a direct sum of a free Z p -module of rank [K : Q p ], 
and a cyclic group of order p s , on which Z p acts by x a = x a mod P . 

(The exponent s is called the index of irregularity of K. The field K is 
called regular if s = 0 and irregular otherwise). 

Proof : Let e = e(K/Q p ). The Corollary to Lemma 5.19 implies that for 
m > e/(p — 1) we have U m C U m + e , therefore the factor group Um/Um+e 
can be regarded as a vector space over F p , an element a G ¥ p acting on 
x G Um/Um+e by a • x = x a . In view of #£7 m /£7 m+e = p e ^, this implies 
Um/Um+ e ~ C p . Applying Theorem V of Appendix I we see that U m is the 
inverse limit of the family Um/Um+ke (fc = l,2,...)of groups. 

Let #1, . . . , x n be the generators of U m mod U m + e , and consider the map 
/ : Z™ — ► U m , defined by 

f([a 1 ,...,a n ]) = x? 

If for a certain & we have [ai, . . . , a n ] G (p k Z p ) n , then 

/([a 1 ,...,a„])=^---<^ 

with suitable 6$ G Z p . Thus / maps (p k Z p ) n in Um+ke, and the Corollary to 
Lemma 5.19 shows that the homomorphisms 

fk : (p fc Z p ) n /(p fc+1 Z p ) n — ► Um+fce/t^+^+De 

induced by / are well-defined and surjective. Since each fk is also injective 
and thus bijective, we find, applying Lemma 5.20 to our situation, that / 
is an isomorphism, and a little reflection shows that it is also a Z p -module 
isomorphism. Thus, for m > e/(p — 1), £7 m is a free Z p -module of rank n. 
Since Ui/Um is finite, this shows that U\ is a finitely generated Z p -module, 
and so by Theorem 1.32 we obtain 
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C7i - z£ e H 

with a suitable t > 0, and a torsion Z p -module H. Since U\ contains U m we 
have t > n, and using the finiteness of Ui/Um we get t = n. 

Now we show that if is a finite p-group. Since it is finitely generated, and 
Z p has the finite norm property, Theorem 1.41 implies that H is finite, and 
thus, being a subgroup of the multiplicative group of a field, it consists of 
roots of unity, hence is cyclic. If H were not a p-group, then it would contain 
a primitive root of unity u of a prime order q ^ p, but Lemma 5.18 implies 
that H contains u x l q3 for j = 1,2, . . ., which is not possible, as H is finite. 
Thus H is a cyclic p-group, i.e. H ~ C p r with a certain r > 0, and since H 
consists of roots of unity, we get r = s. □ 



Corollary. Let [K : Q p ] = n and let s be the irregularity index of K. There 
exist ui, . . . , u n G Ui such that for fixed 7r G p \ p 2 , every non-zero element 
of K can be uniquely written in the form 

Z a W b U™ 1 •••< l "7T iV , 

where 0 < a < pf — 1, 0 < b < p s , mi, . . . ,m n G z,w are primitive 
pf — 1-th and p s -th roots of unity and N G Z. 

Proof : Combine the theorem just proved with Proposition 5.16 and its Corol- 
lary 1. □ 



Because of Proposition 5.13 and Theorem 5.21 we obtain that in the case 
of a regular field K the Z p -modules Ui(K), R and p, p 2 , . . . are all isomorphic. 
In certain cases it is possible to establish a particular simple isomorphism 
between U\(K) and p. Put Q = {x G K : v{x) > e/(p — 1)} and observe 
that f? is a group under addition. 

Proposition 5.22. (i) The series 

exp x = > — - 
^ n! 

converges for x in Q and defines a continuous function there. 

(ii) The function expx provides an isomorphism of £2 onto the multiplica- 
tive group {x e K : v{x — 1) > e/(p — 1)}. 

(Hi) If e < p—1, then expx provides a Z p -module isomorphism ofp onto 
Ui(K). 



Proof : We have to show first that for x G £2 the general term x k /k\ of our 
series tends to zero. Now v{x k /k\) = kv(x) — ^(fc!), and by elementary number 
theory fc! is divisible exactly by the c^-th power of p, where 
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Ck = 

and r e Z is determined by the inequalities p r < k < p l+r . Moreover we have 

(k k k\ A-p- r ek 

v(k\) = ec fc <e - + — + ■■• + — = ek — < -, 

\p p 2 p r ) p— 1 p-1 

and since for every x € Q we have z/(x) = e(p — 1) + 8 with £ = 5(a?) > 0, 
it follows that is(x k /k\) > 5k, thus limkX k /k\ = 0. One verifies immediately 
that for x,y € i? we have exp(x + y) = exp(x) exp(?/), and hence exp is indeed 
a homomorphism. Since the values of expx lie in U\(K) and the continuity 
at x — 0 is evident, (i) results. 

Now observe that the minimal value of u(x h /k\) is for non-zero x € Q 
attained only at k = 1. Indeed, if ku(x) — u(k\) < v(x) and k > 1, then 

^0) < - 1) < ek 1 ~f < 



'(p-l)(k-l) "p-1' 

a contradiction. This implies v(expx — 1) = v{x) > e/(p — 1), and leads 
to the injectivity of expx, since from x ■=£ y and expx = expy we obtain 
exp(x — y) = 1, however i/(exp(x — y) — 1) = z/(x — y), a finite number. To 
show surjectivity consider the series 

x __ + __ T + ... + ( _l)» + l_ + ..., 

which converges for all x satisfying z/(x) > 1, and denote its sum by log(l+x), 
for obvious reasons. Observe now that if v(y) > e/(p— 1), then 

exp(log(l + y)) = 1 + y, 

and so 1 + y lies in exp(i?). This proves (ii). 

To prove (iii) observe that the assumption e < p — 1 and (ii) show that 
exp : p — > Ui is an isomorphism of the additive groups, and it remains to 
check that exp commutes with the action of Z p . However, for elements of Z 
this follows from the homomorphism property, and the general case results 
by continuity. □ 
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1. In this section K will be a p-adic field and L/K an extension of degree 
n — e/, with e being the ramification index of L/K, and / the degree of the 
residue class field extension kj^/kx, where kx and &l are the residue class 
fields of K and L, respectively. Denote by p the characteristic of kx, so that 
Q p C K. Moreover R and S will denote the rings of integers of K, resp. L 
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and p, *P will be the corresponding prime ideals, whence pS = *p e . By 7r and 
II we shall denote fixed elements from p \ p 2 and *P \ *p 2 . Finally, u K , v L will 
be the corresponding exponents, and vk, vl the corresponding valuations, 
which will be assumed to satisfy 

v k (tt) = p- fK /® P , v L (n) = p- fL /® P . 

As before, we shall call the extension L/K unramified if e = 1, and, moreover, 
we shall say that it is totally (or fully) ramified if e = n, and that it is tamely 
ramified if p does not divide e. An extension which is ramified, but not tamely 
ramified will be called wildly ramified. 

We shall first deal with unramified extensions. It will turn out that every 
p-adic field has exactly one unramified extension of a given degree, and such 
extension is necessarily normal with a cyclic Galois group, isomorphic to the 
Galois group of the corresponding extension of the residue class field. To 
obtain this we need two lemmas first. 

Lemma 5.23. Let L — if(£ m ), where £ m denotes a m-th primitive root of 
unit, and assume that p] m. Then the extension L/K is unramified. 

Proof : Let / G R[X] be the minimal polynomial of £ m . Obviously / divides 
the polynomial X m - 1, and if we write X m - 1 - f(X)g(X) with g G R[X], 
then we obtain that the different of L/K divides mC™ -1 , which is a unit of 
K. The different theorem implies now that L/K is unramified. □ 

Lemma 5.24. A finite extension L/K is unramified if and only if there exists 
a G S with L — K(a), which has the following property: 

If F G R[X] is the minimal monic polynomial of a, and (p G is 
obtained from F be reducing modp its coefficients, then the image of a in kL 
is a simple root of (p. 

Proof : If L/K is unramified, then n = f = [k^ : Let a be a generator 
of the extension k L /kx, denote by cp G fc^X] its minimal polynomial, and 
let F G R[X) be a monic polynomial with F mod p = cp. By Corollary 1 
to Theorem 5.6 F has a root in L, say a. Moreover F is irreducible over K 
because of [L : K] = [k L : kx] = [K{a) : K], (the last equality resulting 
from the observation that the residue class field of K(a) equals &£,), thus 
L = K(a). 

To prove the converse, observe first that we can assume the irreducibility 
of F over K. Corollary 4 to Theorem 5.6 shows that cp is a power of an 
irreducible polynomial. Thus it must be irreducible itself, since it has a simple 
root. Hence 

n = deg F = deg cp = [k L : k K ] = f < n, 



and we get f — n and e = 1. 



□ 
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Corollary 1. If L/K is unramified and M/Q p is finite, then LM/KM is 
unramified. 

Proof : Let L = K(a) with a as in the lemma. Then LM = KM (a), and 
the image of a in fc^M is a simple root of the polynomial <p, minimal for the 
image of a in fc^ over kx- Therefore the lemma implies that LM/KM is 
unramified. □ 



Corollary 2. If L/K and M/K are unramified, then LM/K is also unra- 
mified. 

Proof : Apply the multiplicative property of ramification indices and the 
preceding corollary. □ 

Corollary 3. If L/K is finite, and M is the composite of all unramified 
extensions of K, contained in L, then M/K is unramified, and L/M is fully 
ramified. Hence every finite extension can be decomposed into two consecutive 
extensions: the first unramified and the second fully ramified. 

Proof : By the preceding corollary the extension M/K is unramified. Let 
fi = \k>L '• &m]- We may write kj, — F p (£ r ) with a certain r not divisible by 
p, Cr being a primitive r-th root of unity. Thus the polynomial X r — 1 has 
r distinct roots in fc^,, and so, by Corollary 1 to Theorem 5.6, it has also r 
roots in L. If we had f\ > 2, then not all these roots would lie in M, and 
so the splitting field N of X r — 1 over K would not be a subfield of M. But 
we have N C L, and since Lemma 5.23 and Corollary 2 to Lemma 5.24 show 
that N/K is unramified, hence N C M, contradiction. Therefore /i = 1 and 
the extension L/M is fully ramified. □ 

Theorem 5.25. If K is a p-adic field, then to every finite extension k/kx 
there corresponds a unique unramified extension L/K with k^ ~ k. This 
extension is normal, and its Galois group is isomorphic to the Galois group 
ofk/k K . 

Proof : Let a be a generator of k/kx, and let (p £ ^^[X] be its minimal 
polynomial. Choose a monic F G R[X] with F mod p = <p, let b be a root of 
F lying in a fixed algebraic closure of Q p , and put L = K(b). Then 

[L : K] = deg K b < deg F - deg tp = [k : k K ] < [k L : k K ] < [L : K], 

because the image of b in kL is a root of ip, and so k C kL- This chain of 
inequalities shows that [kL : kx] = [L : K], thus L/K is unramified, and 
[k : kx] — \k>L '• kx], hence k — kL- If L\/K is another unramified extension 
with kL x = k, then Hensel's's lemma implies that F has a root b\ G L, and 
we have K(bi) ~ K(b) = L. However, in view of [K(bi) : K] = [k : k K ] = 
[Li : K] we obtain L\ — K(bi), and we see that L\ and L are isomorphic. 
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Now we shall establish the normality of L/K, and this will force the e- 
quality L\ = L. The extension k/kx is normal, thus k is the splitting field 
of some polynomial h G Choose H G R[X] so that H mod p = h. By 

Hensel's lemma H splits in L into linear factors, and the preceding argument 
shows that one of its roots generates L/K, i.e., L is the splitting field of H 
over K, and we obtain that the extension L/K is normal. 

For every g G Gal(L/K) the formula g(x mod p) = g(x) mod p defines an 
automorphism g G Gal(k/kx)' The map W : g »-» 77 is obviously a homomor- 
phism, and we shall now show that it is bijective. Since the Galois groups of 
L/K and k/kx have the same number of elements, it suffices to prove that 
& is surjective. Let b, (p and F have the same meaning as at the beginning of 
the proof, and put a = b mod p. If a G Gal(kx /&), then cr(a) = ai is a root 
of 99, and Hensel's lemma implies the existence of b\ G S such that -F(&i) = 0, 
and bi mod p = a±. Such element &i is unique, because (p has in k as many 
roots as F has in L, and so all roots of F have distinct images in k. If now 
g G Gal(L/K) takes & into 61, then \P(g) = cr, proving the surjectivity of 

□ 

Corollary 1. Every p-adic field has exactly one unramified extension of a 
given degree. 

Proof : There is exactly one extension of a given degree of the finite field 
k K . □ 

Corollary 2. If L/K is unramified, then its Galois group is cyclic. 

Proof : Every finite extension of a finite field is cyclic. □ 



To conclude the subsection devoted to unramified extensions we give an 
explicit description of them. 

Theorem 5.26. If K is a p-adic field, then its finite extension L/K is un- 
ramified if and only if L = K(£ m ), where £ m is a primitive m-th root of unity, 
with p\m. 

Proof : The sufficiency is contained in Lemma 5.23. To prove the necessity 
assume that L/K is unramified. If we put / = f(L/Q p ), then we obtain that 
the field kj, has p^ elements, and its multiplicative group is cyclic of order 
m = pf — 1. Therefore its generator equals £ m , and we get &c = kxiCm)- 
Applying Hensel's lemma we see that all m-th roots of unity lie in L. If 
Li/K is generated by a primitive m-th rot of unity, then L\ has the same 
residue class field as L, whence, since L/L\ is unramified, we obtain L = L\. 

□ 
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Corollary. If L — K(Cm) and p\m, then every subfield of L, containing K 
is of the form K(( r ), with r not divisible by p. 

Proof : Every subfield of a field unramified over K is also unramified. □ 

2. Now we turn to fully ramified extensions L/K, in which case f(L/K) = 1. 
We shall show that every such extension can be generated over K by a root 
of an Eisensteinian polynomial, i.e., a monic polynomial whose coefficients, 
except the leading one, lie in the prime ideal p of R, and the free term does 
not lie in p 2 . In the same way as in the rational case one shows that every 
such polynomial is irreducible over K. 

Theorem 5.27. If K is a p-adic field, and the extension L/K is fully ram- 
ified, then there exists an Eisensteinian polynomial over K , whose root a 
generates L/K, and, moreover, S — R[a]. Conversely, every extension gen- 
erated by a root of an Eisensteinian polynomial is fully ramified. 

Proof : Let L/K be fully ramified. We can use Theorem 5.2 with the set A of 
representatives of S mod *}3, contained in R, to get the existence of a £ ^3\^3 2 
with S = R[a\. Indeed, it suffices to choose b £ R with vxib) — 1, and to 
define t k = Va j for k = ie + j with j = 0, 1, . . . , e - 1. Let F(X) = X e + 
Yl € jZo be the minimal polynomial of a over R. Since a e + Sj=o c j a ^ ~ ® 
we see that Co £ p, thus z^l(co) > 1. Assume now that Co, Ci, . . . , Cj_i all lie 
in p. Thus q = bbi with bi G R, and 

-CjO? = a e + h c J+ ia J+1 + b^j-ia^ 1 + h 6 0 ), 

and in view of a e \b we see that Cj is divisible by a, hence lies in p. It follows by 
induction that all c/s lie in p. Moreover ^l(« 6 ) = e, and for j = 1, 2, . . . , e — 1 
we have u L (cja j ) > e, hence z^l(c 0 ) = e, leading to vk{cq) = 1, which shows 
that F is indeed Eisensteinian. 

To prove the converse assume that L/K is generated by a root a of an 
Eisensteinian polynomial X n +Y^jZo c jX j . Obviously z<L(a n ) is positive, thus 
> 1. This shows that 

nz/ L (a) = i/£,(a n ) = ^l(co) = e, 

whence n cannot exceed e, and finally n = e, showing that L/K is fully 
ramified. □ 

Corollary 1. Every p-adic field has fully ramified extensions of any pre- 
scribed degree. 



Proof : In fact, the field generated over K by any root of the polynomial 
X n + 7r is fully ramified over K. □ 
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Corollary 2. A p-adic field has only finitely many extensions of given degree. 

Proof : Let K be a p-adic field and fix a positive integer n. If L/K is an 
extension of degree n, and M/K is the maximal unramified extension of K 
contained in L, then it follows from Corollary 1 to Theorem 5.25 that we 
have only finitely many possibilities for M, since [M : K] is a divisor of n. 
Corollary 3 to Lemma 5.24 shows that it suffices now to prove that each such 
field M has only finitely many fully ramified extensions of a given degree ra, 
because the degree of L/M divides n. To obtain that, let p be the prime ideal 
of the ring of integers R of M, let X be the Cartesian product of m — 1 copies 
of p, and consider 

n = x x(p\p 2 ) 

with the product topology. Since p as well as p 2 are both compact and open, 
we see that i? is compact. For a monic Eisensteinian polynomial / = X 171 + 
YJ^q a>jX j e R[X] denote by 9(f) the element [ a m _i, . . . , ao] of i?, and 
observe that the map 9 is one-to-one. For a given fully ramified extension 
N/M let V/v be the set of all Eisensteinian polynomials whose roots include 
a generator of N/M. Proposition 5.9 implies that the set f(Vjsr) is an open 
subset of i?, and since the theorem shows that their union covers i?, we infer 
from the compactness of Q that there is a finite subcovering, and this means 
that roots of Eisensteinian polynomials of degree m generate a finite number 
of extensions of M. □ 

Note that the composition of two fully ramified extensions may not be 
fully ramified, as the following example shows: 

Take K = Q 3 , K x = K(y/S), K 2 = K(y/=3) and L = K X K 2 . The ex- 
tensions Ki/K (i — 1,2) are fully ramified by the preceding theorem with 
e(Ki/K) — 2. Since —1 is not a square mod 3, it cannot be a square in Q3, 
hence K\ ^ K 2 . In view of Theorem 5.26 the extension L/K\ is unrami- 
fied, as L = lfi(V=T), and so we get e(L/K) - e(L/Ki)e(Ki/K) = 2. As 
[L : K] — 4 we obtain f(L/K) = 2, showing that L/K is not fully ramified. 

Now we shall use Theorem 5.27 and Corollary 3 to Lemma 5.24 to obtain 
a refinement of the different theorem for p-adic fields, which will be extended 
in Chap. 6 to algebraic number fields. 

Proposition 5.28. If K is a p-adic field and the extension L/K is wildly 
ramified, i.e., p\e, then the different Dl/ k is divisible by ty e . 

Proof : By Corollary 3 to Lemma 5.24 we can assume that L/K is fully 
ramified. Choose II in S in such a way that S — R[II], vl(II) = 1? and the 
minimal polynomial f(X) = X e + YjZo a jX j G R[X] of 77 is Eisensteinian. 
Then we have 
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e-1 

v L (f\n)) = u L (en e - 1 + Y.jdjW- 1 ) 

3 = 1 

> min^ei! 6 " 1 ), i/ L (ai), i/ L (2a 2 iI), • • • , i/ L ((e - l)a e _ii7 e - 2 )}, 

and since ^(eil 6-1 ) = vl{z) + e — 1 > e, and for every j = 1, 2, . . . , e — 1 we 
have fL^jajll 3 ' 1 ) > vi,[cLj)-\- j — 1 > e + j — 1 > e, we obtain ^(/'(iJ)) > e, 
and so £> L/K = /'(i7)S is divisible by <p e . □ 

Corollary. If K is a p-adic field and [L : K] — n, then the following condi- 
tions are equivalent: 

(i) L/K is tame, 

(ii) r\d(L/K), 

(iii) T L/K (S)=R. 

Proof : The equivalence of (i) and (ii) results from Theorem 4.24 and the 
proposition just proved. To prove the equivalence of (i) and (iii) we use 
Corollary 3 to Proposition 4.13, according to which (iii) holds if and only 
if Dl/k nas no divisors of the form AS with A being a proper ideal of R. 
Since D^/x — ^P m with m < e — 1 if L/K is tame, and rn > e otherwise (by 
Theorem 4.24 and the above proposition), and ty e is the minimal power of 
of the form AS with A C R, A ^ R, the assertion follows. □ 

3. Now we shall look at tame extensions. Since every such extension can be 
decomposed in two consecutive extensions - the first unramified, and the 
second fully and tamely ramified (Corollary 3 to Lemma 5.24), and since 
we already know the structure of unramified extensions, we may restrict our 
attention to fully ramified tame extensions. 

Theorem 5.29. If K is a p-adic field, then the extension L/K is fully and 
tamely ramified if and only if L — K(a), where a G S is a root of X n — b with 
vk(J>) — 1 and p\ n. 

Proof : The sufficiency of the condition stated results from Theorem 5.27 and 
the observation that in this case we have e{L/K) = n, and p \ n. To prove 
its necessity we need a lemma: 

Lemma 5.30. Let L/K be a finite extension of a p-adic field K, p\m and 
a G R. If b G S satisfies i^L(^ m ) — and the quotient b 171 /a is congruent 

mod ^ to a unit of K, then there exists c G R, differing from a at most by 
a unit factor, such that the polynomial X m — c has a root in K(b) C L. 

Proof : If 6 m /a = e (mod ^3), with e G U(K), then put c = ea. If X\, . . . , # m 
are all roots of f(X) — X m — c in a fixed algebraic closure of L, and v is the 
extension of the valuation of L to the splitting field of /, then we have 
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m 

]Jv(b - Xi ) ^(b 171 - c) = v{a)v{b rn /a - c/a) 
i=i 

= v(a)v(b m /a - e) < v(a) = v(b) m , 

thus for a certain j we have v{b — Xj) < v(b), and therefore = v(xj). 
Moreover 

^r- 1 = v{ Xj r- 1 = v(f( Xj )) = n«(^ - x^, 

but for i 7^ j we have — Xj) < ma,x{v(xi),v(xj)} = v(b), hence for i ^ j 
we should have v{xi — Xj) = v(b). Finally, we obtain for i ^ j the inequality 
v(b — Xj) < v(xi — Xj), and we may apply Proposition 5.8. □ 

Now assume that L/K is fully and tamely ramified of degree n — e. 
With a suitable unit e E L we have 7r = eil e . Since in our case / = 1, we 
can find a unit r\ in K congruent to e mod *p. Applying Lemma 5.30 with 
m = e, a = 7r, b = II, we obtain the existence of c E K with ^(c) = 1 such 
that the polynomial X e — c has in L a root, say Xq. Since this polynomial is 
Eisensteinian, it is irreducible, hence [K{xq) : K] — e, and we get K{x$) = L. 

□ 

Corollary 1. If L/K is tame and M/K is finite, then the extension LM/M 
is tame. 

Proof : Let L 0 be the maximal unramified extension of K contained in L. 
The extension L/L 0 is fully and tamely ramified, hence by Theorems 5.26 
and 5.29 we have L = Lo(a), Lq = K(( r ), where a is a root of X 171 — b with 
some b E Lq, satisfying VL 0 (b) = 1, p \ m — e(L/L 0 ) = e(L/K) and p \ r. Put 
Mi = M(£ r ,£ m ) and iVi = Mi (a). Lemma 5.23 and Corollary 2 to Lemma 
5.24 imply that M 1 /M is unramified. Since LM C Ni = M 1 (a) it suffices to 
show that Ni/M is tame. Since Mi contains all ra-th roots of unity we can 
write 

m— 1 

X™-b= Y[(X-^a), 

3=0 

and if f(X) = Ylj eJ (X — (^a) is a factor of X 171 — b, irreducible over Mi 
(with J C {0, 1, ... ,m — 1}), then with 5 = #J we get a s E Mi. Choose 
now such a factor / with the minimal possible value of s, and observe that s 
divides m. If b\ — a s then f(X) = X s — b\. Indeed, X s — b\ is divisible by 
/, because / is irreducible and has a common root with X s — b\, and now 
the equality of degrees implies the equality of polynomials. 

Finally, since N 1 /M 1 is fully ramified, we obtain e(N 1 /M 1 ) = [7V"i : Mi] = 
s\m, but p\m, and thus N\/Mi is tame. □ 
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Corollary 2. If L/K and M/K are both tame, then so is LM/K. 

Proof : Apply Corollary 1 and the multiplicativity of ramification indices at 
consecutive extensions. □ 

Corollary 3. If L/K is finite and M is the composite of all tame extensions 
of K contained in L, then M/K is tame, and if M ^ L, then L/M is a 
wildly and fully ramified extension, whose degree is a power of p. We have 
thus e{L/K) = eip k withp\e 1 = e(M/K) and p k = [L : M]. 

Proof : The tameness of M/K results from Corollary 2. If M = L, then there 
is nothing more to prove. Assume thus M ^ L. Since M is the maximal tame 
extension of K contained in L, the extension L/M must be wildly and fully 
ramified. Put e\ — e(L/M) and write [L : M] = e\ = e$p k with a certain 

eo not divisible by p. Applying Lemma 5.30 for m = eo, a = ttm, b = 7r£ 
(where 7Tl, ttm generate the prime ideals in the rings of integers of L and 
M, respectively), we obtain that with a suitable unit e E M the polynomial 
X e ° —enM has a root £ E L. Theorem 5.29 implies that the extension M(£) /M 
is tame, and therefore £ E M. Thus eo = 1. □ 

Corollary 4. (Abhyankar's lemma) If L/K is tame, M/K is finite and 
e{L/K) divides e(M/K), then LM/M is unramified. 

Proof : Let Lo be the maximal subfield of L, unramified over K. By Corollary 
3 to Lemma 5.24 the extension L/Lq is fully ramified. Since Corollary 1 
to that lemma implies that LqM/M is unramified, we get e(L§M/K) — 
e(M/K), and this leads to 

e(M/K) = e{L Q M/K) = e(L 0 M/L 0 )e(L 0 /K) = e(L 0 M/L 0 ). 

Since L/Lo is fully and tamely ramified, Theorem 5.29 shows that we may 
write L = Lo(7r) where n is a root of a polynomial X e — a, with e = e(L/K), 
a E L 0 and ^L 0 ( a ) = 1. If 6 E L 0 M satisfies v Lo M{b) = 1, then with a 
certain unit u of LqM we have a — ub e ( M / K \ Since e\e{M/K) we get, with 
e r — e(M/K)/e, the equality 7r e = ub ee , thus (irb~ e ) e = u, leading to 
LM = Z/ 0 M(i£ 1//e ). 

Using Proposition 5.16 we can write u = (ui, with a root of unity £ of 
order not divisible by p, and ui e Ui (L 0 M) . Because of p \ e the number 1 /e is 
a p-adic integer, thus Theorem 5.21 gives u\^ e E L 0 M. Hence LM = L 0 M(£), 
where £ is a root of unity of order not divisible by p. Now we may invoke 
Theorem 5.26 to obtain that LM/LqM is unramified. Finally, we arrive at 

e(LM/M) = e(LM/L 0 M)e(L 0 M/M) = 1, 



and thus LM/M is unramified, as asserted. 



□ 
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4. In this subsection we give some examples. First we enumerate quadratic 
extensions of a given p-adic field. 

Proposition 5.31. Let K be a p-adic field of degree n over Q p , put f = 
f(K/Q p ), and let n be a fixed generator of the prime ideal of the ring of 
integers of if . 

(i) If p 7^ 2, then if has three quadratic extensions, namely K{y/Tt), 
K(VCk) an d K(VC)> where £ is the primitive root of unity of order pf — 1. 

(ii) If p — 2, then if has 2 n+2 — 1 quadratic extensions, each of them of 
the form K(y/a) or K( x /a~7r) with 

a = C°e a i 1 (5.6) 

where £ is the primitive 2 s -th root of unity, s is the irregularity index of K, 
ei, . . . , e n are the free generators of the free summand of Ui(K), as described 
in Theorem 5.21, and ai G {0, 1} (i = 0, 1, . . . , n). 

(Hi) In both cases exactly one extension is unramified and all others are 
fully ramified (in case (i) tamely, and in case (ii) wildly). 

Proof : Note that for any field if of characteristic ^ 2 the quadratic exten- 
sions are in a one-to-one correspondence with elements of if* /(if*) 2 , where 
(if*) 2 is the group of all non-zero squares of elements of if. Indeed, every 
quadratic extension of if is of the form K{y/a) with a G if \ (if*) 2 , and if 
a, b G if * lie in the same coset mod (if*) 2 , then a = be 2 holds with c G if *, 
thus K(y/a) = K(Vb). Conversely, if K(y/a) = K(y/b), then yfd = A + By/b 
holds with A, B G if , and a short computation shows that a and b lie in the 
same coset mod (if*) 2 . 

Proposition 5.16 and its Corollary 1 force us to look at the factor groups 
£i(if)/£i(if) 2 , C/i(if)/C/i(if) 2 and Z/2Z. The last group being trivially 
cyclic of order two, we are left with the first two. Assume first p ^ 2. Then 
Ui(K) = C/i(if) 2 , since 1/2 is an integral element of Q p , hence every principal 
unit is a square of a principal unit. Since E\{K) is cyclic of even order pf — 1, 
thus (if )/E 1 (K) 2 is of order two, and finally we get if*/(if*) 2 - C 2 x C 2 . 
The representatives of the cosets may be taken to be equal to 1, £, n and 
O, and this gives us three quadratic extensions of if, the first of which is 
unramified and the others fully and tamely ramified. 

Now let p = 2. In this case Ei(K) is a cyclic group of odd order, and 
hence every its element is a square. By Theorem 5.21 we can write every 
element u G U\(K) in the form 

with 0 < Co < 2 s , and Ci, . . . , c n G Z p . Writing each q in the form q = 
with ai = 0, 1 and bi G Z p we get 
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with e G Ui(K). Thus every coset of U\(K) mod Ui(K) 2 contains an element 
of the form (5.6), and one sees easily that they all lie in distinct cosets. 
Thus there are 2 1+n such cosets, hence K*/(K*) 2 ~ C% +2 , as asserted. The 
remaining assertions are now immediate. □ 

In the case K — Q 2 we can be more explicit. Proposition 5.31 shows 
that Q2 has 7 quadratic extensions. Observe now that Q2 does not contain 
a fourth primitive root of unity, because the congruence X 2 + 1 = 0 (mod 4) 
has no solutions, so s = 1 and £ = — 1. Moreover 2 generates the prime ideal, 
hence to find the generators of quadratic extensions one has to determine 
the generator e\ of the free summand of E/i(Q2). To find it observe that 
the proof of Theorem 5.21 shows that e\ generates the cyclic group U2/U3, 
because in our case the Corollary to Lemma 5.19 applies from m = 2 on. 
Since U2/U3 ~ C2, we can take for e\ any element of U2 \ Us, for example 
ei = 5. It follows that Q2 has the following quadratic extensions: Q2(a/5), 
Q 2 (v /= T), Q 2 (V2), Q 2 (V^5), Q 2 (v /Z 2), Q 2 (>/i0) and Q 2 (v /r 10)- Since the 
congruence X 2 = 5 (mod 4) is solvable, Corollary to Theorem 5.15 shows 
that Q2(a/5) is the only unramified quadratic extension of Q2, the remaining 
being fully and wildly ramified. 

Now consider biquadratic extensions, i.e. normal quart ic extensions with 
Galois group isomorphic to C2 0 C2 • 

Proposition 5.32. Let K/Q p be an extension of degree n, and let £ and 7r 

have the same meaning as in the preceding proposition. 

(i) If p 7^ 2, then K has exactly one biquadratic extension, namely L — 
K(V^i VC)- O ne h as e (L/K) — f(L/K) = 2, thus L/K is ramified and tame. 

(ii) If p — 2, then every biquadratic extension of K equals K(y/a,Vb), 
with a, b of the form given in (5.6). Not all such extensions are distinct, and 
all possible equalities between them are of the form 

K(yfa, Vb) - K(y/E, Vc) - K(Vb, Vc), 

with abc~ x G (K*) 2 . All these extensions are wildly ramified. If one of the 
fields K(y/a), K(y/b), K(y/c) is unramified over K, then for L = K(^/a, y/b) 
we have e(L/K) = f(L/K) = 2. In all other cases e(L/K) = A, f(L/K) = 1, 
thus L/K is fully ramified. 

Proof : (i) Since a biquadratic extensions contains three quadratic subfields, 
the preceding proposition implies L — K(y/Tr,y/£). As L contains K(y/£), 
which is unramified over K, we have e(L/K) < 2. On the other hand 
K(y/ir) C L is ramified, whence e(L/K) = 2, and f(L/K) = 2 follows. 

(ii) The assertions are immediate — it suffices to observe that none of the 
extensions K (y/a, y/b) / K can be unramified, since the Galois group is not 
cyclic, and if a field does not contain an unramified subextension 7^ if, then 
it has to be fully ramified. □ 
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Corollary. If K is an extension of Q p with odd p, then there is no Galois 
extension of K with Galois group with N > 3. 

Proof : If such extension would exist, then K would have at least two bi- 
quadratic extensions, contradicting part (i) of the proposition. □ 

5. Now we shall consider normal extensions of p-adic fields. Our notation will 
be the same as in previous subsections. 

We shall define a sequence of subgroups of G — Gal(L/K), the study of 
which leads to important results concerning the structure of finite extensions 
of p-adic fields, and, as we shall see in the next chapter, also of algebraic 
number fields. 

First we define a map of G onto GaZ^^/fc^). Let g £ G and a £ S. Then 
the element g(a) (where by x we denote the canonical image of elements of S 
and R in and kx, respectively) depends only on a. Indeed, if a = 6, then 
VL^a — b) > 1 and thus vl(9(o>) — 9(b)) > 1 and g(a) — g(b). If we now define 
the map g : a h» g(a) of &l into then one sees immediately that it is an 
automorphism of leaving kx fixed, and hence belonging to Ga^A^/fc^)- 

Proposition 5.33. The map <P : g \-> g is a homomorphism of G = 
Gal(L/K) onto Gal(kL/kK), whose kernel Go consists of all those g £ G 
for which the congruence g(y) = y (mod ^3) holds for all y £ S. 

Proof : The surjectivity of ^ was established in the last part of the proof of 
Theorem 5.25, where the assumption that L/K is unramified was not used. 
The remaining assertions are clear. □ 

The group Go occurring in the last proposition is called the inertia group 
of the extension L/K. Now we define for i = 1, 2, . . . the ramification groups 
Gi of L/K by 

d = {g £ G 0 : g(x) -xe for all x £ S}. 

Let us check that the G^s are indeed groups. Take #i,#2 £ Gi and let 
x £ S. Then 

(0102)0*0 - x = 01 (02 0*0) - 02(a) + 02 0*0 - x € ?^ + \ 

hence ^1^2 £ Gi, and since is finite, it is a group. 

Note that for i sufficiently large the i-th ramification group is trivial, 
since an element lying in all G^'s has to satisfy g(x) — x £ ^3* for every non- 
zero x £ S and all i, and this can happen only if g is the identity. The last 
non-trivial ramification group will be denoted by G t . 

The next theorem gives the main properties of the sequence Go , Gi , 
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Theorem 5.34. Let L/K be a normal extension of a p-adic field K and let 
G be its Galois group. 

(i) The maximal unramified extension L 0 /K contained in L corresponds 
by Galois theory to the inertia group G 0 of L/K. The inertia group is a nor- 
mal subgroup of G of order e(L/K), and the factor group G/G 0 is cyclic of 
order f{L/K). If we identify the groups G 0 and Gal(L/L 0 ), then the ramifi- 
cation groups of L/K andL/Lo coincide. 

(ii) The maximal tamely ramified extension Li/K contained in L corre- 
sponds by Galois theory to the first ramification group G\ of L/K. The group 
Gi is a normal subgroup of G; it is a p-group, and the factor-group G 0 /Gi 
is cyclic of order not divisible by p. Moreover, there exists an embedding of 
Gq/G\ into the multiplicative group ofkL- 

(Hi) For i = 1,2,..., t the ramification groups Gi are normal subgroups of 
G, and the factor- group Gi/Gi+i can be isomorphically embedded in Ui/Ui+i. 
These isomorphisms are induced by the maps fa : Gi — > Ui/Ui+i, defined 
by 

fi(g) = g^II- 1 (mod?**). 

Proof : The group corresponding to L 0 can be identified with Gal(L/L 0 ). Let 
g e Gal{L/Lo). As every element of &l has a representative in L 0 , which is 
invariant under g, we get g e Go, thus Gal(L/L 0 ) cG 0 .To prove that these 
groups are equal it remains to show that they are of the same order. The 
isomorphism Gal(L 0 /K) ~ G/Gal(L/L 0 ) shows that 

#Gal(L/L 0 )#Gal(L 0 /K) = #G, 

but, on the other hand, Theorem 5.25 and Proposition 5.33 give 

G/G 0 - Gal(k L /k K ) - Gal(L 0 /K), 

whence #G 0 = #G/#Gal(L 0 / K), and this implies G 0 = Gal(L/L 0 ). Since 
G/Gq is equal to the Galois group of a unramified extension, it is cyclic 
by Corollary 2 to Theorem 5.25. The statements about the order become 
now evident, and the last assertion follows from the fact that G 0 leaves L 0 
invariant. 

(ii) Consider the map $ : G 0 — > k* L defined by 

$(g) = g{n)n- x mod <p. 

This map does not depend on the choice of i7, since for every unit e of L we 
have 

gien^en)- 1 = g{e)e~ l g^n' 1 = ^il" 1 mod % 

in view of #(e)e -1 = 1 (mod for g e G 0 . Moreover $ is a homomorphism, 
since 
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$(gh) = g{h{n))n- 1 mod <p = 5 (/i(77))/i(77)- 1 /i(i7)iI- 1 mod <P 

holds in view of h(II) = ell, with a unit e. It is clear that the kernel of 
equals G\. If ei is the order of the image of <£, then p \ ei, and if M is the 
field corresponding to Gi, then G\ C Go shows that M contains Lo, which 
is the maximal unramified extension of K contained in L. Moreover we have 
[L : M] = #Gi = e(L/K)/ei, and since L/M is fully ramified, because of 
L 0 C M, we obtain e x = e(L/K)/e(L/M) = e(M/K), hence M/if is tame, 
i.e., M <Z L\. We now have the following situation 

K C L 0 C M C Li cL, 

/ e! e 2 pfc 

where the subscripts indicate the respective degrees, e(L/K) = eoP k with 
p{ e 0 and e 2 — e 0 /ei. 

Observe now that Gal{L/L\) is the unique maximal p-subgroup of the 
group Gal(L/M). Indeed, if Gal(L/M) would have another maximal p- 
subgroup, then we could take the corresponding field, and compose it with L\ 
to get a tame extension of K larger than Li, and contained in L. Therefore 
Gal(L/Li) is a normal subgroup of Gal(L/M), and this shows that L\/M is 
normal, tame and fully ramified. By Theorem 5.29 we can write L\ = M(a) 
with integral a, generating the prime ideal in the ring of integers of Li, and 
satisfying a 62 = b G M. If g G Gi, then we can write g(a) — a — All 2 with 
A e S, and this gives 

a 62 = b = g(b) = g{a e >) = g{a) e > = (a + ATI 2 ) 62 , 

hence 1 = u &2 , with 

u=l-\ . 

a 

Observe that u is a principal unit of L. Since p \ ei, we have l/e2 G Z p , 
therefore elements of U\{L) have unique e2-th roots, so « = 1, and we get 
#(a) = a. Thus # leaves Li invariant, hence L\ — M results. 

Since all conjugates to L\ are equal L\ we see that G\ is normal. The 
map ^ induces an embedding of Gq/G\ into the cyclic group k* L , and this 
implies that Gq/G\ is cyclic itself. 

(iii) It suffices to check that all maps fa are homomorphisms independent 
of the choice of 77, and this can be accomplished in the same way as in (ii). 
The equality Ker fa = G^ + i is evident. To obtain the normality of Gi in G 
note that Gi is the maximal subgroup of G acting trivially on the quotient 
Sy*P* +1 , and it is clear that if g lies in G and h acts trivially on S f /^3 Z+1 , then 
ghg~ x does the same. □ 

Corollary 1. If F — f(L/Q p ), then for i = 1,2, ... ,t the quotients Gi/G i+ i 
are embeddable in the group Cp . 
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Proof : Follows from (iii) and the Corollary to Proposition 5.17. □ 

Corollary 2. Let Li be the field corresponding by Galois theory to the group 
Gi (i = 0, 1, . . . , t) . Then K c L 0 C . . . C L t c L, and if we write e{L/K) = 
eop k with p \ cq, then c{Lq/K) = 1, e(Li/L 0 ) = e$, and for i = 1, 2, . . . , t 
we have e(Li+i/Li) = p ai with ai positive, except the case when Li+\ — Li. 
Moreover we have e{L/L t ) = p at with positive a t , a\ + a<i + • • • + a t = k, 
f(Lo/K) = f(L/K) and /(L/Lo) — 1- The extensions Lo/K and L±/Lq are 
cyclic and Gal(L/Li) is a p- group. 

Proof : This is an immediate consequence of the theorem. □ 

Corollary 3. The Galois group of any finite normal extension of a p-adic 
field is solvable. 

Proof : By Corollary 2 every such extension can be obtained in three consec- 
utive steps: first two cyclic extensions, and then an extension, whose Galois 
group is a p-group. Since at every step we have a solvable group the assertion 
results. □ 

Now we can determine the different of a normal extension in terms of its 
ramification groups. Before doing this, we prove a simple lemma allowing us 
to determine whether a given element of Go belongs to the z-th ramification 
group. 

Lemma 5.35. If S = R[a], then the element g £ Go lies in Gi if and only if 

VL{g(p) - a) > 1 + z. 

Proof : The necessity of this condition being evident, we turn to its sufficiency. 
Write a non-zero element x G S in the form x — Co + C\a + • • • + c n _ia n_1 
with Ci G R. Then 

g(x) = c 0 + c ig (a) + • • • + c n ^ 1 g(a) n - 1 = x (mod 

and since g{a) — a divides g(x) — x, our assertion follows. □ 

Corollary. If S = R[a], then for i — 0, 1, . . . , t we have 
d \ G i+1 = {g : u(g(a) - a) = i + 1}. 



Proof : Clear. □ 
Now we can obtain a formula for the different of a normal extension: 
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Theorem 5.36. If L/K is normal, then D L / K = ty A , where 

t 

3=0 



Proof : In view of Theorems 4.24 and 5.34 (i) it suffices to prove this formula 
for fully ramified extensions. Assume thus that L/K is fully ramified. Then 
by Theorem 5.27 we have S = R[a] for some a with vl(o) = 1- If / £ 
is the minimal polynomial of a, then D L / K — f'(a)S, hence A = ^(/'(a)). 
Since 

/»= n 

geG,g^e 

and in our case G = Go? thus 

Mf'(a))=J2Ma-9(a)) 

gEG 
t-1 

= J2 E VL ( a ~ + VL ^ a ~ sip))- 

3=0geG j \G j+1 9ec t 

Using the Corollary to Lemma 5.35 we obtain 

t-i t 
"L(f») = 5>" + ^* G d - + (* + l K* G * ~ l ) = - 

as asserted. □ 



Corollary. If q is a prime, L/K is a normal extension of a p-adic field K, 
and Gal(L/K) is a q-group, then 



D L/K = I"' 1 



holds with a certain ideal I. 



Proof : Since the extension L/K can be obtained by consecutive extensions 
with Galois group C q , and D L / K is the product of the differents of those 
extensions, it suffices to consider the case when Gal(L/K) ~ C q . If L/K 
is unramified, then the assertion is trivial, as L>l/k — so assume that 
e(L/K) > 1. In this case we get #Go = <?, and the remaining ramification 
groups are trivial in the case q^p, and are isomorphic to C q \iq — p, thus in 
any case #Gi — 1 G {0, q — 1}, and the assertion follows from the theorem. □ 
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5.3. Harmonic Analysis in p-adic Fields 

1. In this section we shall apply results from the theory of locally compact 
Abelian groups to the study of additive and multiplicative groups of a p-adic 
field K. The principal facts of that theory may be found in Appendix I. 

Observe first that by Theorem 5.6 the groups K + and K* are locally com- 
pact, and the same holds for the groups Ui(K), which are moreover compact. 
Our next aim is the description of the duals of these groups, and later we 
shall consider the Mellin transform in K* . The principal result of this section 
is a theorem dealing with the functional equation for the Mellin transform, 
proved in the thesis of Tate [50] . 

Throughout this section K will be an extension of degree n of Q p , R will 
be its the ring of integers, *}3 its prime ideal, 7r a fixed generator of v the 
corresponding exponent, v its valuation, normalized by the requirement 

v(x) = Nypyw, 

[/, Ui, . . . will be the unit groups, and D = D K /Q p . 
First we determine the dual group of K+. 

Theorem 5.37. The group K+ is topologically isomorphic to , and every 
character of K + has the form X(ax), where X is a fixed non-trivial char- 
acter of K~*~ , and a G . The map : a4 X(ax) provides the required 
isomorphism. 

Proof : Fix a non-trivial character X of K+ . Then X(ax) is obviously also 
a character, and it is clear that the map is an algebraic homomorphism. 
Let t G K+ be chosen so that X(t) ^ 1. If a G Ker <£, then X(ax) = 1 
holds for all x G K, whence in the case a^O we get for x = t/a the equality 
1 = X(t) 7^ 1, a contradiction. This gives a — 0, and so ^ is injective. 

Now we prove that ^ is a homeomorphism of K+ into its dual group. If 
Xi is a character of if" 1 ", then the sets 

U = U(e,C) = { X : \x(*) ~ Xi(*)\ < € for x G C} 

(with e > 0 and compact C) form the fundamental system of neighbourhoods 
of the character Xi ? an d so to prove that ^ is continuous it suffices to observe 
that the set ^~ 1 (U) is open, being equal to 

{a G K + : \ X i(x) - X(ax)\ < e for x G C}. 

Let V be a fixed non-empty open subset of K. Then 

$(V) = { x : x (x) = X(ax) for a G V}. 

Let now Xi(x) = X(ax) G $(V) be fixed. We claim that a suitable neigh- 
bourhood of it in the set of characters having the form X(bx) (b G K+) with 
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the topology induced from K + is entirely contained in Let v be the 

valuation of K, and choose t with X(t) ^ 1. Moreover put 

e 0 = |1 - X(t% M = 2v(t)/ inf v(a -x), C = {x G K + : v{x) < M}. 

The neighbourhood U(eo, C)n@(K + ) of X\ satisfies our requirement. In fact, 
if X(bx) belongs to it, then for every xGCwe have 

\X(bx)-X(ax)\ <e 0 , 

i.e., 

\l-X((b-a)x)\<\l-X(t)\, 

showing that the element t/(b — a) does not lie in C, thus v(t/(b — a)) > M, 
and we obtain finally 

v(b - a) < v(t)/M = i inf v{a - x), 
2 xgv 

proving b G V. Hence is open in @(K + ), and we see that 

K + —±$(K + ) 

is a homeomorphism. The local compactness of K + implies the same for 
and since K is complete, thus ${K + ) is complete, and consequently 
closed in K + . We shall now show that $(K + ) is dense in the dual group 
of K + . If it were not dense, then there would exist a non-trivial character 
X of that dual group, satisfying xWO = 1 for ^ G ${K + ). Since Theorem 
I of the Appendix I implies the existence of a non-zero c = c(x) £ if + 
with xWO — ^( c )> but every -0 G is of the form ^(x) — X(ax), and 

therefore for all x G if + we would have X(ax) = 1, implying xif + ^ Jf + , 
and thus x — 0. This shows that the group ^(Jf + ) is dense in K + , and since 
it is also closed, the surjectivity of follows. □ 

In the sequel we shall use a standard choice of the character X. First 
consider the case K — Q p , and observe that to every x G Q p one can find 
a unique rational number \(x) in the interval [0, 1) whose denominator is a 
power of p, and for which the difference x — X(x) is a p-adic integer. Indeed, 
every element of Q p can be written uniquely in the form 

x = a- N p~ N H h a 0 + aip + a 2 p 2 H , 

with 0 < di < p, cti G Z, and so we may define A(x) = a-NP~ N ~\ ha_ip _1 

if x G Z p , and X(x) = 0, if x G Q p \ Z p . The function A is continuous and 
additive mod 1, i.e. the difference X(x + y) — A(x) — A(?/) is a rational integer. 
Putting 

X{x) — exp(27rzA(x)) 
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we obtain a non-trivial character of Q+. In the general case let Q p C K, and 
define the standard character by 

X(x) = exp(27ri\(T K/Qp (x))). 

To see that X is non-trivial write [K : Q p ] — p m g, with m > 0 and p \ q, 
and consider x = p~ rn ~ 1 . Then T K /q (x) — q/p, and obviously the number 
X(q/p) is not a rational integer. 

Now we determine the character group of the additive group of R. 

Proposition 5.38. The dual group of the additive group is isomorphic 
to K+/D- 1 . 

Proof : The definition of the different shows that we have Tk/q (x) G Z p if 
and only if x lies in and thus the character X(ax) is trivial on R if and 

only if a G D~ 1 . (We use here the standard fact that every character of a 
closed subgroup of a locally compact group G can be extended to a character 
ofG). □ 



2. Theorem 5.16 reduces the study of characters of the multiplicative group 
K* to a description of characters of the group E/i, and this will be achieved 
by applying Theorems IV and V from Appendix I. 

Theorem 5.39. The dual group of U\ is a discrete p- group. To every cha- 
racter x °f Ui there corresponds a positive rational integer m such that x 
trivializes on U m . Therefore x may be regarded as a character ofUi/U m . 

Proof : By Theorem V of Appendix I the group U\ can be represented as 
the inverse limits of the system {U±/Ui} with obvious maps. Hence Ui is the 
direct limit of the groups Ui/Ui, which are finite p-groups. Since the maps of 
the considered system are in fact embeddings, the theorem follows. □ 

If X is a non-trivial character of U±, and m — m(x) is the smallest natural 
number for which the character x °f U± trivializes on U m , then the ideal 
f x = is called the conductor of For the trivial character %o of U\ one 
puts f X0 = R. 

Now let ip be a character of K*. Theorem 5.39, Proposition 5.16 and its 
Corollary 1 imply that every such character is determined by a character x 
of Ui, a rational integer n G [0,p^ — 2] (with / = f(K/Q p )), and a complex 
number z on the unit circle, so that for x — e£ r 7r m G K* (with £ being a 
primitive (pf — l)-th root of unity, e G U±(K), 7r G \ and m G Z) we 
have 

1>(x) = X (e)C r z m . 
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The conductor of i/j is by definition the conductor of x, In the same way we 
may speak about conductors of characters of any subgroup of K* containing 

Now we turn to quasicharacters. 

Theorem 5.40. (i) Every quasicharacter of K + is a character. 

(ii) Every quasicharacter q of K* is determined by a pair [x,z] f where x 
is a character of U , and z is a non-zero complex number. If x — en 71 is the 
canonical form of an element of K* , then q(x) = x(e)z n , 

Proof : (i) It suffices to show that every quasicharacter of K + is bounded. 
To do this observe that the restriction of q to R must be a character, since 
R is compact. Hence for x £ R we have \q(x)\ = 1. But every element of 
K* can be put in the form x/m with x £ R and a natural ra, and since 
|g(x/m)| m = \q(x)\ = 1 we get \q(x/m)\ = 1. 

(ii) Since U{K) is compact, every quasicharacter on it must be a character 
and we may use the preceding observation. □ 

It follows from the last theorem that every quasicharacter of K* is trivial 
on a certain group U m . If it is trivial on E/, then we call it unramified, and 
if it trivializes on £7 m , and m is minimal, then m is called its ramification 
degree, and the ideal its conductor. For convenience we call *P° = R the 
conductor of any unramified quasicharacter. We shall write cond(g) for the 
conductor of q. 

3. In this subsection we shall fix a Haar measure in K + to make the inversion 
formula for the Fourier transform look as simple as possible. We shall also 
determine a Haar measure in K*. 

First a triviality: we extend the absolute norm of ideals as defined in Chap. 
1 to all fractional ideals by multiplicativity, and observe that the following 
analogue of Proposition 4.7 (i) holds also in p-adic fields: 

Proposition 5.41. If Q p C K, then the absolute norm of a fractional ideal 
I of K generates in Z p the ideal Nk/q p (I), 

Proof : Repeat the proof of Proposition 4.7 (i), replacing in it Z by Z p . □ 

Now we choose the Haar measure fi in K + so that the ring R acquires the 
measure N(D)~ 1 / 2 . Integrals with respect to that measure will be written 
simply as f f(x)dfi(x). The reasons for such a choice become obvious when 
we prove the following proposition. 

Proposition 5.42. If f is a continuous function in Li(K + ) whose Fourier 
transform 
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f(y) = / f(x)X-\xy)dfi(x), 

JK+ 

(where X is the standard character of ) belongs to Li(K+), then the 
following inversion formula holds: 

/(*) = / f(y)X(xy)dfi(y) =/(-*)■ 

JK+ 

Proof : We begin with a useful lemma: 

Lemma 5.43. If a is a non-zero element of K, then the measure n(aR) of 
the fractional ideal generated by it equals N(aR)~ 1 N(D)~ 1 / 2 . 

Proof : Choose a power q of the prime p, satisfying b = qa G R. The additive 
group of bR is of index N(qR) = q n in aR, and since all cosets have the same 
measure we get fi(aR) — q n fi(bR). Moreover, the index [R+ : (bR)+\ is equal 
to N(bR), thus /i(bR) = /i(R)/N(bR) = N(D)~ 1 / 2 N(bR)~ 1 and finally 

fi(aR) = q n N{D)- 1 / 2 N{bR)- 1 = N(D)~ 1 ^ 2 N(aR)~ 1 . □ 

Corollary 1. /// is a fractional ideal ofK, then = N^I^N^D)- 1 / 2 . 

□ 

Corollary 2. If I — aR is a principal fractional ideal of K, then 

fi{I)=v{a)N{D)-^ 2 . 

Proof : Observe that our normalization of the valuation implies the equality 
v(a) = N(aR)-\ □ 

Returning to the proof of the proposition observe that it suffices to check 
it for one arbitrarily chosen function /. We shall choose the characteristic 
function of R, which is continuous, since R is both closed and open, and lies 
in Li(iiT + ), because fi(R) is finite. Its Fourier transform equals 

f(y) - / X- 1 (xy)d^(y), 

JR 

and since the integrand is a character, and we integrate over a compact 
subgroup, the integral vanishes, except when for all x G R one has X(xy) — 1, 
in which case f(y) = fi(R). But we already know that X{xy) is trivial for 
x G R if and only if y G £> -1 , and so we arrive at 

f,,(N(D)-^ if yeD~\ 
\ 0 otherwise. 
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The function / belongs to L\(K+) since D 1 is compact. Now we look at 
the inverse transform 

/ f(y)X(xy)dfi(y) = N(D)- 1 / 2 [ X(xy)d^y). 

JK+ JD- 1 

Again the integrand is a character, and we integrate over a compact subgroup. 
The previous argument is hence applicable, and leads to the conclusion that 
X{xy) is trivial onD" 1 if and only if x £ R. Taking into account the equality 
= iV(D) 1 / 2 , resulting from Corollary 1 to Lemma 5.43, we obtain 

Nip)' 1 ' 2 I X(xy)dfi(y) = f{x\ 
Jd- 1 

as asserted. □ 



Now it is easy to obtain a Haar integral in the multiplicative group of K: 

Proposition 5.44. If 1(f) = J K+ f(x)dfi(x) is a Haar integral in , then 
the functional 

is a Haar integral in K* . 

Proof : We have to check that if g(x) — f(ax) with a £ K*, then C(f) = 
C(g), but this follows from the equalities 

C(g) = [ ^\v(a)d^x) = [ f -^Max) = f S -^dp{x), 
J K * v[ax) J K * v(ax) J K * v(x) 

the crucial point here lying in the identity dji(ax) — v(a)d/i(x), i.e., fi(aE) — 
v(a)n(E) for measurable E C K, a fact, which follows from Lemma 5.43. □ 



In the sequel we shall utilize a multiple /x* of the Haar measure (with 
differential dn*(x)) in K* induced from the Haar integral C(f), namely 

»w dx 



N(ty) - 1 v(x) 
One verifies immediately that this measure gives 

M *(C7) = N(D)- 1 / 2 , 
H*(U m ) = (N(y) - l)- 1 JV(£>)- 1 /2j\T(«p)- ro+1 . (5.7) 

In fact, 
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f W 




(JV0P) - l^NiDy^NQP)-" 1 * 1 



by Corollary 1 to Lemma 5.43, and the invariance of d/j,(x) under shifts. 

4. Now we shall consider the Mellin transform in K* and prove the functional 
equation for it. The results of this subsection will be used in Chap. 7 to 
deduce the functional equations for certain classical functions, associated with 
algebraic number fields. 

First we put the quasicharacters q in a convenient form, related to our 
specific choice of the valuation v. By Theorem 5.40 (ii) we have for x = en™ 
(with e G U) the equality q{x) = x( 6 )^ m with x £ U, and a non-zero complex 
z. Now v{x) = iV(33)- m , hence m = - logv(x)/ log N($i), and z m = v(x) s 
with s = log zj log iV(*P), where the complex number s is determined only 
up to a rational integral multiple of 2iri / log N . We obtain thus 



and we can always assume that 0 < Im s < 2tt/ log N (^3). The real part of s is 
uniquely determined by q. We shall call it the exponent of the quasi character 
q and denote it by e(q). Observe that the equality e(q) = 0 is both necessary 
and sufficient for q to be a character. 
We shall call two quasicharacters 



equivalent if x = %i. If the character x is fixed, then all quasicharacters 
equivalent to x are in a one-to-one correspondence with points of the Riemann 
surface obtained by identifying points on the complex plane whose difference 
is a rational integral multiple of 27rz/logiV(^3). This correspondence induces 
an analytical structure in any fixed equivalence class of quasicharacters. In 
particular we can consider analytical functions defined on an equivalence 
class: if F(q) is a complex- valued function defined for quasicharacters q in 
an equivalence class, then F(q) may be treated as a function of s alone, and 
we shall say that F is analytic at a point q(x) — x{ e ) v ( x Y \ provided it is 
analytic at s. 

Let / be a continuous complex- valued function on K, lying in 
and assume that for every positive t the function f{x)v{x) t is in Li(K*). If 
q(x) = x(e)f(a?) s is a quasicharacter of K* with e(q) > 0, then the product 
fq lies in Li(K*), and so the formula 



defines, for fixed / and x> a function of the complex variable s in the half- 
plane Re s > 0. This function will be called the zeta-function associated with 
/ and the equivalence class of quasicharacters determined by x- 



q{x) = x(t)v(x) s 



q(x) = x(c)v(x) s and q x (x) = Xi(e)v(x) 




(5.8) 
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Now we present some examples of zet a- functions. Let q(x) = x( e ) v ( x ) s 
and ty N = cond(g). 

Proposition 5.45. (i) The zeta-function of the characteristic function lu m 
of Um (m = 1, 2, ... J equals 

Z(\rr v ^-[{Nm-^NiDy^NWf-™ ifm>N, 
mu m ,X,')-\ Qt ifl<m<N-l, 

(ii) The zeta-function of the characteristic function \\j of U equals 

z(lu s) _[N{D)-^ if x = l, 
( u,x ' ' \0 i/x^l- 

(Hi) The zeta-function of the function 

_ J X(x) ifx e ty~ N D~ 1 , 



f( x ) - 

1 0 otherwise, 
where X is the standard additive character of K, equals 

where 

ro(x) = E^) X ( 7r_m ^)' ( 5 - 9 ) 

i=l 

with ei, . . . , e r being a set of representatives of the cosets mod Un in U, and 
<# rn = D. 

Proof : (i) For x £ £7 m we have x = e and q(x) = x( 6 )> thus 



(e) if m > TV, 
otherwise, 



and it remains to use (5.7). 

Note that in this case the zeta-function is constant on each equivalence 
class of quasicharacters, and therefore, although it is originally defined only 
in the half-plane Re s > 0, it can be extended to an entire function. 

(ii) In this case one proceeds in a similar way, and again the zeta-function 
does not depend on s. 

(iii) If we write x = € x tt"( x } and D = *p m , then 



5.3. Harmonic Analysis in p-adic Fields 245 



Z(f, X ,s)= f X(x) X (e x )v(x) s d l i*(x) 




= J2 N(^r js / X(irix) X (xW*(x) 



j——m — N 



For j > —m we have ttW C D hence in this case 



/ X{rfx) X {x)dii*{x)= j x(x)dfj,*(x) 



Ju Ju 



f 0 if N > 0, i.e. X £ 1, 

~ jiV^)- 1 ^ ifj\r = o, i.e, x =l, 



and thus 



— m— 1 



where C(x) equals 1 if the character x is trivial, and equals zero otherwise. 

We can now dispose of the case x = 1. In fact, in this case we have N = 0, 
thus the sum occurring in the above expression is void, and C(x) = 1, hence 
we obtain our assertion. 

If x is non-trivial, then we have to compute the integrals Ij for —m — N < 
j < —m — 1. It will turn out that they all vanish, except for I_ m _jv. 

Observe first that the value of the character X(t) depends only on the 
coset mod D~ 1 determined by t. Note, moreover that the set n^U consists 
of full cosets mod D' 1 , because if a G ir j U, i.e., v(a) = j, and the difference 
b — a lies in D~ 1 , then in view of j < —m we get v(b) = j. 

Now let j ^ —m — N. With suitable ai, . . . , a& G n j U lying in different 
cosets mod D _1 we have 



j ——m—N 



k 



7P 



i=l 



and therefore 




where A t = (a* + D" 1 )^ = a^- j {l + < ^- rn - j ). But 

/ x (x)d/j*(x) = x(W j ) / x(xW*(x), 
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and since % is non-trivial on 1 + ^p -7 ™ - - 7 , the last integral vanishes. We see 
thus that our zeta-function equals 

Ar( « p) (m+iV) S7 _ m _ jV) 

and so it remains to reduce the integral l_ m _7v to a handy form. Since the 
character % is constant on the cosets mod Un in U, we obtain 

7_ TO _ N = ^ X (£i) / X(n- m - N x)dn*(x), 

but since x £ eiUjy implies 

7r - rn - N xe7r- rn - N e i +D~\ 
thus X(7r- rn - N x) = X(7r~ rn - N e i ), and we obtain 

I-m-N =^x(c<)X(7r- m - Ar c < ) / dfl*(x) = Toft) / d^O*) 

Using (5.9) we arrive at our assertion. □ 

5. Now we can prove the promised functional equation for zet a- functions: 

Theorem 5.46. Let f be a continuous complex-valued function on K, which 
belongs to Li(K + ). Assume moreover that its Fourier transform 



f(y)= [ f{x)X-\xy)dx 



also belongs to L\(K*). Finally assume that for all t > 0 the functions 
f(x)v(xY and f(x)v(xY lie in Lx{K + ). If we denote by q the quasichar- 
acter of K* defined by q(x) = q~ 1 {x)v{x), then for all quasicharacters q with 
0 < e(q) < 1 the corresponding zeta-function satisfies the following functional 
equation: 

Z(f,q) = p(q)Z(f,q), (5.10) 

where 

o(a) = I W 1/2 (! - ^W^X 1 " mm- 1 ifN = 0, 
K) [ToMNiDy-^NW)^*- 1 ) ifN^O, 

where N is defined by cond(q) = ty N , and r 0 is defined by (5.9). 

Proof : Let /, g be functions on K, both satisfying the conditions imposed on 
/ in our theorem, and observe that in view of e(q) — 1 — e(q) the condition 
0 < e(q) < 1 ensures the existence of all integrals occurring below. 
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We have 

Z(f,q)Z(g,q) = [[ f(x)g{y)q{xy- 1 )v(y)dyi\x)d^{y), 

J Jk*xK* 

and making the substitution t = yx~ x we obtain 

Z(f,q)Z(g,q) = Qf^ f(x)g(tx)v(x)dn*(x)j g (*~X*)^*W- 

We show now that the inner integral is symmetrical in / and g, and this 
will produce the equality 

Z(f 9 q)Z(g i q) = Z{g,q)Z(f 9 qy (5.11) 

In fact, noting that v(x)d/jb(u) • dfjb*(x) = v{u)dfi(x) • d/jb*(u), and the sets 
K* and K + differ only in one element, we obtain 

/ f(x)g(tx)v(x)dfjL*(x)= [ f(x)v(x) [ g(u)X(xtu)dfi(u)dfi*(x) 
Jk* Jk* Jk+ 

= f(x)g(u)v(x)X(xtu)dfji(u)diJL*(x) 

J JK+xK* 

= / g{u)v{u) / f(x)X(xtu)dfi(x)dfjL*(u) = 
Jk* Jk+ 

= / g(u)f(ut)v(u)dv*(u). 
Jk* 

Now let us fix an equivalence class {q : q{x) = x( e x)v(x) 8 }, determined 
by a character \ of and let cond(x) = ty N . We specify now the function 
g, by putting 

0 otherwise. 

This gives 

g(y) = I X(x)X(-xy)d»(x) = [ X(x(l - y))dfi(x) 

Jd- 1 ^~ n JD- lf P~ N 

f Ar(D) 1 /2 i v(^) iV if N ^ 0, y e U N , 
= S nId) 1 ' 2 if N = 0,ye R, 

y 0 otherwise. 

The zeta-functions for g and g were computed in Proposition 5.45, with 
the exception of Z(g, q) in the case N = 0. But in this case we have q{x) = 
v(x) s , thus 

Z%q) = / N(D)^ 2 v(x) s d^{x) = V / JV^y*)-^*) 
Jr\{o} j=o J -K j u 

= J2NW)- ia N(D) 1/2 / d/**(a;) = (1 - JV(^3) _a ) -1 . 
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Finally we arrive at 

7(h ,, (N®S)/(Nffl-l) if JV^O, 

Ni^y- 1 )- 1 if AT - 0, 

and we see that the quotient Z(g, q)/Z(g, q) equals p(q). This, in view of the 
equality (5.11), implies the theorem. □ 

Corollary. Under the assumptions of the theorem the zeta-function Z(f, q) 
is for every fixed equivalence class of quasicharacters a regular function of s in 
the half-plane Re s > 0, and can be prolonged analytically to a meromorphic 
function. 

Proof : We begin with the regularity. Let <7 = Res>0, |fc|<l, and consider 
the difference 



Z(f,X,3 + h)-Z(f, X ,s) 



h 



L 



/ f{x)x{e x )v(x) s \ogv(x)dn*(x) 
Jk* 



f(x) X (e x )v(xy ( ^ {x)h h 1 - logt;(s)) d^(x). 

We shall prove that this difference tends to 0 with h. We can write it in the 
form 

hf f{x) X {e x )v{x) s jr h?~ 2 l ° g3 V } X) d/i* (s), 

Jk * j=2 J ' 

and so it does not exceed 

\h\[ i/(x)i^(xrf;i/.r 2 |lQgJ ; (x)l ^*(x). 

Jk * j=2 J ' 

We split the last expression in two parts: the first, Ji, extended over the 
set {x : v{x) > 1}, and the second, J 2 , extended over the remaining part of 
K*. 

Since 

h < \h\ f \f(x)\v(x) 1+ °dn*(x), 

Jv(x)>l 

we see that lim^o^i = 0. To evaluate I 2 choose a constant B > 4/cr 2 , and 
let \h\ < (cr/2) 3 . Then for j = 2, 3, ... we have \h\i~ 2 < B(<t/2)', and thus 
I2 does not exceed 



\h\ [ \f(x)\v(xrBexp(~logv(x))dfjr(x) 

Jv(x)<l Z 

= B\h\ [ \f{x)\v{xY' 2 d^{x), 

Jv(x)<l 

and therefore lim^o h = 0. 
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Now observe that since p(q) = p(x, s) with a fixed % is a meromorphic 
function of s, the functional equation (5.10) can be used for the prolongation 
of q) to a meromorphic function of s, since for Re s < 1 the right-hand 
side of (5.10) is well-defined and regular up to the poles of p(q). In view of 
the theorem the two definitions of Z(f, q) in the strip 0 < Re s < 1 (one 
direct and the other via the functional equation) agree with each other. □ 

It should be pointed out that the zeta-functions can have their poles only 
at the poles of p(q). Moreover, the last theorem shows the importance of the 
sum To(x) f° r the general theory, and not only as a factor of the zeta-function 
of a particular function. In the next chapter we shall say more about this sum, 
and now let us return to the factor p(q), occurring in (5.10). 

Proposition 5.47. If for a quasicharacter q we denote by q the quasichar- 
acter q~ x • v, then we have: 

(i) p{q) = q{-l)p{qT\ 

(ii) p(q) = q(~l)p(q), 

(Hi) Ife(q) = 1/2 and cond(x) = ty N with N i 1 0, then \p{q)\ — I, whence 
|to(x)| = AT(^)V2. 

Proof : (i) Let / be a function , satisfying the assumptions of Theorem 5.46, 
and whose zeta-function Z(f,q) does not vanish at q. Such functions exist, 
e.g. one can take for / the function occurring in part (iii) of Proposition 5.45. 
The functional equation implies 

Z(f,q) = p(q)Z(f,q) = p(q)p(q)Z(f,q). 

But f{x) = f(—x) and q{x) = q(x), whence 

Z{jA) = [ f(-x)q(x)dfjr(x) = </(-l) / f{x)q{x)dp\x), 
Jk* Jk* 

thus Z(f£) - q(-l)Z(f,q), and Z(f,q) = p(q)p(q)q(-l)Z(f,q), leading to 

q(-l)p(q)p(q) = 1, 

i.e., in view of q(-l) = ±1, p(q)p(q) = q(-l). 

(ii) This time let / be a function satisfying the assumptions of Theorem 
5.46, such that the zeta-function of its Fourier transform does not vanish at 
q (here again the function from Proposition 5.45 will do). Then 

'zTf^q) = z(f,q) = P (q)z(f,q), 

and in view of q =q and 



250 5. *P-adic Fields 



/» = / f(y)X(xy)dn(y) = f f(y)X(xy)d»(y) = /(-*) 
Jk Jk 

we obtain 

Z(f,q)=[ f{x%x)d^(x)= ( f(-x)q(x)dfi*(x) 
Jk* Jk* 

= q(-l)[ f(x)q(x)dp J *(x) = q(-l)Z(f,q). 
Jk* 

Now the functional equation implies 

and using the equality Z(f,q) — p(l})q(—l)Z{f,q) we arrive at q(—l)p(q) = 
p(q), which implies (ii). 

(iii) If e(q) = 1/2, then \q(x)\ = y/v{x), thus 

q(x)q(x) = v(x) = q(x)q(x), 

i.e., q(x) — q{x). Applying (i) and (ii) we obtain 

qi-lMq)- 1 = p(q) = q(-l)p(o) 
and p(q)~ 1 — ~p{q), showing the truth of (iii). □ 

5.4. Notes to Chapter 5 

1. The p-adic and p-adic fields were introduced by Hensel in a remarkable 
sequence of papers (Hensel [97c], [02], [04], [05a], [09]), and culminating in 
two books (Hensel [08], [13]). He denned p-adic numbers as formal Laurent 
series in p with suitably denned arithmetic operations. The approach based 
on valuations is due to Kiirschak [13], and an axiomatical approach was made 
by Praenkel [12]. 

With regard to Theorem 5.4 let us remark that if K is a field with a 
topology induced by a non- Archimedean valuation, then it will be locally 
compact if and only if it is complete, the valuation is discrete, and the residue 
class-field is finite. The theorem of Hasse and F.K.Schmidt [33] implies that 
every such field either is p-adic, or is a finite extension of the field of formal 
power series over a finite field. The original proof was incomplete, as pointed 
out by Mac Lane [39a] (cf. Chao [51]). Other proofs were given in Mac Lane 
[39b], Teichmiiller [36], [37], Witt [36]. Our Theorem 5.10 is a part of this 
result. 

Fields with a topology induced by a valuation were described by Shafare- 
vich [43] (cf. Diirbaum, Kowalsky [53], Fleischer [53], Kaplansky [47], Zelinsky 
[48]). Surveys of the theory of topological fields were given in Shell [90], 
Warner [89], and Wi§slaw [85]. 
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2. Hensel's lemma (Theorem 5.6) was proved in Hensel [04] for the field Q p , 
and in Hensel [05a] for K p in a form equivalent to that given by us, which 
appeared first in Hensel [18]. (It has been pointed out in Ore [27] that a form 
of Hensel's lemma occurs already in a paper of Schonemann [46, sect. 59].) For 
other forms of Hensel's lemma see Hensel [08], [13], Rella [24b]. For certain 
interesting applications see Dalen [55], Liang, Mead [83], 

Fields with a non- Archimedean valuation in which the analogue of Hensel's 
lemma holds are called relatively complete. They were studied by Ostrowski 
[35], who showed that a field is relatively complete if and only if it is closed 
under separable algebraic extensions in its completion. Examples of relatively 
complete fields which are not complete were given earlier in Ostrowski [13]. 
It was shown in Rim [57] that a field K is relatively complete if and only if 
its valuation has a unique extension to the algebraic closure of K. Cf. Inaba 
[52], Nagata [53], Neukirch [68], Rayner [57], [58], Schilling [43], Zassenhaus 
[54]. 

3. The corollaries 1-4 to Theorem 5.6 are due to Hensel For further applica- 
tions of Hensel's lemma see Hensel [08], Thurston [43]. Corollary 3 implies 
that the field Q p contains subfields, which are normal extensions of the ra- 
tional with Galois group equal to for m = 1,2, . . ., and Kleiman [71] 
proved that the same holds for normal extensions K/Q having symmetric 
Galois group S n with n < p. Cf. Frey, Geyer [72], Iwata [72]. Cassels [76] 
deduced from Hensel's lemma that every finitely generated extension of the 
rationals is embeddable in infinitely many fields Q p . For finite extensions this 
can be deduced from Theorem 4.37. 

4. Proposition 5.8 (Krasner's lemma) was proved in Krasner [46]. Conditions 
for an isomorphism of two extensions of Q p were given in Hensel [09] (cf. 
Krasner [37a,c]). Proposition 5.13 was proved in Hensel [18]. 

The definition of the discriminant d(L/K), as well as Proposition 5.14 
and Theorem 5.15 are due to Frohlich [60b]. 

5. For the construction of an algebraic closure Q p of Q p see Bauer [24]. The 
p-adic valuation has a unique extension to Q p , however Q p is not complete 
(Ostrowski [13], [17]). It has been proved by Kiirschak [13] and Rychlik [24] 
that the completion f2 p of Q p is both algebraically closed and complete. There 
is an extensive theory of functions in Q p . See Gouvea [93], Koblitz [77], Mahler 
[73], Washington [82], where also further references may be found. 

For a p-adic field K put G(K) = Gal{K/K). A study of this group was 
made by Iwasawa [55b], and a fully satisfactory description of its structure 
was in the case Q p C K with odd p given in Janssen [82], Janssen, Wingberg 
[82]. For the case p = 2, C4 e K see Diekert [84], Zelvenskii [72], [78], [82]. 
Note that G(K) does not determine K, as shown in Yamagata [76] (cf. Jarden, 
Ritter [79], [80], Jenkner [92], Ritter [78]). Automorphisms of G(K) were 
studied in Jarden, Ritter [79], [80]. 
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Let G p (K) be the Galois group of the minimal extension of K closed under 
p-extensions. If K is regular, then, as shown in Shafarevich [47], G P {K) is a 
free topological group with 1 + n free generators, where n = [K : Q p }. If K 
is irregular K, then G P (K) has n + 2 topological generators and one relation 
(Kawada [54]; cf. Faddeev, Skopin [59], Miki [76]). Earlier results on this topic 
are described in the book of Koch [70] . 

6. Theorem 5.21 was proved in Hensel [14b]. See also Halter-Koch [72a], 
Hasse [49], Hasse, Hensel [23], Hensel [15], [16a,b], [17], [21c], [27], Rella [20], 
Wahlin [16], [32]. In the next chapter we shall describe all situations in which 
the factor group U(K)/U n (K) is cyclic. For an interpretation of U\/U n in 
terms of algebraic groups see Kambayashi [75]. 

The p-adical logarithm occurring in the proof of Proposition 5.22 was 
introduced in Hensel [15]. For another definition of it, leading easily to its 
main properties see Leopoldt [61] (cf. Disse [25], [26], Pollaczek [46]). 

7. Most of the results of Section 2 are due to Hensel [08], in particular the 
Theorems 5.26, 5.27 and 5.29. Tame extensions were discussed in Albert [40], 
where also a new proof of Corollary 3 to Theorem 5.34 is given. Another 
proof was given in Bauer [22] . Ramified cyclic extensions of degree p of fields 
containing Q p were treated in MacKenzie, Whaples [56], and for non-normal 
extensions of degree p this was done in S.Amano [71]. 

Corollary 2 to Theorem 5.27 appears in Hensel [09] (cf. Albert [40]). The 
number of extensions with prescribed properties of a given p-adic field was 
studied in a series of papers by Krasner [37b], [38], [62], [66]. In particular 
he obtained the following formula for the number Nk{ti) of all extensions of 
degree n of a p-adic field, containing Q p : 



where n = hp m with p \ h, cr{h) is the sum of positive divisors of h, and 



and N = n[K : Q p ]. He proved also that number of fully ramified extension 
of degree n of any p-adic field is divisible by p. 

For other results on the number of extensions of p-adic fields see Bayer, 
Rio [99], Feit [59], Fujisaki [90], [89], Krasner [79], Massy, Nguyen-Quang-Do 
[75], Naito[95], Payan [65], Serre [78], Travesa [90b], Yamagishi [95]. 





e(s) being defined by 




5.4. Notes to Chapter 5 



253 



A method of finding the defining polynomials of extensions of Q p of given 
degree gave Pauli, Roblot [01]. 

Ramification groups were defined by Hilbert [94a] for finite extensions of 
algebraic number fields. In the p-adic case they were apparently first used 
in Ore [28b] . For characterizations of the sequence of ramification groups see 
Maus [68], [73], Miki [77], Sueyoshi [84]. See Serre [62] and the literature 
quoted there for more information on ramification groups. 

8. Let L/K be a normal extension of p-adic fields with Galois group G, and 
let R, S be the corresponding rings of integers. It was observed by Noether 
[32] that L/K is tame if and only if S and R[G] are isomorphic as R[G]- 
modules (for an elementary proof see Kawamoto [86]). Hence the problem of 
the existence of a normal basis is solved completely for such extensions. 

Leopoldt [59] showed that if K/Q p is Abelian with Galois group G, then 
the ring R of integers of K is a free module over the associated order 

A K = {a e Z P [G] : cr(R) C R} 

(cf. Letttl [90a]). This may be not true for non- Abelian, even unramified, 
extensions of Q p , as shown by Berge [78]. Leopoldt 's result has been extended 
in Lettl [98], who showed that under the same assumptions, R is free over 
Al for every extension of Q p , contained in K. 

For further results concerning the Galois structure of p-adic rings see 
Bertrandias [78], [79], Bertrandias, Bertrandias, Ferton [72], [73], Borevich, 
Vostokov [73], Burns [91], Chan, Lim [95], Elder [95], Elder, Madan [94], 
Ferton [72], [73], [74], [75], Martel [74], Y.Miyata [74], [79], [80], [95], Ullom 
[70], Vostokov [74], [76a,b]. 

9. If Q p C K and L/K is normal with Galois group G, then one can consider 
U\(L) as an Z p [G]-module. In fact, if u G U\(L) and A = Y2 g eG a g9 ^ Zp[G], 
then the action of A upon u can be defined by 

gee 

which is well-defined, since G preserves the prime ideal, and so g(Ui(L)) = 
Ui(L) holds for g G G. If U\(L) is, as Z p [G]-module, the direct sum of a 
finite module and a free module, then the extension L/K is said to have 
a normal basis for units. Krasner [39] proved for regular fields L that if 
L/K is tame, then such a basis exists, and the converse implication was 
established by Gilbarg [42]. In the irregular case Krasner [39] and Borevich 
[65a] demonstrated that tame ramification is neither necessary nor sufficient, 
and the complete solution of the problem was obtained in Borevich, Skopin 
[65]. We quote it only in the case when L/K is tame and p^2. In this case 
L/K has a normal basis for units if and only if the index [L : K(£ p s)] (where 
s is the irregularity index of L) is not divisible by p. 
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The structure of U\(L) as a Zp[G]-module was treated for various classes of 
extensions in Arutyunyan [77], Borevich [64], [65a,b], [67], Borevich , Gerlovin 
[76], David [78], Gerlovin [69], Iwasawa [60], Krasner [36], Pieper [72], [73], 
Rosenbaum [66], [70], Wahlin [32], Wingberg [79]. 

10. The results of Section 3 are due to Tate [50]. For a simple proof of 
Theorem 5.37 see Washington [74]. More about Gaussian sums defined by 
(5.9) will be said in the next chapter. 

The class-field theory in p-adic fields establishes a one-to-one correspon- 
dence between Abelian extensions L/K of a given p-adic field K and sub- 
groups H C K* of finite index. This correspondence implies H = Nl/ k (L*) 
and Gal (L/K) ~ K*/H. See the books of G.Gras [03], Hazewinkel [69], 
Iwasawa [80], [86], Neukirch [86], [92], Serre [62]. See also Fesenko [96], and 
the exposition of Serre in Cassels, Frohlich [67]. For a quick introduction see 
Hazewinkel [75]. 

Every Abelian extension of Q p is contained in a cyclotomic extension (see 
Lubin [81], Rosen [81]). This is an analogue of the Kronecker- Weber theorem, 
which will be established in Chap. 6 (see Theorem 6.18). 

11. An integral domain R is called a BC- domain (domain with bounded 
cycles) if for every N > 1 there exists a number M(N, R) with the property 
that if $ : R N — > R N is a map denned by N polynomials with coefficients 
from R in N variables, and there exist distinct points Pi, . . . , Pk G R N such 
that $(Pi) = P i+1 (i = 1, 2, . . . , k - 1), and $(P fc ) = P u then k < M(N, R). 
Each such Pj is said to be a periodic point of It has been shown by Pezda 
[94b] that rings of integers of p-adic fields are PC-domains. The case N = 1 
was earlier considered in Pezda [94a] . Periodic points of power series over R p 
were studied in Li [96]. 

Since every ring Rk can be embedded in a suitable ring Z p it follows 
that Rk is also a PC-domain. In case N — 1 this was earlier established in 
Narkiewicz [89] . In this case one can show that finite polynomial orbits have 
a bounded cardinality (Narkiewicz, Pezda [97]), and it is possible to classify 
them (Halter-Koch, Narkiewicz [99], [00] (cf. Marszalek, Narkiewicz [04]). In 
the p-adic case such bounds do not exist. 

See also Morton, Patel [94], Morton, Silverman [94], [95], Pezda [03]. 

EXERCISES 

1. Prove that the algebraic closure of Q p is not complete. 

2. Prove that the completion of the algebraic closure of Q p is algebraically 
closed. 

3. Prove that every automorphism of Q p is continuous. 

4. Prove that for every prime p and n > 3 one can find a polynomial irreducible 
over Z of degree n, which has a root in Q p , but does not split there in linear factors. 
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5. Let L/K be a finite extension of a p-adic field, and let R, S be the corre- 
sponding rings of integers. Prove that the set of all a E S satisfying S — R[a] is 
open. 

6. (a) Let K be a p-adic field containing Q p , and let p \ n. Determine the Galois 
group of the splitting field of X n — 1 over K. 

(b) Show that if n is a power of p and K — Q P (Cn), then the Galois group of 
K/Q) p is isomorphic to the multiplicative group of residue classes mod n, prime to 
n. 

7. Prove that if L/K is unramified, then for n = 1, 2, . . . the norm map N L / K 
maps U n (L) onto U n (K). 

8. Prove that if [K : Q p ] = n and D = D K /Q p , then the groups K + /D~ x and 
(Qp/Z p ) n are topologically isomorphic. 

9. (Hensel [94a]) Prove that if K is a p-adic field and D L/K = ^} m , then 
m < e(L/K) + v(e(L/K)) — 1, where v denotes the exponent in L. 

10. Let X/Q be a finite extension. Show that for infinitely many primes p there 
exists an embedding of K in Q p . 

11. Describe all cubic extensions of the fields Q2 and Q3. 

12. Let R be the ring of integers in a p-adic field K D Q p , put An — R/ty N , 
let 7r be a fixed generator of ^3, and e = e(K/Q p ), f — f(K/Q p ). 

(a) Prove that for N = 1, 2, . . . , e one has pAn = 0 and A N ~ C/ N . 

(b) Show that if M > N, then tt n - _ N . 

(c) Let & > 1 and assume that — l)e < N < ke. Prove that 

where a = (/ce — N)f and b = (N — ke + e)f. 
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6.1. Arithmetical Applications 

1. In this chapter we shall apply results obtained in Chap. 5 to the study 
of algebraic number fields. The first section contains direct arithmetic appli- 
cations, and in the second we introduce the ring of adeles and the group of 
ideles, study their principal proprieties and perform some harmonic analy- 
sis, including the deduction of the functional equation for suitably denned 
zet a- functions. 

In this section K will be an algebraic number field, and L/K an exten- 
sion of degree n. By p we shall denote a non-zero prime ideal in Rk, and 
^Pi , . . . , tym will be the prime ideals of Rl, lying above p. R will denote the 
ring of integers of K p and Si will be the ring of integers of L$p . . If the prime 
ideal ^ will be fixed, then we shall denote it by ^P, and write S instead of 
Si. 

The method of transferring results from the p-adic case to number fields 
is, broadly speaking, the following: we shall consider the p-adic fields K p and 
L^ i (i = 1, 2, . . . , m). By Theorem 5.11 the fields are finite extensions of 
Kp , and by part (iv) of that theorem the corresponding ramification indices 
and prime ideal degrees are not affected by this localization. Now, having a 
problem concerning the extension L/K, we can try to solve the corresponding 
problem in L^jK p for all p, which may be easier, since we have additional 
topological means at our disposal, and the rings of integers in p-adic fields 
are principal ideal domains. Having done this, we can try to put the local 
solutions together in some way, and, if we are lucky, this may yield a solution 
to the original problem. 

Proposition 6.1. Let L = K(a) with a G Rl, and denote by F the minimal 
polynomial of a over Rk- If P is a prime ideal of Rk, and in the field K p 
one has the factorization F = F\ • • • F m into irreducible polynomials, then 

where ^ are distinct prime ideals of Rl and Cif L / K {^i) = degF^ holds for 
i — 1, 2, . . . , ra. 
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Moreover, for each i one has L$p. ~ K p (bi) with F(bi) = 0, and there is 
a topological isomorphism between the K p -spaces ^ i and L <S>k Kp • 

Proof : For each i = 1, 2, . . . , n consider the field Mi, generated over K p by 
one of roots, say bi, of the polynomial Fi. By Propositions 3.2 and 5.7 the 
field Mi is complete under the unique extension of the valuation of K p to Mi, 
and contains an isomorphic copy of L, namely K{bi). Moreover, Mi coincides 
with the closure of K(bi), because that closure contains K p as well as bi. 
If v is the exponent in Mi, induced by its valuation, then its restriction to 
K(bi) ~ L corresponds to a prime ideal lying above p, and we obtain 
that Mi is isomorphic with under a valuation-preserving isomorphism. 
This, together with Theorem 5.11 (i) proves all but the last assertion of our 
proposition. To prove the last one note that by the already proved part and 
Theorem 4.5 we have 

n 

d\m Kp = [L: K}= dim Kp L ® K K p , 

i=l 

and it remains to apply Proposition 3.2. □ 
Corollary. IfxeL, then 

m m 

N L/K (x) = l[N LVi/Kp (x), T L/K (x) = J2 T L Vi /K p (x). 

i=l i=l 



Proof : If x generates the extension L/K, then the asserted equalities follow 
immediately from the proposition. If, however, M = K(x) is a proper subfield 
of L, 0i, . . . ,£} s are the prime ideals of Rm lying above p, and for each 
i = 1, 2, . . . , s we denote by tyu, . . . , tykii the prime ideals of Rl lying over 
Hi, then 

N L/K (x) = N M/K (N L/M (x)) = (N M/K (x))^ = f[(N Mai/Kp (x))^ M \ 

i=l 

but, on the other hand, we have 

N LVji/MQi (x)=x n '*, 

with nji = e L / M (ySji)f L /M(yPji) by Theorem 5.11 (i), and so, using Theorem 
4.5, we arrive at the equality 

k- 

UN L ^ /MOz (x)=x^\ 
i=i 

which gives 
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S /C-j, S /C-j, 

n n N L Vii /K P ix) = n n N Mai , Kp (N LVji/Mai (*» 

i=l j = l i=l j = l 

= ll [ N M Qi /K p (x)) = N L/K {X), 

i=l 

as required. A similar argument, in which products are replaced by sums and 
exponents by coefficients, applies to traces. □ 

2. In this subsection we shall consider connections between the different of an 
extension of an algebraic number field and the corresponding local differents. 

Proposition 6.2. For every finite extension L/K of algebraic number fields 
one has 

D L /K = l[(D L v/K p nR L ), 

where the product is taken over all prime ideals ^3 of Rl, and p denotes the 
prime ideal of Rk, lying below 

Proof : The assertion results immediately from the following lemma: 
Lemma 6.3. Ifty lies above p, then 

D l ,k = 3**3, 

where 3 is an ideal of Rl not divisible by ty, and ^Rl^ is the different of 
the extension Lq$ / K p . 

Proof : Let || D L / K , and after identifying the prime ideal of L<p with 
write Dl^ /Kp = ty k . By Theorem 4.16 there exists a £ R L such that if F is its 
minimal polynomial over R K , then F'(a) £ *p r \<p r+1 . If F = F x • • • F t is the 
factorization of F into monic factors irreducible over Kp, having coefficients 
in R, then for a certain i we have Fi(a) = 0, and obviously = K p (a). 
Differentiating, we get F'{a) = F/(a)G(a) with a certain polynomial G £ 
R[X], whence, using the fact that F-(a) generates the different D l ^/k p , we 
obtain r > k. Assume that r exceeds k. According to Theorem 4.22 there 
exists an essential derivation d : S — > 5/^} fe+1 , vanishing on R. Since its 
restriction to R L is also a derivation d* : Rl — > Rl/^P^ 1 , vanishing on 
Rk, the same theorem implies that it is not essential, i.e., every element of 
its image d*(Ri) is a zero-divisor. This leads to a contradiction. Indeed, let 
A be the set of all elements a £ S for which d(a) is a zero-divisor. Lemma 
4.23 shows that d is continuous, and since S/93 fe+1 is finite, the set A must 
be closed. But it contains Rl, and therefore must coincide with 5, thus d is 
not essential, contradiction. □ 
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The proposition follows by considering separately all prime ideals dividing 
Dl/Ki an d applying the lemma. □ 

Corollary 1. A prime ideal ^3 of Rl is unramified or tamely ramified in 
L/K if and only if the corresponding p-adic extension is unramified or tame. 

Proof : This follows from the proposition and Corollary 1 to Theorem 4.24. 

□ 

Corollary 2. A prime ideal *}3 of Rl is wildly ramified in L/K if and only 
if one has 9p e \D L /K> where e = ^/^OP)- 

Proof : Apply the last proposition, Proposition 5.28 and Theorem 4.24. □ 

Corollary 3. If L/K is normal, then the trace map T l /k : Rl — > Rk is 
surjective if and only if L/K is tame. 

Proof : If L/K is tame, then the surjectivity of the trace map is contained 
in Corollary 5 to Theorem 4.24. If the trace map is surjective, *P is a wildly 
ramified prime ideal of Rl, and p C Rk lies below *P, then using Theorem 4.6 
we obtain that all prime ideals Sfii = ^3, . . . , ^ lying above p are wildly rami- 
fied, and if e is their common ramification index, then the preceding corollary 
implies $Rl = (^Pi • • - ?Pk) e \DL/K, contradicting Corollary 3 to Proposition 
4.13. □ 



Observe that in the case of a non-normal extension the trace map can 
be surjective even if the extension is not tame. In fact, let L/Q be a cubic 
extension in which 3 is unramified and 2Rl = 93? ^2 • Then <Pi is the only 
wildly ramified prime ideal, because in view of Theorem 4.5 only prime divi- 
sors of 2Rl and 3Rl may ramify wildly in a cubic extension . Assume now 
that T l /q(Rl) 7^ ^- Then by Corollary 2 to Proposition 4.13 there is a prime 
p such that if 

P R L = f[y?, 

then for i = 1,2, ... ,g one has > an d thus, by Theorem 4.24, all 

prime ideals ^ must be wildly ramified. But in our case there is no such 
prime p, since ^2 is tame, whence T l /q is surjective. 

To show that this situation can really occur, consider L — Q(a), where a 
is a root of the polynomial X 3 + 15X 2 + 20X + 30, which is irreducible, being 
Eisensteinian with respect to the prime 5. Proposition 2.9 (iv) easily leads 
to \d L /Q(a)\ = 2 2 • 5 2 • 13 • 23, thus 3 is unramified and 2 is ramified, hence 
we have only to exclude the possibility of 2Rl = ^3 3 . If this would happen, 
then Theorem 4.24 would imply <p 2 |£> L/Q , whence 2 2 = N(<# 2 )\d(L). In view 
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of 2 2 || d L /q(a) this shows that 2 does not divide the index of a, and thus 
Theorem 4.33 is applicable. Since 

X 3 + 15X 2 + 20X + 30 = X 3 + X 2 = Jf 2 (X + 1) (mod 2), 

we obtain 2Rl = ^Pi^2, with 9pi y^ty 2 , contrary to our assumption. 

Corollary 4. If [Ki : K] — rii (i = 1,2) and L = K1K2, then 
d{LlK)\d{K x lK)^d{K 2 lK) n \ 

Proof : Let 9p be a prime ideal in Rl and p, pi , p2 the prime ideals in Rk, Rk x > 
i^i<: 2 , lying below P. Assume that || D Kl / K , and consider the corresponding 
p-adic fields, putting ki = Ki p _ for z = 1, 2. Then 

D k 1 /K p = Pi = S kl /K p {o)S', 

holds with a suitable c £ 5", 5" being the ring of integers of fci. Since L — 
K1K2, we have L<p = &i&2 and thus L<$ = k 2 (c). If F and G are minimal 
polynomials of c over if p and k 2 , respectively, then for a certain polynomial 
if with integral coefficients from k 2 we have F(X) = G(X)H(X), which 
gives -F'(c) = G'{c)H{c), and we see that the different of Ly/k 2 divides the 
ideal generated by F'(c), which equals D kl / Kp S", with S" being the ring of 
integers of Ly. Applying our proposition we obtain Dl^x 2 \^k 1 /kRl, hence 

Dl/k = D L / K2 D K2 / K \D Kl / K D K2 / K R L , 

and taking norms we arrive at 

d{L/K) =N L/K {D L/K )\N L/K {D Kl/K R L )N L/K {D K2/K R L ) 
= diKi/K^^d^/K)^^. 

It suffices now to note that [L : Ki] < n 2 and [L : K 2 ] <n\. □ 

Corollary 5. There can be only finitely many extensions K/Q of a fixed 
degree n, having a prescribed finite set of ramified primes. 

Proof : In view of Theorem 2.24 and the last assertion of Proposition 4.14 it 
suffices to show that the discriminant of K/Q can attain only a finite number 
of distinct values. Since the degrees of local extensions Kp/Q p are divisors 
of n, this is a consequence of the proposition and Corollary 2 to Theorem 
5.27. □ 

Finally we prove a bound for the maximal power of a prime ideal which 
can divide the different, generalizing the second part of Theorem 4.24 to 
wildly ramified prime ideals: 
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Proposition 6.4. // pR L — n?=i W w ^ distinct then the different 
Dl/k cannot be divisible by ^ i+Si , where si is the maximal power of tyi, 
dividing eiR^. 

Proof : By Proposition 6.2 it suffices to prove the result for the extension 
Ly/Kp, where *P is one of the ^Vs. If M is the maximal unramified extension 
of K p , contained in L<p, then e(L<p/M) — e^, and Lrp/M is fully ramified. 
Using Theorem 5.27 we can write L<p = M(7r), where tt generates and 
is a root of an Eisensteinian polynomial F(X) — X Ci + • • • + a ei G M[X] 
such that the different of L^/M is generated by F'(n). Denoting by v the 
exponent corresponding to *P in L<p, we see that for r = 1, 2, . . . , e$ — 1 we 
have 

v(a r (ei - r)7T Gi ~ r ~ 1 ) = -(r + 1) (mod e*), 

because v(a r ) and v(ei — r) are divisible by e$. Hence all summands in the 
sum 

F'(tt) = e^- 1 + ai(e< - l)^" 2 + • • • + a ei ^ 
give distinct values to the exponent z/, and since the first summand gives 

IS^iTT^' 1 ) = Si + ei - 1, 

the different cannot be divisible by a higher power of than fpsi+e*- 1 . □ 

3. If the extension L/lf is normal, then it is possible to apply the theory of 
ramification groups, developed for p-adic fields in Chap. 5, and, in particular, 
to defined the ramification groups of such an extension. 

Theorem 6.5. If L/K is a normal extension of an algebraic number field, 
G is its Galois group, p is a prime ideal of Rk, and ^ is a prime ideal of 
Rl lying above p, then the corresponding extension L^/K p of p-adic fields is 
normal, and there is a canonical embedding of <5 = Gal(L^ / K p ) into G. The 
index of the image of <5 in G equals the number of prime ideals lying above 
p in L. 

Proof : Write = Kp(a), where a is a generator of the extension L/K. The 
conjugates of a over K p form a subset of the set of conjugates of a over K, and 
so they all lie in L C L<p, whence the extension Ly$/K p is normal. The same 
observation shows that the restriction of a £ (3 to L is an element of G, and 
this gives a homomorphism </> : 0 — > G, which is injective, because if <j)(cr) 
is the identity map, then a(a) = a, and therefore a is the identity map on 
the whole field Ly. By Theorem 5.11 (i) the group (*5 has e L / K (^)f L / K (^) 
elements, hence an application of Theorem 4.6 proves the last assertion. □ 

The image of 0 in G is called the decomposition group of the ideal In 
the sequel we shall identify it with (25, and this convention implies that we can 
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regard the inertia group and ramification groups of the corresponding local 
extension as subgroups of G. These subgroups are called the inertia group, 
respectively the ramification groups of *}3. They were originally defined by 
Hilbert [94a] without the use of p-adic fields. Our next proposition shows the 
equivalence of Hilbert 's definition with the one given above. 

Proposition 6.6. Let L/K be a normal extension of an algebraic number 
field K, let G be its Galois group, and let ^ be a prime ideal of R^. If we 
define a sequence G_i(*P) ; G 0 (^3), Gi(^3),. . . of subgroups of G by 

G- 1 QP) = {geG: g(V) = Vh 
Gi(¥) = {geG: g(x)-xey i+1 for x e R L } (i = 0,l,...), 

then G-i(yp) equals the decomposition group ofty, Go (^3) is its inertia group 
and, for i > 1, G;(*}3) is its i-th ramification group. 

Proof : Let p be the prime ideal of Rk lying below *}3, and denote by S the ring 
of integers of L<p. Observe that every element g of the decomposition group 
fixes the ideal *}3. Indeed, we can write g — g\ L , where g is an automorphism 
of L<p / Kp , and this gives 

g(ys) = 

and 

gflS) = SOP) = g(%S H R L ) C^SnR L = ^p. 

But g(ty) is a prime ideal, and therefore the equality g($$) = *}3 follows, 
showing that the decomposition group of *}3 is a subgroup of G_i(^3). Now 
note that these two groups are of the same order. In fact, the cosets of G 
with respect to G_i(^3) consist of elements mapping ^3 onto a fixed prime 
ideal conjugated to *}3, and so the index [G : G_i(^3)] equals the number of 
such ideals. It remains to apply the last part of Theorem 6.5 to obtain the 
equality of G_i(^3) and the decomposition group. 

Now let us look at the remaining groups from our sequence. It follows 
directly from the definitions that the inertia group of ^3 is contained in Go (^3) 
and the i-th ramification group is contained in Gj(^3). To prove that we have 
equalities here, note that by Corollary 2 to Proposition 5.7 every element 
of (5 = Gal(Ly/Kp) is continuous. Let g G Gj, and assume that g is the 
restriction to L of g G 0. If a G 5, then a is the limit of a sequence {a n } 
of elements of R L , and since *}3 Z+1 is open we get a n G a + ^3 Z+1 for n 
sufficiently large. By our assumption g(a n ) — a n G ^3 Z+1 , hence for large n 
we get g(a n ) G a + *}3 Z+1 . Since the coset a + ^3 Z+1 is closed, it contains 
lim n #(a n ) = lim n #(a n ) = #(a), thus g(a) — a lies in ^3 Z+1 , and this implies 
our assertion. □ 

Lemma 6.7. If L/K is a normal extension of an algebraic number field K, 
M is a subfield of L containing K, and H = Gal(L/M) is the subgroup 
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of the Galois group of L/K corresponding to M, then for i = — 1,0, 1, . . . 
the subgroup Gi of H, corresponding to the prime ideal *}3 C Rl, equals the 
intersection of H with the subgroup Gi($P) of Gal (L/K). 

Proof : Immediate by the definition of the groups Gi . □ 

The field corresponding by Galois theory to the decomposition group of *}3 
will be denoted by K-i(ty) and called the decomposition field or the splitting 
field of *}3. Similarly, the fields corresponding to the inertia group and the i- 
th ramification group will be denoted by Kq and Ki , respectively, and called 
the inertia field and the i-th ramification field of *}3. The next proposition 
describes the main properties of these fields: 

Proposition 6.8. Let L/K be a normal extension of algebraic number fields, 
fix a prime idealty ofRL, letp be the prime ideal of Rk lying below ty, denote 
by tyi (i = —1,0, 1, . . .) the prime ideal of Rxi lying below ty, and letp be the 
rational prime lying in p. Moreover, write e = e^/^OP) = eoj) m with p \ eo 
andf = f L/K Qp). 

(i) In the decomposition field K-i we have pRx^ 1 — ^3-i3, with ^3_i \ 3 
and /k^/k^P-i) — 1- Moreover, K-\ is the maximal subfield of L having 
these properties. 

(ii) In the inertia field Kq we have PRk 0 = ^o^o, with ^3o \ 3o and 
Iko/k^Po) = f - Moreover, Kq is the maximal subfield of L having these 
properties. 

(Hi) In the first ramification field K\ we have PRk x — < ^p e \3\, with ?pi \ 3\ 
and fK 1 /K(^Pi) = f - Moreover, K\ is the maximal subfield of L having these 
properties. 

(iv) The extension Kq / K _i is cyclic of degree f, K\/Kq is cyclic of degree 
eo, and L/K\ is a p- extension of degree p™ . 

Proof : Clearly K p C (K-i)y_ 1 C L<p, and since the Galois group of 
the extension Ly/L p fixes it must fix, by continuity, also its closure 

(if — K p . In turn we obtain, by Theorem 5.11 the equalities 

e K _ l/jR: (5p_i) = / A :_ l/A :(?P-i) = l, 

and so pR K ^ = with \ 3. Moreover, if M is a field with K c M c 

L, and for the prime ideal *}3m of Rm, lying below *}3 we have e M / K (^M) = 
Im/k^Pm) = 1, then My M = K p and M is fixed by implying M C 

K-i. This establishes (i), and the remaining assertions are immediate by 
Theorems 5.11, 5.34 and the definition of the groups Gi. □ 

Corollary 1. If L/K is a normal extension of an algebraic number field K, 
*}3 is a prime ideal of Rl, and p C Rk lies below *}3 ; then 

e L /K(V) = #Go(q3), and A/K^i/A-pP) = #G-iCP). 
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Proof : Follows immediately from the proposition. □ 

The next result is sometimes called the monodromy theorem for algebraic 
number fields: 

Corollary 2. Let L/K be a normal finite extension of an algebraic number 
field, and let G be its Galois group. The subgroup H of G generated by all 
inertia groups of prime ideals of Rl corresponds to the maximal subfield of 
L, unramified over K. In particular, if K — Q, then the inertia groups of all 
prime ideals of Rk generate G. 

Proof : Let M be the subfield of L, corresponding to H and let Mq be the 
maximal subfield of L, unramified over K. By Lemma 6.7 and the preceding 
corollary we have 

e M/K ($ n R M ) = #G 0 ep)/#(G 0 ep) n H) = 1, 

as Go OP) H H = G 0 OP)- This shows that no prime ideal ramifies in M/K, 
and therefore M C M 0 . Conversely, if Mi is a subfield of L unramified over 
K, and Hi is the corresponding subgroup of G, then for every prime ideal *P 
of L we have G 0 OP) = G 0 ($S)nH u thus G 0 OP) C H x and H c H u implying 
Ml C M. In particular we obtain M 0 C M. 

If K = <Q>, then by Corollary 4 to Theorem 4.24 we have H = G. □ 

Corollary 1 shows that in a normal extension the sequences Gi (^3) deter- 
mine the decomposition of prime ideals. It follows from Lemma 6.7 that these 
sequences determine also the decomposition in all subfields of L containing 
K. 

We conclude this subsection with the determination of the maximal power 
of a prime ideal, dividing the different of a normal extension: 

Proposition 6.9. If L/K is a normal extension of an algebraic number field 
K, and is a prime ideal of Rl, then its maximal power dividing D L j K 
equals ty A with 

t 

A = A(5p) = 5^(#G j («P)-l), 

where t is the maximal index for which the group G^(^P) is non-trivial. Con- 
jugated prime ideals have the same value of A(*P) . 

Proof : The first assertion results from Proposition 6.2 and Theorem 5.36, 
and the second is a consequence of the simple observation that conjugated 
prime ideals have conjugated corresponding groups Gi. □ 
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Corollary 1. If L/K is normal of odd degree n, and T n is the greatest com- 
mon divisor of all numbers (p — l)/2 for prime p\n, then d{L/K) is a 2T n -th 
power of an ideal of Rl. 

Proof : Let p be a prime ideal of Rk ramified in L/K, and let $Rl = 
0Pi---?*r) e • The proposition implies p B \\ d(L/K) = N L/K (D L/K ) with 
B — rfA, where / = /l/k(^Pi) an d A — A(?pi), because the prime ideals ^ 
are all conjugated. The assertion will be established, if we would show that 
for. all prime ideals *P of Rl we have 2T n \A(ty). Since e divides n, every its 
prime divisor is congruent to unity mod 2T n , hence e = 1 (mod 2T n ), leading 
to 



by Corollary 1 to Proposition 6.8. If Gi(<P) is trivial, then A(*#) = #G 0 OP) - 
1, and we get 2T n \A(ty). If Gi(*P) is non-trivial, then the rational prime p 
lying below *P divides e, hence p\n. By Proposition 6.8 and Corollary 2 to 
Theorem 5.34 all ramification groups are p- groups, thus for i > 1 we get 
#Gi(ty) = 1 (mod p — 1), but in view of p\n we have 2T n \p — 1 and we 
conclude that also in this case 2T n divides A(^p). □ 

Corollary 2. If L/K is a normal extension of a prime degree q, then d(L/K) 
is a (q — l)st power of an ideal of Rk- 

Proof : This is a special case of Corollary 1. □ 

4. In this subsection we shall consider certain properties of characters mod/ 
for ideals /. These properties will be later utilized in the theory of Gaussian 
sums. 

Let us start with definitions. Let K be an algebraic number field, and 
let / be a non-zero ideal of Rk- Denote by G(I) the multiplicative group of 
residue classes mod / which are relatively prime to /, and let x be a character 
of that group. It is customary to treat this character as a function defined 
for all integers of K by means of the formula 



Observe that the function so defined has the multiplicative property, but 
it is not a group character in the usual sense. 

In the case when K is the field of rational numbers we shall write, for 
simplicity, G(N) instead of G(NZ), assuming always that N is the positive 
generator of the ideal NZ. 

A character x of G(I) is called primitive, if there is no ideal J ^ /, 
dividing / with the property that from (xR K ,I) = 1 and x = 1 (mod J) 
the equality x{ x ) — 1 follows. It is obvious that if / is a prime ideal, then 
every non- trivial character of G(I) is primitive, and the trivial character is 



#GoOP) = l(mod 2T n ) 




x(a mod /) if a mod / G G(I) 
0 otherwise. 
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primitive only if i" = Rk- Observe, moreover, that every character x of G(I) 
can be regarded as a primitive character of G(J), J being a suitable divisor of 
/. Indeed, let J be the greatest common divisor of all ideals Io dividing / for 
which x is trivial on the residue class 1 mod Iq. Then one sees easily, as in the 
rational case, that x equals unity on the residue class 1 mod J. Therefore 
it induces a character x' °f G(J), and the ideal J is called the conductor 
of X- The character x! is clearly a primitive character of G(J). It is called 
the primitive character induced by x- I n the case K = Q it is customary to 
regard the unique positive generator of J as the conductor of X- Clearly no 
confusion can arise here. 

For every x of G(i~) we have X 2 (— 1) = 1, whence x(— 1) = ±1. Charac- 
ters x satisfying x(— 1) = 1 are called even characters, and the remaining 
characters are called odd. 

Corollary 3 to Proposition 1.14 shows that if / = I\ • • • I r is a factorization 
of / into factors pairwise relatively prime, then we have also a factorization 
G(I) = G(i~i) x • • • x G(I r ) of corresponding groups. Thus every character x 
of G(I) can be written as a product of characters of G(Jj), since if we put 
Xi(x mod Ii) = x( u )i where u = x (mod Ii) and u = 1 (mod I/Ii), then 

r 

X(x mod -0 = 11 Xi ^ x mod t 6 ' 1 ) 

i=l 

Proposition 6.10. If x is a character ofG(I), and I — n[=i ^ ^ s a factori- 
zation into pairwise co-prime factors, then x is primitive if and only if every 
factor Xi ^ the factorization (6.1) is primitive. 

Proof : Let Ji be the conductor of Xi f° r i — l,2,...,r and put J = 
n[=i Ji- Then for x = 1 (mod J), satisfying (xRK,I) = 1, we have x(#) = 
n[=i Xi( x ) — 1. It follows that if a factor Xi is n °t primitive, then Ii ^ Ji, 
hence J ^ /, and x is not primitive. 

Conversely, if x is not primitive, say x( x ) = 1 holds for x = 1 (mod 3) 
with a certain 3 ^ then 3 = 01=1 3* wu " n 3*1^ an( i therefore there 
exists i with ^ 7^ Zi- But then for x = 1 (mod Zi) we have Xi(^) = 1 5 showing 
that Xi is not primitive. □ 

To determine the characters of G(I) one has to know the structure of this 
group. In particular, it is important to know in which cases G(I) is cyclic. 
If this happens, then every its generator is called a primitive root mod /. 
In the case of the field of rational numbers it is a classical result that the 
multiplicative group of residue classes mod M, prime to M, is cyclic if and 
only if either M is a power of an odd prime, or it is a double of such power, 
or finally M = 1,2,4. In the general case things become more complicated, 
so we shall consider only the case of prime ideal powers. The corresponding 
assertion in the general case can be obtained from this result by noting that 
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a product of cyclic groups is cyclic if and only if their orders are pairwise 
relatively prime. We leave the tedious but not difficult computation to the 
interested reader. 

Theorem 6.11. Let I = ty N be a power of a prime ideal. The group G(I) is 
cyclic if and only if one the following cases holds: 

(i) I = V, 

(ii) I = *P 2 , and /* /Q CP) = I, 

(iii) I = «P JV where N>3,2<£y, and e K/Q (yS) = f K /q(V) = 1, *-e. the 
corresponding local extension is trivial, 

(iv) I = V s , 2 G V, fK/ Q m = 1, and e K/Q ®S) > 2. 

Proof : We begin with a simple lemma, translating the whole problem into 
the language of p-adic fields: 

Lemma 6.12. For any prime ideal 9p and N > 1 the group G(9p N ) is iso- 
morphic with the factor group U{K^)/Un{K^). 

Proof : Apply Proposition 5.17 (iii) and Corollary 1 to Theorem 5.2. □ 

Put U = U{K V ), U N = U N (K V ), choose tt G \ ty 2 , and let p be the 
rational prime contained in 9p . The case (i) is trivial, as G{I) = {Rk/*#)* is 
the multiplicative group of a finite field, hence is cyclic. 

If N > 2 and U/Ujsr is cyclic, then U1/U2 is also cyclic, but Corollary to 
Proposition 5.17 and Theorem 5.11 (iv) show that U1/U2 can be cyclic only 
if /k/q(^P) = 1. If the last condition is satisfied, then U1/U2 ~ C p and since 
U/Ui ~ C p -i we obtain G(<£ 2 ) ~ U/U 2 ~ C p ( p _i), in view of (p,p - 1) = 1. 
This settles (ii). 

Since we know already that in the case /k/q(^P) > 2 the group G(9($ N ) 
can be cyclic only for N = 1, we may assume that fK/qtfP) — 1 holds. Since 
for a G we have 

(1 + ira) p = 1 + pira + • • • + pir^a?' 1 + ir p a p , 

we see that the map x ^ x p maps U\ into U r with r = min{p, 1 + e}, whence 
the group U\/U r can be cyclic only if r = 2, because in the remaining cases 
all its elements have order p. Now observe that the case r — 2 arises if either 
p = 2 or e = 1. 

If e = 1, then i£p = Q p , thus the group (?(<p N ) ~ G(p N ) is cyclic for all 
odd primes p and N > 1, whereas it is non-cyclic if p = 2 and N > 3. This 
settles (iii). 

If p = 2 and e > 2, then in view of (1+ tt) 2 = 1+ tt 2 + 2tt G J7 2 \ ?7 3 we 
obtain that the group U1/U3 is generated by 1 + 7r, thus is cyclic, and the 
group U1/U4 is non-cyclic because every its element is of order not exceeding 
4, due to 
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(1 + Tra) 4 - 1 + 47ra + 67r 2 a 2 + 47r 3 a 3 + ttV G U 4 , 
whereas #C/i/C/ 4 = 8. Since in this case we have U = £7i, (iv) follows. □ 

Lemma 6.12 shows that every character of G(ty N ) is in fact a character 
of the factor group U(K^)/Un(K^), and one sees that the two definitions of 
the conductor of a character, which we have at this moment, are in perfect 
agreement. 

We conclude this subsection with the determination of ideals I for which 
the group G(I) has a real primitive character, i.e., a primitive character 
assuming the values 1 and —1 exclusively. 

Proposition 6.13. The group G(I) has a primitive real character if and only 
if 

where ^ are distinct prime ideals not containing 2, £li are distinct prime 
ideals containing 2, and ai G {0, 2,4, ... , 2e$, 1 4- 2ei}, with e$ — ex/q{Qi) 
(t = l,2,. ..,*). 

Proof : Proposition 6.10 permits us to restrict our attention to powers of 
prime ideals, so let I = % N , and put G = G($ N ). 

Assume first that 2 ^ *p and let x be a real character of G. It will be 
convenient to treat x as a character of U/Un, which is permitted by Lemma 
6.12. Since x is real, we get x(# 2 ) = X 2 ( x ) = 1 for a; G G, thus x is trivial on 
squares. We have also 

U/U N ~ U/U! x U!/U N , 

because the orders of U jU\ and U\/Un are relatively prime. Since every 
element of U\ is a square, the number 1/2 being integral in Ky$, we see that 
X is trivial on Ui/Un, thus its conductor equals either ^3 or ^3°. This shows 
that if 2 ^ ^P, then only G(^3) can have a primitive real character, and indeed 
it has one, because it is cyclic. 

Now let us assume that 2 G ^p. If x is a real character of G, then again 
X is trivial on squares. By the Corollary to Lemma 5.19 the map x h-> x 2 
maps £7i+e onto Ui+2e, hence our character has to be trivial on Ui+2e-> and 
finally we find that there are no real primitive characters for N > 2(1 + e). 
Hence assume 1 ^ N < 2e -f~ 1. Now observe that since the group JJ jJJ\ is 
of odd order, the group G ~ U/Un will have a primitive real character if 
and only if there is a real character of V± = Ui/Un, which is non-trivial on 
V2 = Ujsr-i/Ujsr. Since the kernel of a non-trivial character is of index 2, and 
every subgroup of index 2 induces such a character, this will happen if and 
only if there is a subgroup of index 2 in Vi, which does not contain V2, i.e., V 2 
is not contained in the intersection A of all subgroups of index 2 of Vi. Note 
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now that A consists of all squares of elements of V\ . Indeed, V\ is a product 
of cyclic 2-groups 

t 

i=l 

with rrii = 2 Si , Si > 1 (i = 1, 2, . . . If x = [x u . . . , x t ] G A (pa G C m< ), 
then x lies in every subgroup 

where Cj is the group generated by y? , where y^ is a generator of C rnj . This 
implies that for every j the element Xj is a square, and thus x must be a 
square. Conversely, every square evidently lies in A. 

Let now N < 2e — 1 be odd. If 7r generates *P, 1 + C7r N ~ 1 is an arbi- 
trary element of Un-i, and a satisfies a 2 = c(mod ^3) (this congruence has 
solutions because is odd in view of 2 G ^3), then 

1 + ctt^" 1 = 1 + a 2 ^- 1 (mod <p"), 

and in view of 

2a 7 r< JV - 1 )/ 2 = 0 (mod <p e+(JV " 1)/2 ) 
and e + (AT - l)/2 > AT we obtain 

1 + cn N-i _ ^ + a7r (w-i)/2^ 2 (mod ^jv }) 
i.e., V2 C A, showing that in this case there is no primitive character mod 

If 1 < N < 2e and N is even, then the image of 1 + tt n ~ 1 in V2 does not 
lie in A. In fact, otherwise we would have 

1 + TT^" 1 = (1 + U7T M ) 2 (mod W N ), 

with a certain unit u and M > 0, thus if we define Ui by 2 = U\-K e , then 
l + 7r iV-i = l + ^ l7r M+ e + ^2 7r 2M ( mod qjJV). 

If M > e, then this gives I+tt^ -1 = 1 (mod ^ 2e ), hence 2e < JV-1, contrary 
to our assumption. If, however, M < e, then 

1 + n N-l = 1 + + WWl7r e-M) (mod yN^ 

which leads to N — 1 = 2M, which is not possible, as N — 1 is odd. This 
establishes the existence of primitive real characters for JV = 0,2,4,...,2e. 

There remains the case N — 1 + 2e. Assume that every element of V2 is 
a square. In particular, for every unit a the element a = 1 + a7r 2e is a square 
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mod Ui+2e of a principal unit 1 + for. Writing b = €7r n and 2 = ei7r e with 
units e, ei and n > 0 we obtain 

a EE 1 + 2tt6 + 7rV = 1 + €€i7T 1+C+n + 6 2 7T 2n+2 (mod ^ 1+2e ). 

Now we distinguish three cases: 

(i) e - 1 < n. In this case eei7r 1+e+n and e 2 7r 2n+2 both lie in *£ 1+2e , and 
hence a lies in L^e+i, thus a cannot be a unit, contradiction. 

(ii) e — 1 > n. In this case we have eei7r 1+e+n G *p 2n+3 , and therefore we 
obtain 2n + 2 = 2e and ra + l = e>ra + l, again a contradiction. 

(iii) e — 1 = n. Here we get a = 1 + (eei + e 2 )7r 2e (mod *p 1+2e ), hence 
a = eei + e 2 (mod and wee see that if l\ = e± mod ^3, then the polyno- 
mial F(X) — X 2 + eiX maps the multiplicative group A;* of the field k of 
residue classes mod *P onto itself, i.e., for every non-zero y G k the polyno- 
mial G{X) = F(X) + j/ is reducible in k. Writing G(X) = {X - Xl )(X - x 2 ) 
we obtain x\ + x 2 = — ei, xi^2 = y. Since the map F : A;* — > k* is sur- 
jective, and A;* is finite, hence F is injective, but this is not true in view of 
F(x 1 ) = F(-x 1 -e 1 ). 

Hence there must be non-squares in V2, and our proof is complete. □ 

5. Now we introduce Gaussian sums in algebraic number fields. They are 
intimately connected with the sums tq(x) considered in Chap. 5. In fact, in 
the most important case they will be equal, and in general our sums will be 
products of various sums ro(x)- 

Let K be an algebraic number field, / C Rk a non-zero ideal, and let a 
be an element of the fractional ideal (IDk/q) . If X is a character of G(7), 
then the Gaussian sum r a (x), corresponding to the pair [x, a] is denned by 

*-a(x)= Yl x{x)exp{27riT K/Q {ax)). (6.2) 

x mod I 

Observe that this sum does not depend on the choice of the system 
x mod / of residues, because x = y (mod /) implies x( x ) = x(y)i an d since 
T K/Q (ax) = T K/Q (ay) + T K/Q (a(x - y)) and a(x - y) G D~ x /K , Propo- 
sition 4.13 (iv) implies T K /q(a(x — y)) G Z. and so exp(27riT K /Q(ax)) = 
exp(27riT K/Q (ay)). 

In the special case K = Qwe write / = raZ, a = k/n with suitable natural 
n and a G Z, and obtain the usual rational Gaussian sum 

r a(x) = x(^)exp(27rzA:x/n). 

x mod n 

The case A: = 1 is particularly important, and we shall denote the corre- 
sponding Gaussian sum simply by r(x). 

Proposition 6.14. Let K be an algebraic number field, let I and x be as 

above, and put D = D k /q. 
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(i) If b is an integer of K, prime to I, and a G (ID) -1 , then r a b(x) = 

x(6)r a (x). In 'particular , if K = Q, I = riL, a = k/n with (fe,n) = 1 and 
natural n, then r a (x) = x(^) r (x)- 

(ii) Let I = I\ • • • I r be a factorization of an ideal I into factors pairwise 
relatively prime, let x — Xi" 'Xr be the corresponding factorization of a 
character x ofG(I), and put J{ — I /Ii. If a G {DI)~ X and for i — 1, 2, . . . , r 
the elements o>i belong to (Dli) -1 , and satisfy a — ai G (JiD)" 1 , then 

r 
i=l 

(Hi) One has 

Ta(x)=X(-l)^(x). □ 

Proof : (i) Under our assumptions we have 

T ab{x) = ^2 x(x)exp(2niT K/Q (abx)), 
xeG(i) 

but if x runs over G(7), then bx does the same, and we obtain 

Tab(x) = x(P) ]T x(t>x) exp(2<KiT K/Q (abx)) = x(b)r a (x). 
xeG(i) 

(ii) For every x G Rk, relatively prime to 7, choose xi G Rr with 

Xi = x (mod Ii) 

and 

Xi = l(mod Ij) (j ^ i). 

Moreover let y lt . . . , y r be integers of K such that yi ~ 1 (mod Ii), and ^ G 7^ 
for j ^ i. Then X]fc=i = x (mod 7), and thus 

T a(x) = ^2 "' XI Xi(xi)'--Xr(x r )exp(27riT K/Q (ax)) 

neG(Ji) x r GG(J r ) 
r 

= ]] E Xz(^)exp(27riT K/Q (a^^)) 

r 

= ]] E Xi(xi)exp(2mT K /Q(aiXiyi)), 

i=lxiEG(Ii) 

since — diXiyi G 7} _1 , and the last product equals 
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i=l 

because of (i) and Xi(Ui) = 1- 
(iii) We have 

T a(x) = Yl x(x)exp(27riT K/Q (ax) 
xeG(i) 

= Y x(x)exp(27riT K/q (-ax) 
xeG(i) 

= Y x(-x)exp(27riT K/Q (ax) 

xeG(i) 

= X(-1)^(X), 

as asserted. □ 

Corollary. Let n = ni • • • n r be a factorization of a natural number n into 
mutually prime factors, let x be a character of G(ri), and let x = Xi" 'Xr be 
its factorization into characters ofG(rii). Then 

r 

T (x) = Y[xi(n/ni)r(xi)- 

i=i 



Proof : For i = 1, 2, . . . , r the congruence 

xn/rii = 1 (mod rii) 

is solvable, so let bi be one of its solutions. Then the numbers ai = bi/rii 
satisfy the assumptions of part (ii) of the proposition, whence 

r 

T(x) = Y[r ai (xi). 

i=l 

Applying part (i) of the proposition we obt ain r ai (x) — Xi(M T (Xi)> but in 
view of bin/ rii = 1 (mod rii) we have Xiipi) — Xi( n / n i), an d this leads us to 
the asserted formula. □ 



The preceding proposition shows that the study of Gaussian sums cor- 
responding to characters of G(I) can be reduced to the case when / is a 
power of a prime ideal. We are mainly interested in Gaussian sums attached 
to primitive characters, and our next aim is to establish relations between 
them and the sums tq(x)- 
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Proposition 6.15. Let ^ be a non-zero prime ideal of Rk, let *Pi = *$2, 
. . . , ?fig be all prime ideals of Rk lying above pL = ?pnZ, and let x be a prim- 
itive character of G(% N ) (N > I). Fix tt G <p \ , tt 0 ^ (j = 2, 3, . . . , g), 
and write ttR k = t$\I) and D K /q = J (ip j J). Moreover choose 
ceR K with c = 1 (mod ^ N ^ 2 ■ ■ ■ o^d c G 1™+^, and a = ctt-™"^. 
T/ien a G (Sp^-D) -1 , and z/ tte character of U(K^)/Ujsf(K^) induced by x 
is denoted by the same letter x, then the Gaussian sum r a (x), and the sum 
T o(x); as defined in (5.9), coincide. 

If K = Q, and *P = £/ien tte same assertion holds for a = p _Ar . 

Proo/ ; Put, for shortness, K{ = iT$p. (z = 1, 2, . . . , g). Identifying the groups 
U(K?p)/U]y(Ky) and G(9(i N ), and noting that when x runs over a complete 
set of representatives of G(9(i N ), then cx does the same, we get 

ro(x)= E x(^)exp(27rzA(T Kl/Qp (cx7r- m - 7V ))), 

where A denotes the function introduced in Sect. 5.1. 

The elements cx/7r rn + N are integral in each of the fields . . . , K g , thus 

exp(27TiX(T Ki/Qp (cx7r- rn - N ))) = 1 

holds for i = 2,3, and using Corollary 1 to Proposition 6.1 and the 
equality %(c) = 1, we arrive at 

ro(x)= E x(^)exp(27rzA(T K/Q (cx7r- m - 7V ))) 
= xWexp(27riA(T ii:/ Q(ax))). 

Our choice of c guarantees that Tk/q(clx) is a rational number, whose 
denominator is a power of p, and therefore \(Tk/q(clx)) = {2#:/q (&#)}, where 
{•} denotes the fractional part, and this leads to 

T o(x) = x(x)exp(27riT K/Q (ax)), 

as asserted. 

In the case K = Q it suffices to observe that the above argument applies 
with c = 1. □ 

Corollary 1. Let x be a primitive character of G($$ N ) (N > 1), and let a 
be chosen as in Proposition 6.15. Then |r a (x)| = N{$$) N / 2 . If K = Q, and 
<# = pZ, then |r(x)| -p n/2 . 



Proof : This follows from Proposition 5.47 (iii) and the last proposition. □ 
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Corollary 2. Let I = ni=i ^Pf* > an ^ f or « = 1> 2, . . . , r Ze£ a* fee an element 
of K, satisfying the assumptions of Proposition 6.15. Assume further that 
a e K satisfies the assumptions of Proposition 6.14 (H)- Then for every 
primitive character x °f we have 



6. Now we shall have a closer look at Gaussian sums for primitive real cha- 
racters in the field of rational numbers. In this case Proposition 6.14 (i) 
shows that it suffices to deal with t(x), and the Corollary 2 to Proposition 
6.15 and Proposition 6.14 (iii) imply that if x is rea l an d primitive, then 
t(x) 2 = x(-l)M, where M is the conductor of x, i.e., r(x) differs by a 
fourth root of unity from y/M. The determination of this root of unity forms 
the content of the following theorem: 

Theorem 6.16. If M is positive and xisa real primitive character ofG(M), 
then 



Proof : The crucial point of the proof lies in the case M = p, an odd prime, 
and we start with the consideration of this case. The group C?(p), being cyclic 
of order p — 1, has exactly one subgroup H of index 2, which consists of all 
squares. If x is a real primitive character of G(p), then its kernel must equal 

H, and so we see that x( x ) is equal to the Legendre symbol. In particular we 
have x(-l) = with q = (p - l)/2. 

The simple reasoning which now follows is due to Waterhouse [70]. 

Consider the linear space V of all complex-valued functions defined on 
G(p). Its dimension equals p — 1 and we have two obvious bases in it: one 
consisting of characteristic functions of element of G(p) i.e., fk(x) = S% (k = 

I, 2, . . . ,p — 1), and another, consisting of all characters {xi, • • • 5 X P -i} of 
G(p). Define now a linear map B : V — > V, defined by 



Proposition 6.14 (i) implies B(x) = T (x)X f° r every character x of G(p). 
Since the equality x = X holds only for the two real characters, we see that 
the matrix of B in the basis Xi> Xp-i consists of blocks 



\r a (x)\ = y/W)- 

IfK = Q, and I = NZ, then |r(x)| = ^N. 



Proof : Apply the preceding corollary and Proposition 5.47 (iii). 




p-1 



B(g)(n) = Y,9U)(i n - 



( 0 t(VA 

\r{i>) o ; 
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corresponding to pairs ij) of conjugate non-real characters, and of two 
diagonal entries equal to —1 (which corresponds to the trivial character) and 
r (x)> X denoting the unique non-trivial real character. Therefore we have 

detB = -r(x)n(- r W r W) > 

the product taken over pairs (ip,^) of conjugate non-real characters. Since 
Corollary_2 to Proposition 6.15 and Proposition 6.14 (hi) imply the equality 
— r('0)r('0) = — p0(— 1), we obtain 

detB = -(-p)(P- 3 )/ 2 r(x)n^(- 1 ) 

= (_l)(P-l)/2+[(p-l)/4] p (p-3)/2 r ^^ 

since there are exactly [(p — l)/4] pairs of conjugated odd characters ip. 

Now we compute the determinant of B, utilizing the basis f ly . . . , 
and obtain 

detS = det(0 1 < fcn < p _ 1 . 

Thus 

detB = C^ +2+ - +(p - 1) Vand(C P ,C p 2 , • • 

where by 

Vand(ai, . . . , a k ) = JJ(% - a { ) 

i<j 

we denote the Vandermonde determinant, corresponding to ai, . . . , a&, 
Therefore 

detB= J] (Cp-C p ), 

l<l<k<p-l 

and writing x — cos(7r/p) + zsin(7r/p) we obtain 

detB = JJx fc+z (x fc " z - * z - fc ) = JJx fc+z J] ^zsin^— ^) . 
Because of 

£ (t + i) = ^-i)( P -2 ) | 

l<Z</c<p-l 

the first factor equals (— 1)(p -1 )/ 2 , and second equals a positive quantity 
multiplied by j(p-i)(p-2)/2 ? and 

comparing this with the previous expression 
for 5 we obtain the assertion of the theorem in the case M — p, an odd 
prime. 

The cases M = 1 and M = 2 are trivial, and for M = 4 and 8 the 
assertion can be directly verified, as for the only non-trivial character of 
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G(4) the Gaussian sum equals 2i, and for the two non-trivial real characters 
of G(8) one easily obtains the values y/S and iy/S for their Gaussian sums. 

Proposition 6.13 shows that real primitive characters of G(M) exist only 
if M = 2 a pi '"p r , where a = 0, 2 or 3 and pi, . . . ,p r are distinct odd primes, 
so assume that M has this form, and that x is a real primitive character of 
G(M). Write x = TTj=o Xj, where xo = 1 if a = 0 and Xo is a primitive real 
character of G(2 a ) otherwise, and for % — 1, 2, . . . , r one has Xi( x ) = (^")- 
For simplicity put p 0 = 2 a . Using the Corollary to Proposition 6.14 we can 
write 

r 

T{x) = X[xi{M/ Pi )T{xi), 

i=0 

and using the already proved part of our theorem and the fact that the 
character Xi is °dd for i > 1 if and only if pi = 3 (mod 4), we get 

r 

r( X )=t s+e VMn^( M /Pi), 

2=0 

where s is the number of prime divisors of M congruent to 3 mod 4 and e is 
1 if xo is odd and vanishes otherwise. Using the quadratic reciprocity law we 
obtain now 



Ylxi(M/pi) = xo{pi"'Pr)Y[ 



P0 ' ' 'Pi-lPi+l --'Pr 



=xo(pi-Pr)n n if 

>s£).n(£)fe 

=xo(Pi-iv)f[(^) n (-i) ( -- ik -- i)/4 

= (-D' ( - 1)/2 xo(pi-iv)f[(^), 

and the equality 

r( x ) = (-^-(-^^i-^VMxoCPi • • 'Pr) II f ^) 

3 = 1 KPjJ 

follows. 

Now we have to consider three cases, namely po = 1, po = 4 and po = 8. 
In the first case we have e = 0 and hence 
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W 1 iVM if 2 | 5, 

but x(— 1) = ( — l) s > an d we obtain the asserted formula. 

In the second case we have e = 1, (j^) = 1 for i > 1 and Xo(Pi • • -Pr) = 

(-l) s , because the non-trivial character of G(4) equals xo( x ) = (— l)^ -1 ^ 2 . 
By putting together these equalities one easily confirms the truth of the 
theorem in this case. 

Finally we are left with p 0 = 8. Denote by U the number of prime divisors 
of M congruent to i mod M for i = 1,3,5,7, and observe that there are 
two primitive real characters mod 8, one assuming for x = 3, 5, 7 the values 
1,-1,-1, and the other assuming the values —1,-1,1. For the first of them 
we have e = 1, and for the second e = 0. 

With this notation we have 

fl(^) = f[(-^- 1)/8 = (-i) t3+t ^ 

and 

(_l)*«+*7 if e = l, 



Xo(Pi--- Pr )-, { _ 1)t3+t5 ife = Q 



Moreover, 5 = £3 -f £7 and 



x(-i) = xo(-i) n^(-i) = xo(-i) n (—) = xo(-ix-i) s . 
*=i »=i / 

Now we can easily obtain the assertion of the theorem by checking the 
resulting cases: 

(a) 5 = 0, 1 (mod 4), e = 1. Here 



T (x) = i s+1 v / M(-l) t5+t7+t3+t5 = (-1) V +1 \/M, 

and this implies our assertion. 

(b) 5 = 0, 1 (mod 4), e - 0. Here 

r(x) - i s \/M, 

in accordance with our assertion. 

(c) s ee 2,3 (mod 4), e = 1. Here 

r( x ) = ^+i v / M(_i)^+t7+t 3 +t 5 +i = (_<)-+iVM, 

again with accordance with the theorem, which can be seen after a short 
computation. 

(d) 5 = 2, 3 (mod 4), e = 0 in which case 
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r( X ) = i fl VM(-l) t3+t6+t3+t6+1 - VM, 
which equals \/M for s = 2 (mod 4), and equals z\/M for s = 3 (mod 4). □ 

We conclude this subsection with a counterpart to the last theorem: 

Theorem 6.17. Let p be an odd prime, and let x be a primitive character 
of G(p). If the quotient x(p)/\/P i> s a ro °t of unity, then x{ x ) = (f )• 

Proof : Let x be a non-trivial character of G(p), and denote by xi( x ) the 
real character (|). Assume that with a root of unity e we have r(x) = e^/p. 
Obviously the number r(x) lies in the field K — Q(Cp,Cp-i) = Q(Cr) with 
r = — 1). To get more information about this field observe that the values 
of x form a subgroup of the group of all roots of unity of order p—1, and so 
we may write, for a = 1, 2, ... ,p - 1, x(a) = C£L 1? with m = m(a). 

By Theorem 6.16 we have r(xi) = r\yjp with 77 = 1 or i, depending on 
the residue of p mod 4. Hence we get 

r (x) = erTMxi), 

and since both Gaussian sums occurring here lie in we infer that erj -1 G K. 
Now Theorem 4.27 implies the equality 

with a suitable fc. For a — 1, 2, ... ,p — 1 let # a be that element of the Galois 
group of K/Q which maps ( p to Cp and fixes Cp-i- We have ^ a (x(^)) = x( x ) 
and <7a0"(x)) — r a(x)> and using Proposition 6.14 (i) we obtain 

(C P -iO k = 5i((C P -iC P ) fe ) = gaiev- 1 ) = 9a(T(x))/9(r(xi)) 

= T a (x)/Ta(Xl) = X(a)Xl («)' ! "(x)/ti (x) 

= x(a)Xi(a)(Cp-iC P ) fc , 
which implies Cp k = x(a)Xi(«)Cp, i-e., 

X(a) = C£ a - 1)fc (j) € Q(C P ) 

a = — 1, showing that all values of x lie in Q(C P ). But Q(C P ) H 

Q(Cp-i) = Q and we see that x is a real character, necessarily equal to the 
symbol of Legendre. □ 
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7. We conclude this section with the proof of the Kronecker- Weber theorem: 

Theorem 6.18. IfK/Q is a normal extension with an Abelian Galois group, 
then K is contained in a suitable cyclotomic field Q(C™)- 

This result belongs properly to the class-field theory. We have decided 
to include it here, because one of its proofs, due Shafarevich [51], is a very 
illuminating example of the application of p-adic methods to the theory of 
algebraic numbers. 

Proof : Observe first that it suffices to prove the theorem for cyclic extensions 
of a prime-power degree. Indeed, if K/Q is Abelian, Gal(K/Q) = 111= i ^vT 
is the factorization of its Galois group into cyclic factors of prime-power 
orders, and for i = 1, 2, . . . , r we put Gj = Yl^O^i, then the ne ^ Lj 
corresponding to Gj by Galois theory is a cyclic extension of Q of degree p 1 - 3 , 
and the field K is the composite of L\, L 2 , . . . , L r . 

Now fix a prime power g m , let S = {pi, . . . ,p r } be a finite set of primes, 
and denote by K = K q ™^ s the composite of all cyclic extensions of the 
rationals, whose degrees divide q™ and in which only primes from S can 
ramify, i.e., whose discriminants are divisible only by primes lying in S. It 
follows from Corollary 5 to Proposition 6.2 that the extension K/Q is finite, 
and one sees easily that its Galois group is a subgroup of a suitable power of 
the group C q m. The theorem will be established if we show that every field 
K q m^ s is contained in a cyclotomic field. 

For every prime p ^ q denote by Z — Z q m^ p the maximal subfield of 
Q(C P ) such that the order of every element of its Galois group is a divisor of 
q™. Moreover for p — q ^ 2 let Z = Z q m^ q be the unique subfield of degree 
q 171 of Q(( q i+™), and finally put Z 2 ™, 2 = Q(C2™+ 2 )- If p € 5, then obviously 
Z q m jP C K q ™,^Si and our aim will now be the proof the following assertion: 

Proposition 6.19. If S = {pi, . . . ,p r }, then the field K q ™,^ s coincides with 
the composite Z' m $ °f the fields Z q 

rn ,Pl ? • • • ? Z q m p r . 

Note that the theorem is an immediate consequence of this proposition, 
since the fields Z q m^ p . are by definition contained in cyclotomic fields, and so 
is their composite. 

Proof : Since in the extension Z q m jP /Q only the prime p ramifies, the Corol- 
lary to Theorem 4.26 leads us to the equality 

r 

[Z' q m tS :Q] =H[Z q m iPi :Q]. 

i=i 

Since Z q m^ p . c Q(C^ +2 ) we see that p{L becomes in Z q m^ p . a power of a prime 
ideal of degree 1 by Theorem 4.40 and Proposition 4.3. This shows that the 
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degree of Z q m^ p ./Q equals the ramification index of this extension, and 
we obtain [Z' q m^ s : Q] = e\ • • • e r , showing that in view of Z q m^§ c K q mg it 
suffices to establish the inequality [K q m^ s : Q] < e\ • • • e r . 
Assume for a moment that the following lemma is true: 

Lemma 6.20. If L — L q m^ p is the composite of all cyclic extensions of Q p 
whose degrees divides q 171 , then L coincides with the composite of Z q m p and 
the unique unramified extension W q m^ p of degree q 171 of the field Q p . 

We deduce now our proposition from this lemma, and then provide a 
proof of it. It is clear that for p G S we have K q ™^ s c L q m jP and so the 
lemma implies K q m^ s c Z q m^ p W q m^ p . Since W q m jP /Q p is unramified, and 
the ramification index over Q„ of the closure of Z n 

m ^ p m L equals e^, we 

obtain that the ramification index of pi in K q m^ s /Q cannot exceed e$, due to 
Theorem 5.11 (iv) and the multiplicativity of ramification indices. 

The monodromy theorem (Corollary 2 to Proposition 6.8) implies that 
the Galois group of K q m^ s is generated by its inertia subgroups, and, as it 
is Abelian, its order cannot exceed the product of orders of these subgroups, 
which does not exceed - • - e r . We pointed out already that this implies 
Proposition 6.19. 

Thus everything has been reduced to the proof of Lemma 6.20, which we 
will now give: 

Proof of Lemma 6.20: Fix the primes p, q and the exponent m, and write, 
for shortness, L = L q m p ^ W = W q m^ p and Z = Z q m p . 

The inclusion WZ C L is obvious, and hence it suffices to establish the 
equality of degrees of WZ/Q p and L/Q p . 

Consider first the case p q. The Galois group G of L/Q p is a subgroup 
of some power of the group C q ™ , and therefore its cyclic subgroups are of the 
form C q with a = 0,l,...,ra. This shows that W is the maximal unramified 
subfield of L, since by Corollary 2 to Theorem 5.25 unramified extensions are 
cyclic, and the degree of W/Q p equals q 171 . Thus L/W is fully and tamely 
ramified of degree e(L/Q p ), since p \ q. Corollary 2 to Theorem 5.34 shows 
that the extension L/W is cyclic and its first ramification group G\ is trivial. 
However its Galois group is a subgroup of G and so we get 

e(L/q p ) = [L:W]\q m . (6.3) 

Let R be the ring of integers of W, S the ring of integers of L, and let 
S — R[tt] with 7r generating the prime ideal of S. Its existence is assured by 
Theorem 5.27. Moreover let a be a generator of the inertia group of L/Q p , 
which actually coincides with Gal(L/W), and let r G G induce the map 
x — > x p in the residue class field. The existence of r is assured by Proposition 
5.33. Observe that 7r 2 { cr(7r). Indeed, otherwise we would have a(7r) — ctt 2 
with c G S, hence 
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a-\c)a-\7r) 2 =a~ 1 (c7r 2 ) = tt, 

and, in view of 7r|cr _1 (7r), we would get 7r 2 |7r, which is absurd. 
Therefore we may write 

g(tt) = an (mod tt 2 ) 
with a certain a G U(S), and similarly 

t(7t) = &7T (mod tt 2 ), 

with b £ S. 

Since L/Q p is Abelian we have 

a p r(Tr) = r(a7r) = r(a(7r)) = cr(r(7r)) 

= a(b)aTr = &a7r = ar(7r) (mod 7r 2 ), 

hence 

cl p ~ 1 t(tt) = r(7r) (mod 7r 2 ), 

and a p_1 = 1 (mod tt). 

Now note that for k — 1, 2, ... we have 

a k (Tr) = a fc 7r (mod tt 2 ), 

hence cr p-1 (7r) = tt (mod 7r 2 ), showing that cr p ~ 1 G Gi = {idi}, thus 

e(L/Q p ) - e(L/W) = [L : - 1, (6.4) 

and from (6.3) and (6.4) we get e(L/Q p )\(p -l,q m ). 

Since the polynomial (X p — 1)/ (X — 1) is irreducible over Q p , the equality 
[ZQ P : Q p ] = (p - l,g m ) follows, and in view of ZQ P nW = Q p (because 
ZQ p is fully ramified, and W is unramified) we obtain 

[ZW : Q p ] = f(L/Q p )(p - 1, <f ) > f(L/Q p )e(L/Q p ) = [L : Q„], 

and thus L = ZW, as asserted. 

Now consider the case p = q ^ 2. Here the Galois group of the extension 
ZW/ Q p equals G 2 m , and we have to show that the Galois group G of L/Q p 
has at most two independent generators. To do this it is sufficient to prove 
that the Galois group of L p ^ p /Q p has at most two generators. Indeed, assume 
that this is true and let r be the number of independent generators of G. Then 
there exist subfields Li, . . . , L r of L, distinct from Q p , which are independent 
in the following sense: for each % — 1, 2, . . . , r the intersection of Li with the 
composite of the remaining fields Lj equals Q p . But selecting in every field 
Li a subfield of degree p over Q p we obtain r independent subfields of L PiP , 
and one sees easily that this implies r < 2. 

Hence we have to establish the inequality [L PiP : Q p ] < p 2 . We first need 
a simple lemma: 
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Lemma 6.21. Let M = Q p (( p ), let a be a generator of Gal(M/Q p ) and let 
a be an element of M which is not a p-th power in M. Moreover, define k by 
a(( p ) = . Then the extension M(a 1 ^ p )/Q p is Abelian if and only if there 
exists c G M with cr(a) = a k c p . 

Proof : Put L = M(a 1 / p ). Assume first that L/Q p is Abelian, and lift a to 
an automorphism of this extension. If b = a (a), then 6 1 / p G L, and so we can 
choose a generator g of the cyclic group Gal(L/M) such that g(o}/ p ) — (pa 1 /? 
and gib 1 /?) = Qb 1 ^ holds with a certain r. This shows that the element 
a r / p 6 -1 / p is invariant under g, hence lies in M, i.e., with a suitable c G M 
we have b x l p — ca r / p , and b = a r c p . Now define two automorphisms, g\ and 
02 of L/Q p , assuming ^(a 1 ^) = Cp« 1/p and #i| M = id M , whereas g 2 \ M = cr 
and g 2 (a 1/p ) = 6 x /p = C a T l p . Then 

c£a r/p = 9i(ca r '*) = g l92 (a 1/p ) = 92gi(a 1/p ) = 92{C p a^ p ) = C> r/p , 

which leads us to k — r and proves the "only if part of the lemma. Con- 
versely, if a (a) = a k c p with c G M, then M(a 1 / p ) is normal and, repeating 
our argument in the reversed order we obtain the abelianity of the considered 
extension. □ 



Let now K/Q p be a cyclic extension of degree p, and put M = Q p (£ p ). 
Fix a generator a of Gal(M/Q p ), and define k by cr(( p ) = £p\ Note that k is 
a primitive root mod p. 

The extension KM/M is cyclic, and we can write KM = M(a 1 / p ) with 
a certain a G M. The extension KM/Q P is the composite of two Abelian 
extensions, hence is Abelian itself, and the preceding lemma shows that it is 
determined by an element of V = iJ/(M*) p , where H is the multiplicative 
group of non-zero elements a G M, for which a (a) = a k c p holds with c G M. 

One can regard V as a linear space over F p , and if Li, . . . , Lj are cyclic ex- 
tensions of Q p , independent in the sense defined above, then the correspond- 
ing elements of V are linearly independent. Indeed, otherwise, if we would 
write LiM = M(a^ p ) (i = 1, 2, . . . , j), then the images #i, . . . , xj of the a^s 
in V would, after renumbering, satisfy x\ — Y^i=2 n * x * with n 2 , . . . , rij G F p , 
and this would imply a\ = b p ]J 3 i=:2 a™ j , hence ML\ C ML 2 • • • Lj. But the in- 
dependence of the L^'s gives [Li • • • Lj : Q p ] = p 7 , and [L 2 • • • Lj : Q p ] = p 7-1 , 
thus [MLi • • • Lj : Q p ] = p j (p-l) and [ML 2 • • • L j : Q p ] - - 1), show- 

ing that MLi cannot be contained in ML 2 • • • Lj . 

Put 7r = 1 — ( p . One sees easily that 7r is a generator of the prime ideal 
*P of M. Observe now that every class of V has a representative in L\(M). 
Indeed, if v denotes the exponent of M, and a = G H, with a± G U(M), 
t = i/(a) and cr(a) = a k c p (c G M) holds, then 



kt -\-pv(c) — u(a(a)) = v{a) — t, 
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thus p\(k — l)t. Since p does not divide k — 1, it has to divide £, whence o}l p 
and a^ v determine the same extension of M, and so lie in the same coset of 
H mod (M*) p , showing that every class of V has a representative in U(M). 
Since U(M) ~ U{M)/U 1 {M) x £7i(M), and the order of the first factor is 
not divisible by p, hence every its element is a p-th power, we find that in 
every class of (M*) there is a principal unit, as asserted. 

Now we show that Ui(M) p = U 1+P (M). Since e(M/Q p ) = p - 1, Lemma 
5.19 implies U 1+P (M) C U 2 (M) P C Ui{M) p , and so it remains to show that 
every p-th power of a principal unit lies in Ui +P (M). To obtain this, let 
u G Ui(M) and write u = 1 + an + for 2 , with 0 < a < p — 1 and b being an 
integer of M. Now 

= (1 + an + bn 2 ) p = V -4-aW +2Z , 
^— ' i\n\l\ 

i+j+l=p J 

and one observes that the only terms of this expansion which are not divisible 
by n 1+p are 1, pan and a p n p . Therefore 

u p ee 1 + pan + a p n p (mod 

But we may write p = e7r p-1 , where 

p-i 

^n^+cp+'-'+C" 1 ) 

i=i 

is a unit, and since by our choice of n we have ( p = 1 (mod we infer that 

e ee (p-1)! ee -1 (mod<P), 

by Wilson's theorem. This establishes n 1+p \pan + a p n p , hence u p G Ui+ P (M). 

Let Hi be the group of residue classes a mod n 1+p for which a G ?7i(M) 
and cr(a) ee (mod The last result implies that #V < #H ± . Now 

observe that A = 1 + n p G H x . Indeed, we have A k ee 1 + kn p (mod 
and, on the other hand, 

a(A) = 1 + (1 - C P Y = 1 + ?r p (l + C P + • • • + Cp _1 ) P = 1 + kn p (mod 

thus .A G .Hi. Moreover we have C p G -Hi and therefore it remains to show 
that A and ( p generate Hi, since then we would have #V < #Hi < p 2 . 

First let a G H x n t/ 2 (a 7^ 1), so that we have a = 1 + aiTr* (mod 
with a rational integer ai not divisible by p and 2 < i < p. Then 

a(a) ee 1 + aio-(7r f ) ee 1 + aifcV (mod 

but we have also 



a(a) = a k = l + ai kn l (mod 
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showing that k 1-1 = 1 (mod Hence we get i = p, because k is a primitive 
root mod p. This establishes the inclusion Hi Pi I7 2 C ffi Pi I7 P . Moreover, 
for a e Hi\U2 write a = 1 + 67r (mod *£ 2 )) with fceZ, and observe that 
a£p G ^fl^i, hence every element a G Hi satisfies 

a = Cp(l^c7r p ) (mod^ 1+p ) 

with some integral c. In view of A c — (1 + 7r p ) c = 1 + C7r p (mod we 
obtain a = Cp^ c (mod *p 1+p ), and thus indeed Hi is generated by £ p and 
A. As already observed, this settles the case under consideration. 

In the last case we have p — q — 2. In this case the extension Q 2 Z/Q 2 
has the group C 2 x C 2 ™ for its Galois group, and so the composite WZ has 
its Galois group over Q 2 equal to C 2 x C 2 m x C 2 m. To obtain the equality 
WZ — L we have to show that the Galois group of L/Q 2 has three generators, 
at least one of which is of order 2. As in the preceding case, the first assertion 
reduces to m = 1, and so we have to prove that GaZ(L 252 /Q 2 ) has three 
generators. But we know already that Q 2 has seven quadratic extensions, 
generated by the square roots of —1, 2, 5, —10, —5, -2, and 10, and one sees 
immediately that the first three fields form a maximal independent system. 
This proves that the Galois group of L 252 /Q 2 has 3 generators. 

Finally, if Ga/(L 2 m 52 /Q 2 ) would have all generators of orders at least 
equal to 4, then Gal(L 4^2) would be isomorphic to Cf, and so every quadratic 
extension of Q 2 would be contained in a cyclic quartic extension. But this 
fails for the field Q(\/^l). Indeed, write % — T and assume that Q 2 (i) is 
contained in a field K = Q 2 (i, y/a + bi) whose Galois group over Q 2 equals 
C4. Since K is normal, it is generated over Q 2 (i) also by y/a — 6i, and so with 
suitable A, B G Q 2 we must have 

a-bi = (a + bi)(A + Bi) 2 . 

Observe that by putting 

a{y/a + bi) = Va — bi = \J a + bi(A + Bi), 
a(i) =i, 

we define an automorphism of K/Q 2 of order 4, hence generating the Galois 
group of K/Q2. Since a 2 is the only non-trivial element of the Galois group 
of K/Q 2 (i) it takes y/a + bi into —yf a + bi and we get 

-y/a + bi = a 2 (y/a + bi) = a(y/a + bi(A Bi)) 
= (A 2 + B 2 )yf(i + bi, 

thus A 2 + B 2 = —1. However this is impossible in Q 2 , and this contradiction 
achieves the proof of the lemma. □ 



We pointed out already that the theorem is a consequence of the lemma 
just proved. □ 
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6.2. Adeles and Ideles 

1. In this section K will be an algebraic number field, and Q the set of all its 
non-equivalent non-trivial valuations, Archimedean and non-Archimedean. 
We shall assume that all valuations are normalized, i.e., for non- Archimedean 
v we have v(x) — N(p)~" p ( x \ if v corresponds to a prime ideal p of Rk with 
exponent v p , and if v is Archimedean, and corresponds to the embedding F 
of K into the complex field, then 

v ( x ) = f\ F ( x )\ ^ Wis real, 
^ ' (JF(#)| 2 otherwise. 

It is convenient to arrange the embeddings F\ , F2 , . • . of K in C (considering 
only one from each pair of conjugated complex embeddings) so that the first 
ri(K) of them are real, and the remaining are complex. Later we shall use 
this arrangement without further comment. 

For any v £ Q denote by K v the completion of K under v, and let 
R v be the ring of integers of K v in the case of non- Archimedean v. In the 
Archimedean case we put R v — K v . The restricted direct product 1 of the 
additive groups with respect to the subgroups R+ is called the adele group 
of K, and its elements are called adeles of K. Incidentally, this group has 
also a ring structure induced by multiplication in the factors. The resulting 
ring is called the adele ring of K, and will be denoted by Ak- Since the 
multiplication is obviously continuous, we conclude by Lemma 1 of Appendix 
I that Ak is a locally compact topological ring. For any finite subset S C Q 
denote by As the group Yl veS K+ x Ylv^s^t- Fr° m the definition of the 
restricted product it follows that the topology induced in As by the topology 
in Ak coincides with the product topology, and every group As is open in 
Ak- Obviously the union of all groups As exhausts the full adele group. 

The invertible elements of Ak are called ideles. They form a group Ik, the 
idele group of K. However, it is not convenient to give that group the topology 
inherited from Ak, and we shall endow it with another restricted product 
topology. To do this observe that in the multiplicative group K* we can select 
for all non- Archimedean i/s the subgroup U(K V ) of units, which is compact 
and open, and it can be immediately seen that if we define additionally 
U(K V ) = K* for Archimedean i/s, then the restricted product of the groups 
K* with respect to U(K V ) equals Ik- Only this topology on the idele group 
will be used in the sequel. If for a finite set S C Q we put 

is = n k x n u(k v ), 

ves vgs 

then, as in the case of adeles, we obtain that the group Is inherits the 
product topology from Ik, and is open in Ik- One choice of the set S is of 



1 For the definition and properties of restricted direct products see Appendix I. 
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particular importance: S — Sqo? the set of all Archimedean valuations of K. 
In this case we denote Is by Uk and call its elements unit ideles. 

Observe that for every x G K we have x G R v for almost all (i.e., for all 
except finitely many) v, and for every non-zero x G K we have x G U(K V ) 
for almost all This allows us to define a canonical embedding i of K in Ak 
and of K* in by means of i(x) — (x v ) vi where we put x v — x for non- 
Archimedean v, and x v = Fi(x), if v is Archimedean and corresponds to the 
embedding Fi. Put i(K) = A 0 C i^, «(if *) = h C Ik, and call these images 
the ring of principal adeles and the group of principal ideles, respectively. In 
sequel we shall often identify an element a G K with its image i(a) in Ak, 
or I K . 

Note that a non-zero principal adele is an idele. 
For any idele x — (x v ) define its volume V(x) by 

v(x) = n v(x v ). 

vef2 

This infinite product is convergent, since for every x it contains only finitely 
many terms distinct from 1, and so this definition makes sense. Theorem 3.5 
implies that the volume of a principal idele equals 1, hence Jo lies in the 
kernel Jk of the map V of Ik into the multiplicative group of positive reals. 
This simple fact implies the following observation: 

Proposition 6.22. (i) The ring A 0 is a discrete subring of Ak- 
(ii) The group Io is a discrete subgroup of Ik- 

Proof : (i) It suffices to find a neighbourhood of zero in Ak, not containing 
non-zero principal adeles. Let us take for that neighbourhood the set 

O = {(a v ) : v(a v ) < 1 (v G 5^), v(a v ) < 1 (v 0 S^)}. 

If a non-zero principal adele i(a) lies in O, then it is an idele with V(i(a)) < 1, 
which is possible only for a = 0. 

(ii) Let U be the neighbourhood of unity in Ik, consisting of all ideles 
(a v ) which for Archimedean v satisfy v(a v < 1), and lie in the open subgroup 
Uk- Now observe that a principal idele lies in Uk if and only if it is a unit 
of K. Thus if an idele i(a) lies in J7, then a is a unit of K and a — 1 G Rk- 
However 

\N K /®(a-l)\= l[ v(a v -l)<l, 
which is possible only for a — 1. □ 

The factor group A^/Aq is called the adele class group, and similarly the 
group C{K) — Ik/Iq is called the idele class group. 
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Proposition 6.23. The adele class group is compact, whereas the idele class 
group is not compact. 

Proof : Let a = (a v ) be an arbitrary adele. We shall prove the existence of a 
compact set B C A^, independent of a, and such that in the coset a mod Aq 
there is an adele from B. First choose a rational integer m so that for all v we 
have ma v G R v , and denote by P the set of all prime ideals of Rk dividing 
raZ. Put N = maxp G p ^p(ra), and let x G Rk be a solution of the system 

x = ma Vp (mod p N ) (p G P) 

of congruences. For b v = a v — x/m we have, for every v 0 the inequality 

v(b v ) = v(ma v — x)/v(m) < 1, 

and so the adele (b v ), which lies in the same coset as a, has all its coordinates 
in R v . If = {^i, . . . , v s }, then since the set 

{[Fi(t), . . .,F s (t)] : teR K } 

forms an s-dimensional lattice in the Euclidean s-space, we can select a suit- 
able £o £ Rk so that the point [b Vl — Fi(to ),..., b Vs —F 8 (to)] lies in a compact 
set, independent of a. This implies Vi(b Vi — i^(to)) < C (i = 1, 2, . . . , s) for a 
certain C > 0, thus the adele (b v — i(to)) lies in a compact set independent 
of a, and is in the same class as a. This establishes the first assertion, and to 
prove the second it suffices to observe that the volume V{x) is an unbounded 
and continuous function on the idele class-group, and so this group cannot 
be compact. □ 

2. Let G{K) be the group of all fractional ideals of K in which we consider 
the discrete topology. There is a canonical homomorphism of Ik onto this 
group. To define it consider an arbitrary idele a = (a v ) and put 

V<£Soo 

where v v is the exponent corresponding to the prime ideal p v . Obviously 
/ : Ik — > G(K) is a continuous surjective homomorphism with kernel Uk, 
thus I k /U k ~G{K). 

Proposition 6.24. The group H{K) of ideal classes in K is isomorphic to 
the quotient group Ik/UkIo- 

Proof : Consider the homomorphism g : G(K) — > H(K), mapping every 
ideal to the class to which it belongs. Then g o f maps Ik onto H(K) and 
its kernel equals 



{x : f(x) is principal} = {x : f{x) G f(Io)} = {x : x G I 0 • Kerf} = I 0 U K . 
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□ 

Corollary. Every open subgroup of C (K) is of finite index. 

Proof : Let G be an open subgroup of C(K), and let H be that subgroup of 
Ik which is mapped on G be the canonical map. Obviously H is open, and 
so contains a neighbourhood of unity of the form 

{(x v ) : v(x v — 1) < e for V G SqO 5 Xy G U(K V ) for v £ Soo}, 

and also the subgroup generated by it, which turns out to be Uk, since it has 
a non-void interior. So it suffices to show that the image of Uk has a finite 
index in C (K) , but this follows from the proposition and the fmiteness of the 
class-number. □ 



Now we prove a result of importance in the class-field theory: 
Theorem 6.25. The group Jk/Io is compact 

Proof : We shall use the fmiteness of the class-group H(K), as well as Dirich- 
let's theorem on the structure of the unit group U{K). Let Ji, . . . , Ih be ideals 
of Rk, representing all ideal classes of H(K). Now let a — (a v ) G Jk be given, 
and let I = f(ct) be the corresponding ideal, which can be written as / = clj 
with c G K* and suitable 1 < j < h. Observe that there exist ideles Pi, . . . , Ph 
in Jk, satisfying f(Pi) = Ii for i — 1, 2, . . . , h. Indeed, the equation /(/?) = Ii 
restricts only the non- Archimedean coordinates of /?, and we can adjust the 
Archimedean coordinates to obtain V(P) = 1. Since f{aPj 1 /c) = 1, we see 
that the idele aPj 1 /c lies in Jk H Uk- 

Now let Sqo = {^i, . . . , v r +i} with r being the unit rank of K, and define 
a homomorphism L : Uk n Jk — > ^ r by means of 

L((u v )) = [log v 1 (u Vl ),..., log v r (u Vr )}. 

This map is surjective since, given [ti,...,t r ] G M r , there exist ui,...,u r 
with Vi{ui) — exp(t^) for i — l,2,...,r, and then, assuming v r +i(u Vr+1 ) = 
exp(— (ti + • • • + t r )), and putting u v = 1 for v £ Soq, we get an idele 
u = (u v ) G Jk n Uk with L(u) — [t±, . . . ,t r ]. 

The proof of Theorem 3.13 shows that the images L(e^) of the fundamental 
units ei, . . . , e r of K are linearly independent, and thus span the full space 
W . Denote by P the set of all ideles in Jk H Uk whose images in W can be 
written in the form X)i=i x iL( e i) with 0 < Xi < 1 (i — 1, 2, . . . , r). This set 
is obviously compact, and, moreover, for every idele u G Jk H J/r- there is a 
unit e of K such that eu lies in P. Applying this observation to u — aPj 1 /c 
we obtain a = ecPjOLi with a\ G P, and thus every idele from Jk has an 
idele from X — Ui=i m its class mod Jo- Since ^ is a fixed compact set, 
the compactness of Jk/Iq follows. □ 
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Corollary. IfD(K) is the connected component of the unit element ofC(K), 
then the factor group C(K)/D(K) is compact and totally disconnected. 

Proof : The second assertion is trivial, and to prove the first it suffices to 
show that every coset of C(K) mod D(K) contains an element of Jk-Iq- 
Take any idele £ = (x v ), and let t be its volume. Since the group of ideles 
(a v ) with a v — 1 for non- Archimedean v is connected, the class determined 
by the idele rj = (y v ), with V{rj) — t and y v = 1 for v £ lies in D(K). 
Hence the classes determined by £ and £?7 _1 are in the same coset, but is is 
clear that £r/ _1 determines a class in Jk/Io- O 

3. The general theory of restricted direct products (see Appendix I) gives 
a way of constructing a standard Haar measure in the groups of adeles and 
ideles once the Haar measures in and K* have been fixed. Recall that 
in the case of non- Archimedean v we have chosen that Haar measure fi v on 
which gives to the ring R v the measure N(D V )~ 1 ^ 2 , where D v denotes 
the different of K v /Q p , p being the characteristic of the residue class field of 
K v . On the multiplicative group we choose the measure /x* defined by 



P = P v being the prime ideal of R v . This measure gives to the group of units 
of R v the measure N(D V )~ 1 ^ 2 . In the case of v G we proceed as follows: 
if K v = R, then \i v is the usual Lebesgue measure and 



If K v = C, then [i v will be the double of the Lebesgue plane measure, and 



Note that all measures fi v are self-dual, provided that in the Archimedean 
case we make the slightly artificial identification between and its dual, 
shown in Appendix I. 

The resulting Haar measures in Ak and Ik will be denoted by tua and 
raj, respectively. Note that the first of them is self-dual. Observe also that 
for every idele a we have the equality dra^(cex) — V(a)drriA(x), resulting 
from the corresponding result for the measures which in turn is easily 
established through Corollary 2 to Lemma 5.43. 

Our next aim is to prove the strong approximation theorem, but first we 
need an auxiliary result: 

Proposition 6.26. There exists a positive constant C such that if a — (a v ) 
is an idele with V(ct) > C, then there exists a principal idele (5 — (b v ) such 
that for all v one has v(b v ) < v(a v ). 
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Proof : We need a lemma from the theory of topological groups: 

Lemma 6.27. Let G be a locally compact Abelian group and H its countable 
discrete subgroup such that G/H is compact. If A is an open subset of G with 
a sufficiently large Haar measure, then there exist x\,x<i £ A, lying in the 
same coset with respect to H. 

Proof : Let U be a neighbourhood of the unit element of G, which satisfies 
UnH = {e} and has finite measure. By the compactness of G/H there exist 
#i, . . . y x 3 € G such that if ip : G — > G/H denotes the canonical map and 
V = U-=i XiU, then G/H = <p(V). Let B be the measure of V, and let A 
be an open subset of G, all elements of which lie in distinct cosets. Then the 
set Ai = ^p~ 1 ((p(A)) n V is open, because tp is open and continuous, and its 
measure does not exceed B. Every element of A\ can be uniquely put in the 
form ah with a € A, h G H. Write Xh — {a £ A : ah G Ai}. These sets are 
all open in view of Xh = A\h~ x Pi A, and we have A = \J h Xh, Ai = \J h hXh, 
both sums being disjoint. This gives the equality of measures of A and Ai, 
and so the measure of A does not exceed a fixed constant. □ 

Now consider the set 

X = {(x v ) e A K : v{x v ) < v(a v )/2 (v G ^oo),^^) < v(a v ) (v 0 5oo)}, 

which is open in Ak- Let us compute its measure. Let S be the set consisting 
of all Archimedean valuations of K, all non- Archimedean v's with v(a v ) > 1, 
and all non- Archimedean v's such that K v /Q p is ramified. Then X C As and 
the definition of our measure gives 



where X v is the projection of X on K v . li v is real, then X v is of measure 
v(a v ), and if v is complex, then the measure of X v equals 7rv(a v ). For non- 
Archimedean v this measure equals v(a v )N(D v )~ 1 / 2 . Thus finally we obtain 
by Propositions 4.14 and 6.2 the equality 



In view of Propositions 6.22 (i) and 6.23 we may now apply Lemma 6.27 
and find that if the volume V(a) is large enough, then there exist two distinct 
adeles in X , whose difference is a principal adele, say (3 = (b v ). But obviously 
this adele satisfies v(b v ) < v(a v ) for all v's, and since (3 is non-zero, it is an 




m A (X)=* r *V(a)\d(K)\ 



-1/2 



idele. 



□ 



The last proposition allows us to prove the strong approximation theorem: 
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Theorem 6.28. // v o E 4?, then for every finite set Q\ C Q not containing 
vo, every system a v E K v (v E and every e > 0 £/iere exz'ste a principal 
adele f3 — (b v ) such that v(b v — a v ) < e for v E Q\ and v(b v ) < 1 for v 0 Q\, 
v ^ v 0 . 

Proof : Proposition 6,23 gives the existence of a compact set A C such 
that every class of adeles has its representative in A. Obviously it must be 
contained in a set of the shape {(x v ) : v(x v ) < r] v } with suitable r] v > 0, 
almost all of which are equal to 1. Apply Proposition 6.26 to 7 = (7^) with 
0 < v(jv) < t/Vv for v E 0 < v(j v ) < l/rj v for v 0 v ^ vq and vo(7v 0 ) 
sufficiently large. This gives the existence of a principal idele (d v ) with 



4. Now we present the proof of a theorem of Hecke concerning the discrimi- 
nant d(L/K). To do this we have to introduce, following Prohlich [60b], a 
new kind of discriminant of a finite extension of an algebraic number field 
based on the discriminants d(Ly/K p ) defined in Chap. 5 for the extension 
of p-adic fields. First we prove a simple lemma: 

Lemma 6.29. The factor-group Ik/U^- is algebraically isomorphic with the 
subgroup of the product Y\ v K* /U(K V ) 2 , consisting of all elements (x v ) sat- 
isfying x v E U(K V )/U 2 (K V ) for almost all v's. 

Proof : The embedding of the idele group Ik into the product of all groups 
K* obviously induces such an isomorphism. □ 

Now let K be an algebraic number field, let L/K be its finite extension, 
and denote by f2(K), £2(L) the sets of inequivalent normalized valuations of 
K and L, respectively. We shall define the discriminant d(L/K), which will 
be an element of the factor group Ik/U^. Let v be a normalized valuation 
of K, and let wi,..., w m form the full system of non-equivalent normalized 
valuations of L, whose restrictions to K are equivalent to v . For simplicity 
we shall in this situation say later, rather not precisely, that the w^s are 
extensions of v. Theorem 3.3 shows that if v ranges over f2(K), then we 
obtain in this way all valuations of Put 




Now put a v = 0 for v 0 Q\ and write 

{a v d~ x ) = (b v ) + (cv), 
with (b v ) E A and principal (c v ). Then 

V(a v — Cydy) = V(bydy) 

and it follows easily that the adele (c v d v ) satisfies our assertion. 



□ 
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d(L/K) = (d v (L/K)) e \{k:/U{K v )\ 

V 

where the components d v (L/K) are denned as follows: 

If K v = C, then put d v (L/K) = 1, and if K v = R and t is the number 
of complex fields L w . (i — 1, 2, . . . , ra), then put d v (L/K) = (—1)*. For non- 
Archimedean i> put 

m 

d v (L/K) = Y[d(L Wi /K v ). 

i=l 

Proposition 5.14 (ii) shows that for almost all v the component d v (L/K) 
lies in U(K V )/U(K V ) 2 , and so by Lemma 6.29 we can regard the discrimi- 
nant d(L/K) as an element of Ik/U^, Its main properties are given in the 
following proposition: 

Proposition 6.30. (i) If 

g: Ik/U 2 k —*I k /U k = G(K) 

is the homomorphism induced by the embedding ofV\ C Uk, then g(d(L/K)) 
equals d(L/K), the usual discriminant of the extension L/K. 

(ii) The extension L/K is unramified if and only if d(L/K) £ Uk/U^. 

(Hi) If K C L C M, then 

d(M/K) = d(L/K)^N L/K (d(M/L)), (6.5) 

where N L / K : Il/U^ — > Ik/U^ is the map induced by the norm maps 
Ylw Nl w /k v (where w ranges over all extensions of v to L) at all components 
v. 

Proof : The assertion (i) results from Proposition 5.14 (i) and the observation 
that the value of g does not depend on the Archimedean components, and 
(ii) follows immediately from (i) and the discriminant theorem (Corollary 3 
to Theorem 4.24). 

The assertion (iii) for non- Archimedean components is a consequence of 
Proposition 5.14 (iii), and to obtain the same for Archimedean components 
we have to examine them more careful. If K v is complex, then there is nothing 
to prove, since the ^-components of both sides of (6.5) are equal 1. Assume 
thus that v is real and let wi,...,w r be the real, and w r +i, . . . ,w m the 
complex extensions of v to L. By Theorem 3.3 they are all determined by 
embeddings of L into the complex field, which map K onto a fixed subfield 
K 0 of the reals, and are all equal on K 0 . This shows that r + 2(m - r) = 
[L : K], Similarly, every real valuation Wi has, say, real and bi complex 
extensions to M with a* + 26; = [M : L], and every complex Wi has [M : L] 
complex extensions to M and, of course, no real ones. This shows that v 
has b — bi + • • • + b r + (m — r)[M : L] complex extensions to M, and so 
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the ^-component on the left-hand side of (6.5) equals (-1) 6 . Now look at the 
right-hand side. The ^-component of d(L/K)^ M:L ^ equals (_i)(™-r)[M:L] ^ an d 
for i = 1, 2, . . . , r the i^-component of d(M/L) equals (— l) 6i , whereas for 
the remaining w^s it equals 1. This shows that the ^-component of the norm 
is (— l) 6 i+"-+ 6 r (because the extension L W JK V for real Wi is trivial), and for 
complex Wi it equals 1. Finally, we see that the ^-components of both sides 
of (6.5) are equal. □ 

Now we can prove Hecke's theorem: 

Theorem 6.31. // L/K is a finite extension of an algebraic number field 
K, then the class of its discriminant d(L/K) in the class-group H(K) is a 
square. 

Proof : We prove first that d(L/K) lies in I^Iq/Uk. The easiest method 
of doing it requires some simple facts about algebras which we shall now 
indicate. Let M be a field, let Ni/M be for i — 1,2, ... ,r finite separable 
extensions of M, contained in a fixed algebraic closure of M, and put 

r 

E = ®N i . 

i=l 

Choose for i = 1,2, ...,r an M-basis A{ of Ni, and form from them an 
M-basis for A. One defines its discriminant d(A) as the product of the dis- 
criminants d N ./ M (Ai) (as defined in Chap. 2). Note that if we start with other 
M-bases B±, . . . , B r of Ni,...,N r and put B = [j i Bi, then by Proposition 
2.9 (ii) the discriminants d(A) and d(B) will differ by a factor, which is a 
square in M. 

Now we apply this setup to our situation. Proposition 6.1 shows that for 
every non- Archimedean v G f2(K) we have an isomorphism 

m 

L<S>k K v ~ (J) L Wi , 
i=i 

where w±, . . . , are all inequivalent extensions of v to L. In each field L w . 
choose a K v -basis consisting of elements of L, which can be done since L 
spans L w . over K v , and put them together to obtain a K^-basis a±, . . . , a n 
of L <S>k K v . Since the a^'s lie in L we obtain that their discriminant D is 
an element of K. Now let (D v ) be an idele of K, representing d(L/K). For 
non- Archimedean v we may write 

m 

D v = l[0' Wt , 

i=l 

where D' is a representative of d(L Wi /K v ). If we choose in each field L Wi a 
K v -basis with discriminant D' and put them together, we obtain a basis of 
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L ®k K v which has D v for its discriminant. This implies D v /D £ (^) 2 , at 
least for all non- Archimedean v. Since for complex v we have K* = (if*) 2 , it 
remains to show that for real v the quotient D v /D is positive, but we have 
D v = (— l) s , where s is the number of complex extensions of v to L, and the 
argument used in the proof of Proposition 2.15 shows that the sign of D also 
equals (— l) s . 

Thus we got the inclusion d(L/K) £ I K Io/U K , hence every representative 
of d(L/K) is mapped by the canonical map Ik — > Ir/IoUk ~ H(K) into a 
square, and Proposition 6.30 (i) shows now that d(L/K) lies in a class which 
is a square. □ 

The discriminant d(L/K) introduced in this subsection gives more infor- 
mation about the extension L/K than the usual discriminant d(L/K), which 
is an ideal. In fact d(L/K) seems to be the true generalization of the numer- 
ical discriminant d(K) for relative extensions. It has been shown by Frohlich 
[60b, d] that it is possible to describe the structure of Rl as an -R^-module 
in terms of d(L/K), and in particular one can obtain necessary and sufficient 
conditions for the existence of a relative integral basis. This approach works 
also for arbitrary Dedekind domains (Frohlich [61]). We shall present his re- 
sult in Chap. 7, after proving certain auxiliary results, necessitating the use 
of analytical tools (see Corollary 1 to Theorem 7.42). 

5. We conclude this section with the proof of the functional equation for the 
zeta-functions of which we shall define below after introducing certain 
results on characters and quasicharacters of the groups of adeles and ideles. 

We know already that A K is self-dual because all groups are such, but 
in the argument which follows an explicit form of this self-duality is needed: 

Proposition 6.32. Let 



where X p is the function occurring in the canonical form of a character of 
Q p . Then X((£y)) = rL/^(^) ^ s a character of A K , and every character of 
A K is of the form X a (t) = X(at), with a G A K . 



Corollary, (i) The map a ^ Xa is an isomorphism between A K and its 
dual. 

(ii) For any two adeles a, (3 one has x( a P(t)) — Xa(Pt). 
(Hi) One has X a (t) = 1 for all t e A 0 if and only if a e A 0 . 




Proof : Clear. 



□ 
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Proof : The assertions (i) and (ii) are direct consequences of the proposition. 
To prove (iii) let H — {a G : X a (A 0 ) = 1}, and observe that for t G K 
the expression 

-T K /Q(t) + ^2 ^p( T K v /® p (tv) = -T K / Q (t) + y^X P (T K /Q(i) 

is a rational integer. This shows that if a, t £ Aq, then X a (t) = 1, i.e. Aq C H. 
Proposition 6.23 shows that the group A^/Aq is compact, hence its dual 
group is discrete, and therefore iJ, as a subgroup of the latter, is also discrete, 
and it follows that the quotient group H/Aq is discrete. However, we have 

thus H/Aq is compact, and therefore finite. It remains to observe that H is 
a linear space over the infinite field Aq, and this implies Aq — H. □ 

Let us recall that any continuous homomorphism of Ik into the mul- 
tiplicative group of the complex field is called a quasicharacter of Ik (see 
Appendix I). We shall be mostly interested in quasicharacters of Ik which 
are trivial on Iq. The following proposition describes them: 

Proposition 6.33. (i) If q is a quasicharacter of Ik trivial on Jk, then 
q(x) — V(x) s with a suitable complex s, and conversely, for every complex 
s, V(x) s is a quasicharacter of Ik trivial on Jk- Such quasicharacter q is a 
character if and only ifRes — 0, in which case we have q(x) — V(x) lt for 
some real t. 

(ii) If q is a quasicharacter of Ik trivial on Iq, then q{x) = x{ x )V{ x Y> 
where s is a complex number, and x is a character of Ik trivial on Iq. Con- 
versely, every pair [x, s] determines a quasicharacter x( x )V ( x ) s of Ik trivial 
on Iq. Two pairs [x, s], [xi, «i] determine the same quasicharacter if and only 
if Re s = Re si, and we have Xi( x ) = x( x W( x ) lt w ^h t = Im (s — s\). In 
particular one can always select a real s. 

Proof : (i) If q is a quasicharacter of Ik trivial on Jk, then q depends only 
on V(x), and so we must have q(x) = f(V(x)) 1 where / is a quasicharacter 
of the multiplicative group of positive reals, thus f(t) — t s with a suitable 
complex 5, hence q(x) = V(x) s . The remaining parts of (i) become clear if 
one remembers that for Re s ^ 0 the function V(x) s is unbounded. 

(ii) Theorem 6.25 shows that Jk/Iq is compact, hence for every qua- 
sicharacter q of Ik trivial on Iq its restriction to Jk is in fact a character. 
Denote it by x> and since Jk is a closed subgroup of Ik, we can extend x to 
a character of Ik- If Xi an d X2 are two such extensions, then X1X2 1 ls trivial 
on J K , and so by (i) we must have Xi 0*0X2 1 ( x ) ~ V{ x ) lt with a real £, thus 
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X2(x)= X i(x)V(x) it (6.6). 

Moreover qxi 1 is trivial on Jk and again by (i) we infer that q(x) = 
Xi(x)V(x) s . Equality (6.6) shows that the character Xi is determined up 
to the factor V(x) lt . The remaining assertions are now evident. □ 

The number Re s, which, by the last proposition, is uniquely determined 
by a quasicharacter q of Ik trivial on 2o 5 is called the exponent of q and will 
be denoted by exp q. 

Let Qo be the group of all quasicharacters of Ik which are trivial on 
Io , and let AuJk denote the annihilator of Jk in Qo, i.e., the subgroup of 
Qo formed by all quasicharacters trivial on Jk- The next lemma permits to 
make a convenient choice of the set of representatives of the cosets of Qo 
mod An Jk- 

Lemma 6.34. In every coset of Qo mod AuJk there is a unique character 
X °f Ik such that for x = (x v ) we have 

V 

where Xv is a character of K* f which for almost all v is trivial on U(K V ), 
and for v Archimedean has the form 

Xv(x v ) = (pjpj) v(x v ) u \ 

with real t v , X^eSoo = 0, and 

J Z if v is complex, 

mv E \{0,1} ifv is real 

Proof : The form of the character x results from the description of characters 
of Ik given in Theorem VIII of Appendix I. Moreover, Proposition 6.33 shows 
that every coset of Qo mod AuJk contains characters, and characters lying 
in the same coset differ by a factor of the form V(x)' Lt with real t. For every 
X € Qo consider T(x) = ^Z veSoo tv- For the character x'{ x ) = x{ x )V( x ) lt 
(with t e M) we get T(x!) = T(x)+t(ri(K) + r 2 (K)), hence there is exactly 
one value of t giving T(x') = 0, and clearly x an d x' ne i n the same coset 
mod AuJk- □ 

Characters satisfying the conditions of this lemma are called normalized 
characters. 

Let {Xa} be the set of all characters obtained according to the last lemma, 
and denote by Q a the coset mod AuJk determined by Xa- Every quasicha- 
racter from this coset can be written in a unique way in the form 
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q(x) = X a(x)V(x); (6.7) 

with a suitable s G C. In this way the elements of the coset Q a can be 
described with the use of a complex parameter s, and the group Qo can be 
treated as a family of ^(Qo/AuJk) copies of the complex plane. 

There is another way of describing the normalized characters Xa which we 
shall now present. Let J f K be the subgroup of J K consisting of all ideles (a v ) 
with a v — 1 for non- Archimedean t>'s, and whose Archimedean components 
are of the form a v = t €v / s , where s = ri(K) + T2(K), t is positive and 
independent of v and 

J 1 if v is real, 
€y ~ { 1/2 if v is complex. 

One sees that the group J' K is topologically isomorphic with the multiplicative 
group of positive reals with the usual topology, the isomorphism being given 

by 

^(^,...,^,...,1,1,...). 

Moreover we have the topological isomorphism Ik ~ Jk x J'k-> an< ^ so ^ ^ s 
possible to choose in Jk a Haar measure \xj{x) having the property that the 
Haar measure mj on Ik equals the product of \xj and the standard Haar 
measure 

lx{A) = [ 

J A 



dt 

on the multiplicative group of positive reals transferred to J f K , dt being the 
differential of the usual Lebesgue measure on ]R + . 



Proposition 6.35. A character x °f Ik is normalized if and only if it is 
trivial on J' K . 

Proof : If x — Yl v Xv is normalized, then for Archimedean v we have 



Xvip^v) — 




with 52 t v = 0.Ifx = (x v ) = (t 1 / 3 , . . .) G J' K (resp. x = (£ 1/2s , . . .), if n = 0), 
then x( x ) — t lA with A = J2^v/ S — an d thus X trivializes on J f K . 
Conversely, if x is trivial on J' K , then for every t > 0 we must have 

s / — J 

with a certain N t G Z, which shows that the ratio N t /\ogt does not depend 
on t, which can happen only if Nt = 0, and thus the sum 52 vanishes. □ 
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Now let / be a complex-valued function defined on Ik about which we 
assume that for all quasicharacters q G Qo with expq > 1 the Mellin trans- 
form 

f(Q) = / f{x)q(x)dm I (x) 

is well-defined. If we now fix a coset Q a , and consider only the quasicharacters 
which lie in it, then we can, by (6.7), consider / as a function of the complex 
variable s, defined in the open half-plane Re s > I — 1. To stress this fact we 
shall write f(q) — Z(f,s,Xa), or, if the coset Q a is fixed, f(q) = Z(f,s), and 
call / the zeta-function associated with /. The zeta- functions so defined are 
meromorphic and satisfy a functional equation, provided / satisfies certain 
regularity assumptions. This result forms the main part of the next theorem: 

Theorem 6.36. Let f be a complex- valued function defined on Ak, and 
satisfying the following conditions: 

(a) Both f and its Fourier transform f are continuous and integrable, 

(b) The two series 

^2f(a(x + t)) and ^ + 

teA 0 teA 0 

are uniformly convergent for (a, x) lying in an arbitrary, but fixed, compact 
subset of the product Ik x Ak, 

(c) If g,go are the restrictions of f, respectively f to Ik, then for every 
t > 1 the functions g(x)V(xY and go(x)V(xY are integrable in Ik- 

Then the following holds: 

(i) For every fixed coset Q a of Qo mod AuJk the integral 



Z{g,s)= / g{x)q{x)dm I {x) 
Jik 



'Ik 

with q as in (6.7), represents a regular function of s in the open half-plane 
Re s > 1 . This function can be continued to a meromorphic function. 

(ii) If Q a = AuJk is the zero coset, i.e., Xa{x) = 1, then Z(g,s,l) can 
have at most two single poles at s = 0 and s = 1, and its residues there are 
equal to —hK,f(0) and JiK,f(0), respectively, with h — h(K) being the class- 
number of K, and 

w(K),/\d(K)\ 

where r\ , r<i have their usual meaning, R(K) is the regulator of K, d(K) is 
its discriminant and w(K) is the number of roots of unity lying in K. 

(Hi) If Q a is not the zero coset, then Z(g,s,Xa) has a continuation to an 
entire function. 
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(iv) (The functional equation) IfXa- 1 ^ es ^ n the coset inverse to Q a , then 
for all s G C we have 

Z(g,s,Xa) = Z(g 0 ,l -5,x a -i). (6.9) 

(v) For all c\ < C2 and e > 0 the function Z(g,s,Xa) i* s bounded in 
{s : c\ < Re 5 < C2, |s| > e, \s — 1| > e}. For non-principal Xa this applies to 
every strip c\ < Re s < C2. 

Proof : (i) Assumption (c) implies the existence of the integral defining Z(g, s) 
for every s in the half-line Re s > 1 because of \g{x)q(x)\ = \g(x)\V(x) e * pq . 
Denote by A\ and the sets of adeles with V{x) > 1 and V{x) < 1, 
respectively, and for i — 1, 2 put 



Bi= I g(x)q{x)dmi{x). 



Since Jk = A\C\A2 is of measure zero, we have Z(g, s) = B1+B2. Observe 
that for a = Re s > 1 the integrals Bi and B2 are both regular functions of 
s. Indeed, under this assumption we have for i = 1, 2 the equality 

\{f g{x)xa{x)V{x) s+5 dm I {x) - / (?(x)XaW^W fl dmj(fl;)) 

«/ Ai J Ai 

= ! \9{x)Xa{x)V{x)'{V{x) s - \)dmi(x), 

J Ai 

and since for sufficiently small 5 > 0 the integrand is 
0(\g(x)\V(xy\logV(x)\), 

we find, using (c), that Bi is differentiate for a > 1. The same argument 
establishes the differentiability of Bi in the remaining part of the plane, thus 
Bi is entire, and to establish (i) it remains to show that B2 can be continued 
to a meromorphic function. 

Applying Proposition 6.35 we can write 

= [ 1 t(1 9{t3)Xa{3)t s d^j{j)\= [\ s ~ 1 f g(tj) X aU)dnjti)dt. 
Jo 1 \Jj K J Jo Jj k 

To evaluate the inner integral in the last term of the above equality a pre- 
liminary construction is necessary. 

In Theorem 6.25 we obtained the existence of a compact set B C Jk 
containing representatives from every class of J(K)/Iq. This set has the form 

h 

B={J 6,P, 

i=l 
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where 6 1? . . . , bh are ideles with V(pi) = 1, whose images in Ik/UkIq ~ H(K) 
represent all ideal classes, and P was the set of all ideles from Jk^Uk whose 
images in M r through the map 

L : (u v ) h-> [logv(u v )] v£Soo ,v?v', 
(where v' is a fixed valuation in Sqo) are of the form 

r 

(0<^<l), (6.10) 

where the e/s are fundamental units of K. 

Note that if P' is the set of all ideles from Jk H Uk whose images under 
L have the form (6.10), then the set 

B'=\Jb i P' 

1=1 

represents all classes of J{K)/Iq. This set is no longer compact, and, more- 
over, it may contain several members of the same class of C(K). Let us find 
under what circumstances this happens. Assume thus that a±,a2 G biP f rep- 
resent the same class of C (K) . (Note that elements from distinct summands 
biP' and bjP f cannot lie in the same class of C(K), since they induce ideals 
lying in different classes of H(K).) Write a\ = bipi, a,2 = biP2 withpi,p2 G P' 
and principal P1P2 1 • But 

r 

L{piP 2 ~ 1 )^Yl x o L ^3)^ 
i=i 

where — 1 < Xj < 1, and since pip^ 1 is principal and induces the unit ideal, 
it must be a unit. Therefore the Xj s are rational integers, and we see that 
they must vanish, i.e. Lfjpip^ 1 ) — 0. Hence for every valuation v with one 
exception we have ^(piP^ -1 ) = 1, and the product formula shows that the 
same must be true also for the excepted valuation. Hence by Theorems 3.3 
and 2.5 (i) we see that P1P2 1 must be a root of unity, and so finally we get 
a i = Cw a 2i with w — w(K) and a suitable m. Conversely, if two ideles from 
P' differ by a factor which is a root of unity, then they lie in the same class 
of C(K). 

In the definition of the mapping L one of the Archimedean valuations was 
not used. It is convenient to have it complex if there exist complex valuations 
of K at all, and we shall make this choice whenever possible. Let v' be that 
valuation. Let us now define 

Pi = {(x v ) G P' : 0 < argav < — } 

w 

which definition in the case of real v' reduces to 
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Pi = {(x v ) e P' : x v > > 0}. 
The foregoing argument shows that the set 

h 

E={J 6<Pi 

i=l 

contains exactly one element from every class of Jr/Io C C(K). Now we 
compute the measure of E. 

Lemma 6.37. The measure fij(E) of the set E equals hn, where k is defined 
by (6.8). 

Proof : From the definition of E we readily obtain 

h 

i=i 

and in addition fJLj(Pi) = [jlj(P')/w, hence we have to find the measure of 
P' . An idele x — (x v ) lies in P' if and only if it is satisfies the following 
conditions: 

v(x v ) = 1 for v & Soo, V{x) = 1, 

and 

0< ^ ^-log^) < 1 (J = 1,2,... ,r), 

veSoo 

where v' is a fixed valuation and [A v j] is the matrix inverse to the matrix 
whose j-th column equals L(ej). Let now A be the Cartesian product of 
P' and the interval [l,e], considering the latter as a subset of J' K . Thus 
A C Ik, and any pair (a,t) with a€P',l<t<e can be identified with 
the product at', t' being the idele [t 1 / 5 ,...]. Since the interval [l,e] is of 
unit measure in J' K we get /J>j(P f ) — mi (A). To find mi (A) observe that if 
S C £2 contains all Archimedean valuations, and also all non- Archimedean 
valuations corresponding to prime ideals ramified in K/Q, then A C Is and 
so 

Vj{P') = / dii s (x), 

J A 

the measure djj,s(x) being defined in subsect. 7 of Appendix I. 

The idele u — (u v ) lies in A if and only if v(u v ) = 1 holds for v $ Soo, 
1 < V(u) < e and if we put 

tv = fv(uy*' a iiveSoo, 
v \ 1 otherwise, 

then for j = 1, 2, . . . , r one has 
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0 < J2 A v ,jlogv(u v /t v ) < 1 (j = l,2,...,r). (6.11) 

Moreover, by the definition of the measure {is we see that [ij(P f ) equals 
the product of two integrals: one taken over rLes\Soo U(K V ), an d the other 
taken over the projection A a of A into Yl veS the integrand being in 

both cases equal to 1. The first of these integrals equals the product of 
N(D Kv /q p )~ 1 / 2 taken over all v's at which K/Q is ramified, hence it equals 
|d(i(r)| _1 / 2 , and so we are left with the second integral, which we shall call 
I. Put s — 7*1 + r2. If Vi, . . . , v ri and v ri +i, . . . , v s are the real, respectively 
the complex valuations of K, then the integral I is equal to the integral in 
W 1 x C r2 of the function 

s 

i=l 

taken over the set of all s-tuples 

(^i,...,w s ) eR ri xC 2 
satisfying 111= 1 v i( u i) = ^ as wen as 

0< J] A^jlogViCV^i) < 1 (j = l,2,...,r) 

l<i<r 

with a certain £ in the interval [1, e]. If now X C M ri x C r2 is the set of all 
r-tuples (ui, . . . ,u r ) satisfying Y¥i=i v i( u i) — t an< ^ I ^ Vi(v,i/t Vi ) < e for 
certain 1 < t < e and Vi ^ v f , then one sees that 

I = R{K) / $(ui, . . . , u r )dui - - - du r . 
Jx 

To deal with the last integral we make the following change of variables: 

u\ —Ui for Vi ^ v' 
u =u v > JJ u^ 1 , 

l<i<r 

which leads to 
where 

B Vtt = {xeK v : t 1 ^ < v(x) < et 1/s }, 
and one arrives at I = 2 ri (27r) r2 . Finally we obtain 
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hR { K)T^ = 
w j\d(K)\ 

as asserted. □ 



Now we return to the integral B2 , which, as we have seen, equals 

/V 1 / 9{tj)Xa{j)diij{j)dt, (6.12) 
Jo Jj K 

and using the fact that every element of Jk can be in exactly one way written 
as bj with b G Io and j G E, we can put the inner integral in the form 

/ Y,^ bt j)XaU)d^j(j)= [ Xati)^9(Kj)dlJLj(j) 

Je beio Je bei 0 

= [ Xa(j)( E/(^)-/(0))^j(j). 

Je W 0 J 

To evaluate the last integral we need a lemma: 

Lemma 6.38. If the function f satisfies the assumptions of the theorem, 
then for every idele x we have 

£ f{bx) = V(x)T, /(*/*)• 

beA 0 v ; beA 0 



Proof : We want to apply Poisson's formula (see Appendix I) for the adele 
group and its subgroup of principal adeles, and to do that we have to check 
the assumptions. We need a fundamental set D of unit measure. Prom the 
proof of Proposition 6.23 we infer that if o;i, . . . , uj n is an integral basis of 
K/Q and uj[, . . . ,uj' n are the projections of the principal adeles generated 
by the lj^s into the product Yl veS then for Q we can take the set of 

all adeles a = (a v ) such that for non- Archimedean v's one has v(a v ) < 1, 
whereas the projection of a onto n^eSoo ^ es * n ^ e se t 

j]C x<< ^ : °~ Xi < 1 |" 

Using Corollary 1 to Lemma 5.43 and the definition of the discriminant 
we see that the measure of £) in fact equals 1. If we define the Haar measure 
in the adele class-group via the one-to-one map between D and A^/Aq, then 
all assumptions of the Poisson formula are satisfied and we may apply it to 
the function fi(t) — f(xt). 
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First we compute its Fourier transform, so let X be the character of 
occurring in Proposition 6.32, and put X a (t) = X(ai) for a G Ak- Then, 
using Proposition 6.32 and its Corollary we get 

fi(v) = f fi(t)X v (-t)dm A (t) = [ f(xt)X y (-t)dm A (t) 
Ja+ Ja+ 

= [ f(t)X y (-tx- 1 )V- 1 (x)dm A (t) 
Ja+ 

= V~\x) [ f(t)X y/x (-t)dm A (t) 
Ja+ 

= V-\x)f{y/x), 

and this leads, with the use of part (iii) of the Corollary to Proposition 6.23, 
to the asserted equality in view of Theorem VIII of Appendix I. □ 

Thus the inner integral in (6.12) becomes 

/ Xa(j) [Vitj)- 1 £ f(b/tj) - /(0) ] dvj(j) 
jE V 66^o / 

= 7 / Xa{j)y2go{b/tj)dnj{j) 

* JE 66/o 

+ ]f(0) f XaUWAj) ~ /(0) / Xa(jWj(j), 
J E J E 

and so B2 turns out to be the sum of three integrals: 

B 2 i=f t s ~ 2 f Xa{j)Y.9o{b/tj)d^j{j)dt, 
Jo Je 66/0 

B22 =/(0) f t s ~ 2 dt f XatiWj(j), and 

JO JE 

B 23 =-/(0) ft s - l dt [ X a(j)dfij(j), 
Jo Je 

which we shall now evaluate separately. The first of them is similar in nature 
to B\. Indeed, since Xa is trivial on Iq, and every element of Jk can be 
uniquely written in the form bj with b G Io and j G E, we get 

B21 = / t s ~ 2 [ 9o(l/tj)Xa(j)dfij(j)dt 
Jo J J K 

= / goil/x^ixY^Xaix/Vix^drmix) 
Ja 2 

= [ goWVixf-'Xa-iix/Vixfidrmix), 

J Ai 
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thus has the same form as jE?i, and the same argument as used for B\ shows 
that jE?2i defines an entire function. 

To evaluate #22 and JB23 observe that if Xa is trivial on J#, then Lemma 
6.37 gives 



/ Xa{j)dfij{j) = fij(E) = tin, 
Je 



and in other cases this integral vanishes. 

Now note that with our choice of characters Xa , if such character is trivial 
on Jx, then it is trivial on the full idele group Ik, since we have 



X 



a(x) = V(x) it = l[v(x v ) it 



with a suitable t, but in view of our normalization (Lemma 6.34) this implies 
t = Q. We arrive thus at the equality 

Z(g,s,Xa)= / g{x)V{x) s Xa{x)dm I (x) 

+ J gQ{x)V{x) 1 - s Xa-^{x)dm I {x) ( 613 ) 



where 



fl ifXa = l, 

0 otherwise, 



and we see that the first two summands on the right-hand side are entire 
functions of s. This establishes the assertions (i) - (iii), and since (6.13) 
implies that the zeta-function Z(g,s,Xa) is bounded in every fixed vertical 
strip, we obtain (v). 

To prove the functional equation it suffices now to observe that the equa- 

hty 

Z{goA - s,Xa-0 = / goix^ix^-^a-^^drmix) 

J A! 



+ / g(-x)V(x) s Xa(x)dm I (x) 

J A x 



follows from (6.13), and since the second integral remains unchanged after we 
substitute — x for x, one sees immediately that this zeta function coincides 
with Z(g,s,Xa)- □ 



In the next chapter we shall apply this theorem to various functions / to 
obtain classical results of Riemann and Hecke 
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6.3. Notes to Chapter 6 

1. The first to apply the p-adic approach to algebraic numbers was Hensel, 
who as early as 1894 demonstrated the power of this approach while solving a 
problem of Dedekind concerning the discriminant (Hensel [94a,b], [97a,b]). A 
systematic application of this method was outlined in Hensel [97c], [05a], [07], 
[13], [18]. Quadratic fields were treated in Hensel [14a] (cf. Bauer [22], Wahlin 
[15a]). Application to the factorization of prime ideals in various extensions 
can be found in Bauer [36], Bauer, Chebotarev [28], Hensel [21a,b], Ore [27], 
Rella [24a], Wahlin [15b], [22]. 

2. The applicability of p-adic numbers to the theory of quadratic forms was 
established by Hasse [23a,b], [24a,b] (cf. Hasse [62] for historical remarks), 
who proved that two such forms over an algebraic number field K are equi- 
valent if and only if they are equivalent over every completion of K, and, 
moreover, a quadratic form F with coefficients in K represents a given ele- 
ment a G K if and only if F represents a in every completion of K (cf. Cassels 
[59a], O'Meara [63], Siegel [41], Springer [57]). 

One says that for a given statement the Hasse principle holds, provided 
it is true in a field K if and only if it is true in every completion of K. It 
has been noted by Witt [35] that the Hasse principle fails for the solvability 
of the equation x 2 + y 2 — a in fields of algebraic functions. It fails also for 
zeros of cubic forms, even over Q, as shown by Selmer [51], who produced 
the example 3x 3 + 4y s + 5z 3 , which has non-trivial zeros in every completion 
of Q, but not in Q. See also Bremner [78], Cassels, Guy [66], Mordell [65], 
Selmer [53], Swinnerton-Dyer [62]. 

For quintic forms the Hasse principle also fails (Fujiwara [72]), as well 
as for certain other classes of forms (Birch, Swinnerton-Dyer [75], Fujiwara, 
Sudo [76], Manin [71]). Iskovskikh [71] showed that it fails also for common 
zeros of two quadratic forms, however, as shown in Water house [76], it holds 
for the equivalence of such pairs. 

An important example of the validity of this principle is the Hasse 
Norm Theorem (HNT) proved in Hasse [31d] (for earlier special cases see 
Furtwangler [04], [09], Hilbert [97, Satz 167], [99]). To state this result let 
X(L/K) be the set of all elements of K* which are norms in every local 
extension L W /K V1 where v ranges over all valuations of K and w over all 
prolongations of v to L. Trivially one has N L / K (L*) C X(L/K), and Hasse's 
theorem asserts that if L/K is cyclic, then we have equality here. For an- 
other proof see Gold [77]. The factor group R{L/K) = X(L/K)/N L/K (L*) 
has been introduced by Scholz [36], who related it to Schur's multiplier (Schur 
[04]) of the Galois group of L/K. The group &(L/K), called the knot group 
of L/K, has been studied later by Jehne [79], who also considered several 
related groups (see also Heider [80], [81], [84], Razar [77], Steckel [82a]). 

For non-cyclic extensions Hasse's norm theorem may fail, as noted already 
in Hasse [3 Id], however, there are classes of extensions for which it is true. 
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This happens, e.g., for all extensions of prime degree (Bartels [81b], for the 
cubic case see Tasaka [70]), for extensions with a generalized quaternion group 
of order not divisible by 8 as Galois group (Arnaudon [76]), and also for all 
extensions, whose normal closure has a dihedral Galois group (Bartels [81a]). 
For other classes of fields see Garbanati [75], [77], [78a,b], Gerth [77a,b], 
[78], Gurak [78a,b], [80], Hamada [83], M.Horie [91], [93], Kagawa [95], Leep, 
Wadsworth [92], Platonov, Drakokhrust [85], Scholz [36]. 

Lorenz [80] proved that if L/K is normal, then there exists a normal 
extension M/K, containing L, such that all local norms of M/K become 
global norms in L/K. See also Lorenz [82], and Opolka [80a,b], [82], [84]. 

For other results concerning HNT see K.Amano [77], [79], Leep, Wads- 
worth [89], Opolka [87]. An application to diophantine equations was given 
by J.H.Smith [75]. For analogous questions concerning infinite extensions see 
Heider, and for units units see Gold [77] and Nakagoshi [75] . For a survey of 
questions related to HNT see Jehne [82]. 

Several other examples of Hasse's principle were given in Cantor, Roquette 
[84], Colliot-Thelene, Coray, Sansuc [80], Colliot-Thelene, Sansuc [82], Dress 
[65], Hasse [32], Hijikata [63], Landherr [36], Noether [33], O'Meara [59], 
Opolka [81], Pezda [03], Scharaschkin [99], Waterhouse [77], [78]. See also 
Chap. II.6 in the book of G.Gras [03]. 

3. The ramification groups were introduced by Hilbert [94a] directly, without 
the use of p-adic fields. For particular classes of fields they were studied in 
Dribin [37], Hasse [30b], Porusch [33], Rosenbliith [34]. 

In addition to papers on that topic quoted in Chap. 5 let us mention 
Herbrand [30a], Krasner [35], Speiser [19] and van der Waerden [34]. 

Corollary 2 to Proposition 6.8 was proved first in Chebotarev [29], Corol- 
lary 1 to Proposition 6.9 appears in McCulloh [66], and Corollary 2 is due 
to Netto [83], [84]. Theorem 6.11 was first proved by Wiman [99], and re- 
discovered later by Westlund [12]. For another proof see Albis- Gonzalez [73]. 
(In the first edition of this book the treatment of the case (v) of Theorem 
6.11 was incomplete.) Generators of the group G(I) in the case when it is 
cyclic are called primitive roots mod /. The analogue of Artin's conjecture 
on primitive roots states that every non-zero and non-unit element of Rk, 
which is not a square, is a primitive roots for infinitely many prime ideals 
of Rk- It has been shown by Lenstra,Jr. [77b] that this conjecture follows 
from the General Riemann Hypothesis. For other results on this conjecture 
see Egami [81], Hinz [84], [86] and Narkiewicz [87]. Primitive roots a mod 9p 
with minimal \Nk/q((x)\ were studied in Hinz [83a,b,c]. 

Finite commutative rings with a cyclic group of units were described by 
Gilmer [63b]. For other proofs see C.W.Ayoub [69], Pearson, Schneider [70], 
Raghavendran [70]. 

The structure of the group G($$ n ) was determined in Hensel [16b], [17], 
Nakagoshi [79], Takenouchi [13]. For particular cases see Dirichlet [41a], 
Halter-Koch [72a], Ranum [10]. The multiplicative semigroup of the ring 
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Rk/I for an arbitrary ideal / was described in Rieger [64]. An algorithm 
to determine the structure of its maximal subgroup gave Hefi, Pauli, Pohst 
[03]. 

Proposition 6.13 had a wrong formulation in the first edition of this book. 
This was noticed by Lewittes [83] , who computed the number of real primitive 
characters mod ty k , 

4. Gaussian sums in the case of K = Q go back to Gauss and Lagrange, 
and in the general case there were introduced by Hecke [19] in the case of 
quadratic fields and by Hasse [51a] in the general case. See also Hasse [52b], 
[54a] , Kubota [60] . A general theory of Gaussian sums in rings was developed 
by Lamprecht [53], [57]. 

Theorem 6.16 is due to Gauss [11], and the proof given by us was found 
by Waterhouse [70] . There are more than 25 proofs of that theorem, all listed 
in the survey of Berndt and Evans [81]. 

Theorem 6.17 was obtained independently by S.Chowla [62] and Mor- 
dell [62]. We reproduced Mordell's proof. See Evans [77], Funakura [92], 
Yokoyama [64] for generalizations. Explicit formulas for Gaussian sums with 
cubic and quartic characters in terms of elliptic functions were given in 
Matthews [79] (see also Barkan [90], Ito [89], Loxton [74a], [78], McGettrick 
[72], K.Yamamoto [65].) 

There was a conjecture, originating in Kummer [42], [46], stating that 
if p = 1 (mod 3) runs over primes, then the arguments of Gaussian sums 
associated with a cubic character mod p are non-uniformly distributed on 
the unit circle. This was disproved by Heath-Brown and Patterson [79] (for 
an exposition of the proof see Venkov, Proskurin [82]). The same holds also 
for Gaussian sums of higher orders (Patterson [87] . 

Gaussian sums related to characters mod p n with n > 2 are easier to 
handle, and can be evaluated explicitly as shown by Odoni [73a] (see also 
Mauclaire [83]). 

Various relations between Gaussian sums, including important reciprocity 
theorems, were given in Barner [67], Davenport, Hasse [34], Hecke [19], Kubo- 
ta [60], [61], [63], Kunert [35], Mordell [22a], L.H.Schmid [36], K.Yamamoto 
[66]. 

Gaussian sums were used in Hasse [40], [48a] and Bergstrom [44] for 
the study of class numbers. The role of Gaussian sums in the arithmetic 
of Abelian extensions of Q was emphasized by Leopoldt [62]. 

The full story of Gaussian sums over the rational field is given in the book 
of Berndt, Evans and Williams [98]. 

5. Theorem 6.18 was stated by Kronecker [53], [77], and its first proof (not 
quite complete) was published by H.Weber [86]. We presented the proof of 
Shafarevich [51] (see also Washington [82]). For other proofs see Chebotarev 
[24], Delaunay [23], Ghate [00], M.J.Greenberg [74], Hilbert [96], [97], Lubel- 
ski [39], Mertens [06], Riese [98], Speiser [19], Steinbacher [11], H.Weber [07], 
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Yamamoto, Onuki [75], Zassenhaus [68]. Neumann [81b] gave two proofs along 
the lines of Kronecker and Weber, discussing also other proofs. 

An analogue for Abelian extensions of imaginary quadratic fields has been 
conjectured by Kronecker and proved, in a modified form by H.Weber [96b], 
[97] and Fueter [05] (cf. Fueter [11], [14], [24], Hasse [27], Hecke [17b], Ra- 
machandra [64], Takagi [20]). The case of real quadratic fields was treated in 
Shintani [78]. 

An analogue of Theorem 6.18 for the field of rational functions in one 
variable over a finite field has been obtained by Hayes [74] , and Drinfeld [74] 
did this for finite extensions of such fields. Drinfeld's proof has been simplified 
in Hayes [79] . See also the survey by Goss [80] . 

6. The question of the existence of a cyclic extension L/K of an algebraic 
number field K with prescribed local extensions L*p j K p , for p lying in a given 
finite set was first considered by Grunwald [33]. However, it was pointed 
out by S.Wang [48] that there is a case in which Grunwald's argument does 
not apply. An improved version was obtained independently by Hasse [50b] 
and S.Wang [50a], and the final result is called the Grunwald- Hasse- Wang 
theorem. For other proofs see Artin, Tate [68], Neukirch [74b], and for a 
sharpening see Tomanov [88] . An analogous result holds for arbitrary Abelian 
extensions (Hasse [50b], S.Wang [50b]), and, more generally, for extensions 
with nilpotent Galois groups (Neukirch [73]). Cf. Miki [78], Neukirch [74c], 
Saltman [84] . In general it is not possible to prescribe the local behaviour in 
the case of S infinite. For example, there are no septic fields, ramified only 
at one prime p = 2, 3, 5, there are four such fields, ramified only at p = 7 
(Bruegeman [01]), and there are 10 septic fields ramified only at p = 2 and 3 
(Jones, Roberts [03]). 

7. Ideles were introduced by Chevalley [36a], who used them for his reformu- 
lation of the class-field theory (Chevalley [40]). Adeles occur first in Artin, 
Whaples [45], where they were called valuation vectors. 

For the topological properties of adeles and ideles see Artin, Tate [68], 
Iwasawa [53a] . The paper of Iwasawa contains the following characterization 
of the ring of adeles: if R is a semi-simple commutative locally compact ring 
with a unit element, neither compact nor discrete, and there is a discrete field 
K C R with the same unit element and the factor-group R + /K + is compact, 
then it! is the ring of adeles either of an algebraic number field, or of a field 
of algebraic functions in one variable over a finite field of constants (in the 
latter case one defines the ideles in an analogous way). 

Examples of non-isomorphic fields with isomorphic adele rings were given 
in Jacobson, Velez [85], Komatsu [78], [84]. A criterion for this phenomenon 
in terms of norm- forms was given by Meyer, Perlis [79]. 

An exposition of the theory of adeles was given by A.Robert [74]. 

The structure of D(K) was determined by Weil [51], and other proofs were 
given in Artin [56], Kobayashi [83]. One proves in the class-field theory that 
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the quotient group C(K)/D(K) is topologically isomorphic to Gal(K ab /K), 
K ah being the maximal Abelian extension of K. 

A characterization of characters of C(K) among those of the full idele 
group was given in Gurevich [71] . We shall encounter these characters again 
in the next chapter. 

Certain subgroups of Ik were studied in Furuta [66], Masuda [57], Miyake 
[80b]. 

The idele class-groups of imaginary quadratic fields were described by 
Onabe [78], who gave also examples of fields with isomorphic idele class- 
groups, but distinct ideal class-groups (e.g. K = Q(\/— ~d) with d = 8, 20 ,23, 
47 and 71). Komatsu [74] showed that if Gal(Q/K) ~ Gal(Q/L) (where Q is 
the algebraic closure of Q), then Ik ~ II, and in [76c] he produced examples 
to show that the converse implication fails for adele rings in place of idele 
groups. 

8. The discriminant d{L/K) was introduced by Frohlich [60b], [61], who ap- 
plied this notion in [60c, d]. Proposition 6.30 is due to to him. Normal exten- 
sions L/K with d(L/K) £ Ijc/^k were characterized in Maurer [78a], [79] 
as those for which the 2-Sylow subgroup of the Galois group is non-cyclic. 

Hecke [23] proved that the class of D L / K in H{L) is a square. This im- 
mediately implies Theorem 6.31. Other proofs of Theorem 6.31 were given 
in Armitage [67], Frohlich [60b], Knebusch, Scharlau [71], Weil [67]. It holds 
in every Dedekind domain (Armitage [67]), however the class of the differ- 
ent is not necessarily a square in this more general situation, as shown in 
Frohlich, Serre, Tate [62]. If the extension L/K is normal of odd degree, then 
the different D l /k is itself a square of a certain ideal Il/k- See Erez [91] for 
properties of Il/k- 

The results of Sect. 5, in particular Theorem 6.36 are due to Tate [50]. A 
more general class of zeta- functions was considered by Ono [70]. 

9. A p-adic analogue of the regulator matrix was introduced by Leopoldt 
[62], who conjectured that its rank is independent on p, and coincides with 
the rank of the usual regulator matrix. This was shown to be true for Abelian 
fields by Brumer [67] (see also Ax [65]), and other special cases were settled 
in Bertrandias, Payan [72], G.Gras [72a], Kuzmin [81], Miyake [82]. In the 
general case Waldschmidt [81] proved that the rank of the p-adic regulator is 
> (ri(K) +V2(K) — l)/2. For other results concerning Leopoldt's conjecture 
see Gillard [79d], Iwasawa [65]. More information can be found on the book 
of G.Gras [03]. 

Diophantine approximations and geometry of numbers in the ring of ade- 
les as well as the analogues of Pisot numbers were studied in Bertrandias 
[65], Cantor [65], Decomps-Guilloux [65a,b], [70], Grandet-Hugot [66], [75], 
McFeat [71], Senge [67]. 
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EXERCISES 

1. Characterize wildly ramified extensions L/K with T l / k (Rl) = Rk in terms 
of factorization of prime ideals. 

2. Determine the inertia and ramification groups for the following extensions 



(a) K/Q quadratic, 

(b) K = Q(Cp) with prime p, 

(c) K = Q(y/i). 

3. Determine the structure of the group G(p), where p is a prime ideal in Rk 
with / k /q(P) > 2. 

4. Determine all natural numbers n for which the group G(nZ) has primitive 
characters of a given order k. 

5. Let L/K be a finite extension of an algebraic number fields and define the 
idele norm map by the formula 



Prove that N L / K : II — > Ik is a continuous homomorphism which agrees on 
principal ideal with the usual norm map from L* to K* . 

6. Prove an analogue of the preceding exercise for an appropriately defined trace 
map from Al to Ak> 

7. (Weil [39]) (i) Estimate the number of principal adeles (a v ), satisfying v(a v ) < 
T v , where T v are given non- negative real numbers of which only finitely many are 
non-zero. 

(ii) Let a G K and let (a v ) be the corresponding principal idele. For v G £oo 

put 



with v(p) 1. Moreover for 

^ G Sqc, let t v (a) = —T v (a) and for v $ Soo let t v (a) 
be a rational number r such that T v (a) — r G R v - 

Prove that for all a G K the number Yl v t v (a) is a rational integer. 



K/Q: 





7. Analytical Methods 



7.1. The Classical Zeta- Functions 



1. In this section we introduce the Dirichlet series defining the Dedekind zeta- 
function, and also some other kinds of zeta- functions, including Dirichlet's 
L- functions, and derive the functional equations for them. Our arguments 
will be based on the results of Chap. 6. Subsequent sections are devoted to 
asymptotic distribution of ideals and prime ideals. We shall use the tauberian 
theorem of Delange, an account of which is given in Appendix II, as well as 
complex integration in its simplest form. We adopt the convention that J2i 
and denote summations over all non-zero ideals, respectively all non-zero 
prime ideals of the considered algebraic number field. We shall also denote 2 
by cr, t the real, respectively the imaginary part of the complex variable s. 

We start with Dedekind's zeta-function of an algebraic number field if, 
which is defined by 

To obtain its properties we need an analogue of Euler product formula for 
ideals: 



Lemma 7.1. Let f be a complex-valued function defined on the set of all 
non-zero ideals of Rk and assume that it is multiplicative, i.e., for relatively 
prime ideals I, J we have f(IJ) = f(I)f(J). Assume, moreover, that the 
series 



G(f,s) = J2 



converges absolutely in a certain half-plane a > C. Then in that half-plane 
we have the equality 

f(p m ) 



g(/,*)=ii£ 



« N (py 

p m=0 yr/ 



2 This peculiar notation goes back to Riemann's memoir on prime numbers. A 
legend says that he did not know the letter r, but it was rather a printers fault. 



314 7. Analytical Methods 



Proof : For a real positive T denote by At the set of all ideals of Rk whose 
prime ideal divisors have their norms not exceeding T. Then obviously we 
have 



n e 

P m=0 

N(p)<T 



f(p m ) 

Nip) 1713 



hence the difference 



E 

ieA T 



f(i) 

N(iy ' 



11 Z-j N(p) rns ^ 



P m=0 

N(p)<T 



/CO 



- N(iy 

N(I)<T 



does not exceed 



and this tends to zero. 



N(I)>T 



f(I) 



N(iy 



□ 



Proposition 7.2. In the half-plane a > 1 the series (7.1) converges abso- 
lutely, and the convergence is uniform in every compact subset of that half- 
plane, so Ck(s) is regular there. Moreover, in that half-plane the infinite prod- 
uct 

'w=n(i-^r 

converges, and we have P(s) = Ck(s). 

Proof : Let [K : Q] = n. Since there are at most n prime ideals in Rk with 
a given norm, and every such norm is a prime power, the series ^ p N(p)~ a 
is for a > 1 absolutely convergent, and its convergence is uniform in every 
compact set, since it is majorized by the series 

En 

q 

where q runs over all prime-powers in Z. If T > 0 , then 

E wn< II (i+Jv(p)- ct +JV( P )- 2ct + •••), 

/ p 

N(I)<T N(p)<T 

but the series in brackets on the right-hand side does not exceed l + 3iV(p) -cr , 
and so 

E wri< n (i+3JV(p)-*)<B, 

N(I)<T N(p)<T 

with a constant B, because the series 3^ p N(p)~ a converges in our range 
uniformly in every compact set. This proves everything except the infinite 
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product representation of Ck{s), but this is an immediate consequence of 
Lemma 7.1. □ 

Corollary 1. The function Ck{s) does not vanish in the half-plane a > 1. 

Proof : No term of the infinite product for Ck(s) can vanish in this half-plane. 

□ 



The analogue /xk(-0 of the classical Mobius function is defined by 

1 ifI = R K , 
V>k(I) — { if / is the product of k distinct prime ideals, 

0 if I is divisible by the square of a prime ideal. 

One sees in exactly the same way as in the case of the usual Mobius 
function that ^ 

E^( J ) = { 0 otheTwisI' 
j\i 

Corollary 2. The function Cfcr(s) _1 is regular for a > 1, and we have there 
the equality 

Ck(s) ^N{iy 
Moreover, in the same range one has 

\<K(sr l \ < 



Proof : The regularity follows from the preceding corollary and it remains to 
observe that 

Mir CO c , v ^ Ej\iI*k(J) = 

N(iy ^ K{ ) N(iy 

□ 

Corollary 3. // F(n) denotes the number of ideals of Rk with norm equal 
to n, then for a > 1 one has 



and 



\CK(s)\<X(<rr, 

where N = [K : Q), and = Cq{ s ) ^ s the Riemann zeta- function. 
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Proof : The first assertion is obvious, and to obtain the second recall that if 
oIn(ti) denotes the number of representations of n as a product of N factors, 
then Lemma 4.9 gives F(n) < djv(^), hence 

n=l n=l 



2. Now we prove the main property of Dedekind's zeta- function, which was 
first established by Hecke [17a] with the use of the theory of theta- functions. 

Theorem 7.3. The function (k(s) can be continued analytically to a mero- 
morphic function having a unique simple pole at s = 1 with the residue hn, 
k being defined by (6.8). Moreover, if we put N = [K :Q], and 

1 



2 r 27r iV/2 

then the function 



V\d(K)\, 



${s) = A 2 r{s/2)^r{ s y^ K {s) 

satisfies the functional equation $(s) = ^(1 — 5). 

Proof : We are going to apply Theorem 6.36 to the function / = Yl v f v , 
where for non- Archimedean v we choose for the function f v the characteristic 
function of the ring R v of integers of K v , whereas for Archimedean v we put 

~ / \ / ex P( — 7rx l) ^ v is rea ^ 

\ exp(— 27rv(x v )) if v is complex. 

(Remember that for complex v we have v(x) — |#| 2 .) 

Let us now compute the Fourier transforms and zeta-functions of the 
functions f vi corresponding to the quasicharacter v s . In the real case we 
obtain without difficulty 

/oo 
exp(-7Txl + 27rix v y v )dx = exp(-nyl) = f v (y v ) 
-00 

and 

/ f v (x v )v(x v ) 2 dfji R (x) = [ f v (yv)v(yv) s dMy) = K~ s/2 r(s/2). (7.2) 

Jr* Jr* 

Similarly, in the complex case we get for x v = x + iy, y v = a + bi 

/oo /»oo 
/ exp(-27r(x 2 + y 2 ) + 4ni(ax - by))dxdy 
-00 J — 00 

= exp(-27r(a 2 + 6 2 )) = f v (y v ), 
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and 

n /»00 /»00 

/ f v (x)v(x v ) s dnc(x) = 2 / exp(-2ir(x 2 +y 2 ))(x 2 +y 2 ) s - 1 dxdy 

J <C* J— oo J — oo 

poo p2ir 

= 2 dr exp(-2 7 rr 2 )r 2s - 1 ^ - r^Tr 1 "* 
Jo Jo 

= / fv(yv)v(y v ) s d/j,c(y)- (7.3) 
Jc* 

For non- Archimedean t> we obtain 

/„(*,) = /.(^)x.(-x,)^(,) = { ^" 1/2 1^°:/ 

where Xy v (i) — X(ty v ), X(t) being the standard character of and D v is 
the different of the extension K v /Q p . Moreover, 

/ f v (xv)v(x v )*dnZ(x) = AT ^} P ^ 1 / fvixvMxyY^d^ix) 
Jkz N Wv) - 1 Jk v 

^V(PW - 1 Jr v 

holds for a > 1, p v being the prime ideal of R v . If we fix a generator ir v of 
p v , then we get, with U = U(K V ), 

/ v(x v ) s ~ 1 ^(x) = v(x v ) s ~ 1 d/j JV (x) 
Jr v j=oJ-K ju 

OO p 

= y^Nfa)-*' / vixj-idnvix) 

3=0 JU 

= (1 - ^(P.)" 8 )- 1 / dfi v (x) 
Ju 

= N(p v ) - 1 N(D v )- l l 2 
N(p v ) l-N(p v )->' 

because the equality 

N(D V )-^ 2 = / d» v (x) = V / = ViV(p.)^ / 

implies 

/ d/x„(a;) = 



N(p v )N(D v y/*' 
We have thus obtained the equality 
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f f v (x v )v(xv) s d^ v (x)=N(D v )- 1 / 2 (l-N(p v )- s )- 1 , (7.4) 
and similarly one gets 

fv(Vv)v(y v ) a dri(y) = N(D V ) S ~ 1 (1 - Nip,,)-*)- 1 . (7.5) 



/, 



Now we check that the function / satisfies the assumptions of Theorem 
6.36. Since all functions f v are continuous and integrable in and since 
almost all of them are equal to Ion i?^ Lemma 2 of Appendix I shows that 
/ is continuous, and, moreover, the equality 

/ \fv(x v )\dv v (x) =N{D V )-^ 2 

J K v 

for non- Archimedean v shows that we can apply the Corollary to Lemma 2 
of Appendix I to obtain the integrability of /. Moreover, Lemma 3 and the 
Corollary to Lemma 4 of the same appendix jointly with the equality 

/ \fv{yv)\dy v = I 
Jk v 

show that the Fourier transform / is continuous and integrable, and one has 

f((vv)) = ]lMvv). 

V 

This shows that the condition (a) of Theorem 6.36 is satisfied, and we may 
turn to condition (b). Readers acquainted with Hecke's classical proof of our 
theorem, which was based on the properties of thet a- functions, will recognize 
them hidden in the background of the verification which now follows. 

Let a = (a v ) G Ik, x = (x v ) G Ik and t G K = A 0 . We can write 
f(a(x + t)) = P 1 P 2 , with 

p i= II fvMx v +t)), P 2 = fvMx v + t)). 

It is immediate that we have 

p _ ( 1 if for v 0 one has a v (x v + t) G R v , 
1 0 otherwise. 

On the other hand, if we denote by F v the embedding of K in K v , and put 

_ J 1 for real v, 
^ v \2 for complex v, 

then we get 
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ZOO + t)) = ex P ( _7r Vv^v^Xy + F v (t))\ 2 J , 

t£K teW(a,x) \ veSoo J 

where 

W(a, x) = {t e K : a v (x v + t) e R v for v 0 5oo}. 
Now let Ci, C2 be compact subsets of and A^, respectively, and put 

w = U U 

aeCi xec 2 

The compactness of C± and C2 implies the existence of positive constants 
ci , C2 , C3 and a finite set S of normalized valuations such that for 

((a v ),(x v )) eC 1 xC 2 

we have v(a v ) — 1 and v(x v ) for i> 0 5, and ci < v(a^) < C2, ^(2^) < C3 
for i> G 5. If i? is non- Archimedean, and v v denotes the exponent of K v , then 
with suitable 61, 62, 63 we have 61 < v v {a v ) < 62 and v v {x v ) < 63. Now let tv v 
be the generator of the prime ideal of R v , put 

and observe that J is a fractional ideal containing W. In fact, if t G W, 
then for some (a v ) G Ci and (x v ) G C2 we have for non- Archimedean v the 
inequality v v {a v {x v + £)) > 0, hence for such i> we get 

v v (t) =u v (x v +t — x v )> m\n{v v (x v ),v v (x v 4- 1)} 
> min{z/ t ,(o; t ,),-z/ t ,(a t ,)} > min{6 3 ,-6 2 } 

for v G S and, similarly, v v (t) > 0 for v 0 5. 
It remains to prove that the series 

^expl-7r ]T 7^1(^(0^ +F v (t))\ 2 J 

converges uniformly for ((a v ), (x v )) G C\ x C2. For this purpose let cji, . . . ,o; n 
be a Z-basis of J, so that every element t G J can be uniquely written in the 
form 

n 

Our series becomes 
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But our assumptions imply that \a v \ is bounded from below by a positive 
constant, and \x v \ is bounded from above. Hence the inner sum exceeds a 
constant multiple of ]Cj=i Vjt exce Pt for a finite number of terms depending 
only on C2, and we see finally that our series is majorized by a constant 
multiple of 

( f; exp(-iV) ) 

\y=-oo J 

with a certain positive B, a series evidently convergent. 

In the same way we deal with the second series occurring in the condition 
(b) of Theorem 6.36. 

Condition (c) is in our case a consequence of the estimates 

sup IT / VvfaMxJdMx) < (7r-*/ 2 r(i/2)P ((27r) 1 -*r(*))^ 
x|d(K)|-V2 "Q (i-jv^)-*)-!, 

and 

sup n / lUvvMyrfdMy) < (Tr-^rmyi^y-tmr 

xld(A-)!*- 1 n (l-Nfa)-*)- 1 , 

vgSoo 

which follow from (7.2), (7.3), (7.4) and (7.5). The convergence of the product 

n (1-ivKrr 1 

is ensured by Proposition 7.2. 

Thus we see that all conditions of Theorem 6.36 are satisfied by our 
function /. If we now define for a > 1 the function \P by 

V(s)= JJ / fv(x v )v(x v ) 8 diil(x)= JJ / fv(yv)v(y v ) a dti(y), 

veSoo Jk v veSoo Jk * 

then, again using the equalities (7.2) - (7.5), we obtain 
Z{f,s) = ns)QK{s)\d{K)\- 1 ' 2 

and 



s-1 



Z(f,s) = V(s)tK(s)\d(K)\ 

By Theorem 6.36 these two zet a- functions can be continued analytically to 
meromorphic functions, whose only poles can lie at s = 0 or s = 1. Further- 
more, \P satisfies the functional equation 
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9(8)C K (8)\d(K)\-^ 2 = 9(1 - 8)Ck(1 ~ s)\d(K)\- s . (7.6) 

One checks without difficulty that this is just the equation occurring in the 
formulation of the theorem. At s = 1 the function Z(f,s) has a simple pole, 
and since #(1) = 1 we get /(0) = \d(K)\~ 1/2 , which shows that ( K (s) has a 
simple pole at s = 1 with residue ha. At s = 0 the function #(s)£k-(s) has 
a simple pole, but \P(s) has there a pole of order r± + r<i, and so we see that 
Cr-(s) is regular at s = 0. This establishes all assertions of our theorem. □ 

Corollary 1. For s 0 {0, 1} one has 

- CK(5)|^)| s_1 r(8/2) ri r(8) r2 7r- sri/2 (27r) r2 ( 1 - s ). 



Proo/ : Apply the equality (6.13) to the function / and q a — 1, remembering 
that f(x) = f(-x). □ 

Corollary 2. If Hk denotes the residue o/Ck(s) then for s > 1 we have 

h*. < d 8 - 1 ' 2 S ^ ~ ^ c K (s)r(s/2)^r(sy^- sr ^ 2 (27rY^ 1 - s \ 

s\/D + 1 — s 

withD = \d(K)\. 

Proof : Apply the preceding corollary, noting that the integrand is non- 
negative. □ 

Corollary 3. For 0 < a < 1 we have 

h*. < 2 1+n (D7r- n/2 ) a a 1 - n < 2 1Jrn D a o}- n , 
where n = [K : Q] and D = \d{K)\. 

Proof : Put in the preceding corollary s = 1 + a, and observe that 

r((H-a)/2) ri r(H-a) r2 7r-^ 1+a ) ri / 2 (27r)- ar2 < 7r -W2 2 -^ < 7r -an/2 j 
because of 

r((l + a)/2)<r(l/2) = >/5r, and T(l + a) < T(2) = 1. 

Corollary 3 to Proposition 7.2 gives (k(x) < C( x ) n f° r x > 1> and in view of 
the inequality 

, ^ i roo dt x 2 

^ X = — < 1 + / 7^ = 7 < 7, 

n x h t x x — 1 x — 1 

n=l J1 
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holding for 1< x < 2 we get ( K (l + a) < (2/a) n . 
The assertion results now by observing that 

<2(s-l). □ 
sy/D + l-s ~ 



Corollary 4. For every field K of degree n we have 

h{K)R{K) = <9(\/l} log 71 " 1 D), 
with D — the implied constant depending only on n. 

Proof : In the last corollary put a = 1/ log D. This leads to hn < Clog n_1 D 
with a certain C, depending only on n. Using the equality 

h(K)R(K) = w(K)h(K)Ky/D2- ri - r2 ir- r2 1 

with w(K) being the number of roots of unity contained in X, we arrive at 
our assertion, because there are only finitely many roots of unity of a given 
degree. □ 

Corollary 5. If K and L are algebraic number fields with the same Dedekind 
zeta-function, then [K : Q] = [L : <Q>], d(K) = d(L), n(K) = n(L), r 2 {K) = 
r2(L) f and 

h(K)R(K) _ h(L)R(L) 
w(K) ~ w(L) ' 

Proof : If Cfe = Cl? then Corollary 3 to Proposition 7.2 shows that for every 
N the numbers of ideals of norm iV in Rk and Rl coincide. For prime n 
these numbers are bounded by the corresponding degrees, and by Theorem 
4.37 these bounds are attained. This implies [K : Q] = [L : Q]. If now <&k 
and are functions appearing in Theorem 7.3, corresponding to K and L, 
and Ak, Al are the respective constants, then 

<M«) = (i -s) = A s K r{s/2Y^r{sy^ K \ K {s) 

and 

# L («) = # L (i -s) = A s L r(s/2y^r(sy^( L (s), 

and division yields 

(A K /A L ) 2s - 1 r(5/2) ri W- ri ( L )r( 5 ) r2 W- r2 ^ 
= r((i - s)/2) ri ^- ri ^r(i - s )^w-r 2 (L) B 

The right-hand side is regular in a neighbourhood of s = 0, and since r(s) 
has a pole there, we must have ri(K) + r 2 (K) — ri(L) + r 2 (I/), and since 
the degrees of K and L coincide we get ri(K) = r\(L) and r 2 {K) = r 2 (L). 
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Therefore (AkMl) 2s_1 = 1 holds for all s, leading to Ak = Al, which in 
turn implies = |d(L)|. By Proposition 2.15 the signs of the discrimi- 

nants coincide, hence d(K) = d(L). The last assertion follows by comparing 
the residues of C,k and £^ at s = 1. □ 

Corollary 6. If K is either Q, or an imaginary quadratic field, then Ck(0) ^ 
0. Otherwise Ck( s ) has a zero of order r\ + r<i — 1 a£ 5 = 0. 

Proof : Apply the functional equation and the fact that r(s) has a simple 
pole at s = 0. □ 

3. We now introduce a class of multiplicative complex- valued functions de- 
fined on the group G(K) of all fractional ideals of K, which we shall call Hecke 
characters. Let X be a quasicharacter of the idele class-group C(K), i.e. a 
quasicharacter of Ik, trivial on J#. According to Theorem IX of Appendix I 
we can write 

X((x v )) = Y[X v (x v ), 

v 

where X v is a quasicharacter of K*, equal to unity on U(K V ) for almost all 
u's. 

Let Q be, as in the previous chapter, a fixed set of normalized inequivalent 
valuations, and let 5 be a finite subset of i?, containing 5^ as well as all those 
v's for which X v is non-trivial on U(K V ). For v 0 S the value X v (x v ) depends 
only on v(x v ), and thus we can consider X v as a quasicharacter of the group 
of all fractional ideals of K v , which is an infinite cyclic group. Define now a 
function x on G(K) by putting for all prime ideals p of Rk 

= / X v (p v ) if pR v =p v ,v£ 5, 
* w \ 0 otherwise, 

and extending it to G(K) by multiplicativity. 

The restriction of x to the subgroup of G(K) generated by the prime 
ideals p v (v S) is a quasicharacter. Although x itself is not a quasicharacter 
(except when S — S^), since it can assume the value zero, we call it a Hecke 
character. If X is a character of C(K), then x is called a proper Hecke 
character. The set S is called the exceptional set of x- 

If X is a character satisfying the normalization condition stated in Lemma 
6.34, then x is called a normalized Hecke character. Note that in view of (6.7) 
every Hecke character x ma Y be uniquely represented in the form 

X (I)=Xi(I)N(iy, (7.7) 

where xi is a normalized (hence proper) Hecke character and s £ C. More- 
over, the character x is proper if and only if a = 0. 

The formula (7.7) shows that in most questions one can restrict attention 
to proper Hecke characters. 
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Our next aim is to give an intrinsic characterization of Hecke characters. 
For this purpose we shall consider a slightly more general situation. Let G 
be a complete metric Abelian group, and let S be a finite set of normalized 
valuations of K, containing #00. Denote by G(K;S) the group of all frac- 
tional ideals of K, whose factorization into prime ideals contains no factors 
corresponding to v G S\Soo. Moreover, for any fractional ideal I of K denote 
by Is the ^-free part of I, i.e., the unique ideal of G(K; S) for which we have 
I = Is I', all prime factors of V corresponding to v G S. A homomorphism 
/ : G{K\S) — > G will be called admissible, if for every neighbourhood U 
of unity in G there exists a positive e such that for every x G K*, satisfying 
v(x - 1) < e for v G S, the element f{{xRK)s) li es m U. 

It will turn out that proper Hecke characters are exactly those homomor- 
phisms of G(K) into T which are induced by admissible homomorphisms of 
the groups G(K;S). This is implied by the next result, which we shall later 
use also in the case of G finite. In its proof, and also in the sequel, we shall 
utilize a convenient extension of the notion of congruence: if I = Yl v p% v 
is the canonical factorization of an ideal I of Rk, and x,y are elements of 
IT, then we shall write x = y (mod I) to indicate that for all p v \I one has 
Vv(x -y)> a v . 

Theorem 7.4. Let G be a complete metric Abelian group possessing a neigh- 
bourhood of the unit element not containing any non-trivial subgroup of G. 
Then a homomorphism f : G{K; S) — > G is admissible if and only if there 
is a continuous homomorphism F : Ik — > G, trivial on Iq, and such that 
for every idele x — (x v ) with x v = 1 for v G S we have 

F(x) = fog(x), 

where g is the canonical map Ik — > Ik/Uk = G(K). 
If such an F exists, then it is unique. 

Proof : We deal with the sufficiency part first. Let F satisfy all stated con- 
ditions, and write it, by Theorem IX of Appendix I, as F(x) = Yl v F v (x v ), 
F v being continuous homomorphisms of K* into G, almost all of them triv- 
ial on U(K V ). Since G does not have arbitrarily small subgroups, to each 
non- Archimedean v G S there corresponds an ideal f v of R v such that the 
congruence x v = 1 (mod f v ) implies F v (x v ) = 1. Therefore, if v(x — 1) is 
sufficiently small for each v G S \ Soo , then 

Y[ F v {x v ) = l. 

But then we have for x G K* 

l = F(x)= JJ F v (x)-f((xR K ) s ), 

veSoc 
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hence 

f((xR K ) S ) = n ^o*" 1 )- 

If v(x — 1) is small for Archimedean v, then F v (x) and are both close 

to 1. Choosing for a given neighbourhood J7 of unity in G a suitable e, we 
can ensure f((xR K )s) £ ^ provided — 1) < e holds for all v G 5. This 
establishes the sufficiency. 

To prove the necessity let / : G(K;S) — > G be an admissible homo- 
morphism. We have to define F so that for any idele x — (x v ), with x v — 1 
for v G S, we have = / o ^(x), and moreover F is trivial on Jo and 

continuous. Theorem 6.28 yields the existence of a sequence a n of principal 
ideles such that 

lim^O -1 -a n ) = 0 (7.8) 

n 

holds for v e S. Let J n denote the ideal g(a n x) and put J n — (I n )s- For 
arbitrary natural ra, n we have 

/(Jn)//^)^^^- 1 ^), 

and this tends to unity for ra, n tending to infinity, since (7.8) implies 

lim v{a n a^ - 1) = 0 

m,n— Yoo 

for v G S. Thus the sequence f(J n ) converges to a limit, which is independent 
of the choice of a n , because G is assumed to be complete. Now put F{x) = 
lim n f(J n ). The resulting homomorphism of Ik into G is obviously trivial on 
Jo (just put a n = x~ x for principal x) and now we have to check its continuity. 
Let U\ be a given neighbourhood of the unit element of G. Take a positive 
e such that for any principal idele x — (x v ) the inequalities v(x v — 1) < e 
for every v G S imply f(g(x)) G U±. Put O v = {x v : ^(x v - 1) < e}, and 
consider the following neighbourhood of unity in Ik- 

U=]JO v x Y[U(K V ). 

ves vgs 

Any x = (x v ) in U satisfies x v G U(K V ) for v outside S, thus 

F(x)=Kmf((a n R K )s). (7-9) 

n 

For sufficiently large n we have v(a n — 1) < e for v G 5, which leads to 
f((a n R K )s) £ t^ij and (7.9) shows now that F(x) lies in the closure of U±. 
Now let Uo be any neighbourhood of unity in G, choose another neighbour- 
hood U' of unity whose closure is contained in E/qj and apply the preceding 
argument. This gives the continuity of F. 

Finally, we prove the uniqueness of F. Let S' be the complement of S, 
and for any idele x choose a n G Jo, satisfying (7.8). Then 
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F(x) = F(a n x) = F(£ n )F(ri n ), 

where £ n and r] n are ideles whose components at v G S and v G 5", respec- 
tively, agree with components of a n x, whereas the remaining components are 
equal to 1. This implies 

F(x) = limF^n)^) = Kmf(g(a n x)), 

n n 

because of £ n — » 1, and so F is determined by /. □ 

Corollary 1. If S is a finite set of normalized valuations containing Soo, 
and f : G(K; S) — > T is admissible, then the function fi : G{K) — > T 
defined by 

fl(I)= ff(I) ifl£G(K;S), 
\0 otherwise, 

is a proper Hecke character. Conversely, every proper Hecke character can be 
obtained in this way. 

Proof : If / is admissible, then Theorem 7.4 gives the existence of a character 
X of C(K) satisfying X(x) = f(g(x)) for every idele x = (x v ) with x v = 1 
for v G S. This shows that the components X v of X are trivial on U(K V ) for 
v S, and it is clear that in this case fi coincides with the Hecke character 
induced by X and S. The converse is trivial. □ 



A large class of Hecke characters is induced by characters of the groups 
H*i{K): 

Corollary 2. Let x be a character of Hj(K), let S be the set of all normal- 
ized valuations of K which are either Archimedean, or for which the prime 
ideal of R v divides I, and let cp : G(K; S) — > Hj{K) be the canonical homo- 
morphism. Then the function 

f{I) = [xW)) ifl€G(K;S), 

\ 0 otherwise, 

is a proper Hecke character, and the character X of C(K) inducing f is of 
finite order. 

Conversely, if X is a character of finite order of C(K), then every Hecke 
character induced by X arises in this way from a character of Hj(K) for a 
suitable ideal I. 



Proof : Write / = ILP?^ and consider the set A of all ideles (x v ) satisfying 
v(x v - 1) < 1/2 for real Archimedean v, and x v = 1 (mod p% v ) for p v dividing 
/. Every principal idele x G A is totally positive and congruent to unity 
mod /, hence the principal ideal generated by x lies in the principal class 
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of Hj(K), and so we get x(<p(( x Rk)s)) — 1> i-e., the composition x ° P 
is admissible, and the preceding corollary shows that / is a proper Hecke 
character. 

If X is the character of the idele class-group inducing /, then for any 
idele x = (x v ) in A, which additionally satisfies v(x v ) — 1 for v S, we have 
X(x) = f(g(a n x)s) for large n, with a n as in (7.8), because the image of / is 
discrete. Since for v outside S the ideals a n x v R v and a n R v coincide, we get 
f(g(a n x)s) ~ f(g(a>n)s)- Finally we obtain X(x) = 1, because ultimately the 
a n 's fall into A. This proves the triviality of X on the subgroup A of C(K), 
generated by the image of A. This subgroup has a non-void interior, hence 
is open, and by Corollary to Proposition 6.24 its index is finite. But then X 
must be of a finite order. 

Now assume that X is a character of C{K) having finite order. If X — 
Y\ v X v , then each X v is also of finite order. In particular we must have X v ~ 1 
for complex v, and either X v = 1, or X v (x) = sgn(#) for real v. If / is a Hecke 
character induced by X, and S is its exceptional set, then it suffices to show 
the existence of an ideal / such that if x is totally positive and x = 1 (mod I) 
holds, then f((xRK)s) — 1- But if for non- Archimedean v in S f v is the 
conductor of X v , then the ideal 

/= n ^ 

v£S\Soo 

satisfies our needs. □ 



Corollary 3. If N is a positive rational integer, x a character of the group 
G(N) = (Z/NZ)* , and X is the corresponding Dirichlet character, i.e., 

x{n) = $ X( W mod N) if (n, N) = 1, 
\0 otherwise, 

then X is a proper Hecke character. 

Proof : The group G(N) is canonically isomorphic to H^ Z (Q) and we may 
apply Corollary 2. □ 



Later we shall have an opportunity to use the following result: 

Corollary 4. The canonical map ip : G(K\S) — > Hj(K), with S as in 
Corollary 2, is induced by a continuous homomorphism F : C(K) — > 
Hj (K) , trivializing on the image of J' K . 

Proof : The admissibility of ip is evident, and this provides the needed map 
F. Since J' K is topologically isomorphic to the multiplicative group of pos- 
itive reals it cannot have proper open subgroups, and so every continuous 
homomorphism into a finite group must necessarily be trivial. □ 
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4. We shall establish now a relation between the system of all groups Hj (K) 
and the factor-group C(K)/D(K), where D{K) is, as before, the connected 
component of the unit element of C(K). This relation is of importance in 
the class-field theory, which provides a proof of the fact that the group 
C(K)/D(K) is isomorphic to the Galois group of the maximal Abelian ex- 
tension of K with the Krull topology, in which subgroups corresponding to 
finite extensions of K form a fundamental system of neighbourhoods of the 
unit element. Consider the inverse system consisting of all groups Hj{K) 
with maps : Hj(K) — > Hj(K) defined for all pairs I, J with J\I in the 
following way: if X G Hj(K) then choose an ideal A G X, and define ti i j(X) 
to be the class in Hj(K) containing A. One sees easily that this definition 
does not depend on the particular choice of the ideal A. Denote by H#(K) 
the inverse limit of this system. 

Proposition 7.5. (i) A character X ofC(K) induces a character ofHj(K) 
for some I if and only if X is trivial on D(K). 

(ii) The groups H#(K) and C(K) / D(K) are topologically isomorphic. 

Proof : (i) Corollary 2 to Theorem 7.4 implies that if a character of the group 
C(K)/D(K) induces a character of Hj(K), then it must have a finite order, 
and the converse also holds. Therefore it remains to show that a character of 
C(K) is of finite order if and only if it is trivial on D(K), but this is easy. 
Indeed, if X is a character of C(K)/D(K) of finite order, then it maps D{K) 
onto a connected proper subgroup of T, i.e., {1}, and on the other hand, 
Corollary to Theorem 6.25 shows that the group C{K)/D{K) is compact 
and totally disconnected, hence every its character is of finite order. 

(ii) It follows from Theorem IV of Appendix I that the dual group H' of 
H#(K) is the direct limit of the dual groups of Hj(K). The map g, which 
maps every character X of C(K)/D(K) onto an element of H' , determined 
by the set of all characters of Hj(K) induced by X, is a well-defined homo- 
morphism. The uniqueness assertion of Theorem 7.4 jointly with Corollary 
2 to that theorem shows that g is injective, and its surjectivity is a conse- 
quence of (i). The homomorphism g is trivially continuous since both groups 
are discrete, and it remains to apply the duality theorem. □ 

Now we define the conductor f = f (x) of a Hecke character x defined via 
a quasicharacter X = ]J V X v of C(K) with an exceptional set S. For v 0 
let f v be the conductor of X v , and put f = Y[ v fv • 

Proposition 7.6. (i) If x G K* , then for the ideal I = xRk we have 




Y\ veS X v (x - 1 ) if I has no prime divisor p v with v G S, 
0 otherwise. 



Moreover, if x = 1 (mod f), then 
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X (J) = JJ X^" 1 ). 



^ If X is of finite order, x G K* zs totally positive and x = 1 (mod f), 
£/ien x( x Rk) = 1- Moreover, if for an ideal fi £fte congruence x = 1 (mod fi) 
implies x(^Rk) — 1 /or totally positive x, then f|fi. 

Proo/ : (i) If I has a prime divisor p„ with v G 5, then x(J) = 0. Otherwise, 



where 7r v is a generator of p v . Since for v ^ S the quasicharacter X v is 
trivial on units, and for the image x v of x in if v one has x v — e v 7r^ v , thus 
X v (a^) = X v (7T i; ) Q:v . Since X is trivial on I 0 , we have 



and this gives the first equality. 

To obtain the second observe that since x = 1 (mod f), we have X v (x) — 1 
for non- Archimedean v G 5, and so we may omit the factors corresponding 
to non- Archimedean v's. 

(ii) Since X v is of finite order, it equals either 1, or sgna^ for Archimedean 
v's, hence for totally positive x the product n^eSoo X v (x~ 1 ) is equal to 1. 

Now assume that fi = Yl v Pv v is an ideal not dividing f, and having 
the property that for totally positive x satisfying x = 1 (mod fi) we have 
x(xRk) = 1- There exists vo such that f„ 0 = p™ holds with m > n v , and 
therefore there is an element a G K* Q with X Vo (a) ^ 1, and a VQ congruent to 
unity mod pJJJ -1 - Choose a totally positive x e K* with 



writing I = H v ^ s p^ we get 



l = l[X v (x v )=x(I)]lX v (x v ), 




x 



X 



X 



a (modp™- 1 ), 

1 (modp^) (v^vo,p„|fi), 

1 (mod f„) (v ^v 0 ,p v \h)- 



Then x = 1 (mod fi), hence x(xRk) = 1- On the other hand 



i = x(x) = x-Hi) II x «( x ) = x «ok) ^ i, 



a contradiction. 



□ 



It can be easily verified that in the case covered by Corollary 3 to Theorem 
7.4 this definition of the conductor agrees with the usual one. 
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Our definition of Hecke characters does not formally agree with the clas- 
sical one, due to Hecke, and we are now going to show that the two notions 
actually coincide. This is the content of the next proposition. 

Proposition 7.7. Let f be a non-zero ideal of Rr, let e±, . . . ,e r be a system of 
fundamental units ofU+(K, f) and let ( be a generator of the group of all roots 
of unity contained in K, and congruent to unity mod f . For Archimedean v 
choose rational integers n v satisfying 

J] F v (O n ° = 1, (7.10) 

ves^ 

and for each non- Archimedean v choose a real number a v , so that 
^ a„ log 1^(6^)1 + ^2 n v 8iYgF v (e j ) 

v v complex 

is an integral rational multiple of 2tt for j — 1, 2, . . . , r. 

If the group Hf(K) has cyclic factors of orders h±, . . . , h s , then choose 
ideals J\ , . . . , J s whose classes generate these factors, and let i\) be an arbitrary 
character ofH^(K) extended to a function defined on G(K). For every totally 
positive x G K* , congruent to unity mod f put 

m= n n ter. 

vESoc v complex ^ ' 

and define for any ideal of the form I = xJ^ 1 • • • J^ s (0 < bi < hi) 

X (I) = f(x)w b 1 i---w b /i>(I), (7.12) 

where for i — 1,2, . . . , s the numbers Wi are arbitrarily fixed hi-th roots of 
f(xi), Xi being a fixed generator of the principal ideal J^ 1 , which is totally 
positive and congruent to unity mod f. 

The function % defined by (7.12) for ideals relatively prime to f and by 
x(I) = 0 for the remaining ideals is a proper Hecke character. Conversely, 
every proper Hecke character is obtainable in this way. 

Proof : First we check that % is well-defined, i.e., it depends only on / and 
not on the choice of x. It suffices to show that for every totally positive 
unit e = 1 (mod f) we have /(e) = 1. Of course, it is enough to do this for 

6 £,€]_,..., €7.. 

Now, (7.10) implies f(() = 1 and from (7.11) we obtain 

log/(e») = i a v^og\F v (ei)\ + ]P n v L v (ei) (mod 2m), 

vESoo v complex 

where L v (ei) = log(F v (ei)/\F v (ei)\). Our choice of the a v 's implies 
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log/(ei) = 0 (mod 2m), 

and so /(e^) is indeed equal to unity. Put S — Sqq U {v : p v |f}, and observe 
that % is an admissible homomorphism of G(K;S). This is accomplished 
by noting that if v(x — 1) is sufficiently small for v G 5, then a: is totally 
positive, congruent to 1 mod f, and, for Archimedean v, x v is close to 1. Thus 
x{xRk) = f(x) is by (7.11) close to unity. Now Corollary 1 to Theorem 7.4 
shows that x 1S indeed a Hecke character. 

To prove the converse let x be a Hecke character of conductor f. Take a 
totally positive element x of K*, congruent to 1 mod f, and let A = xRk- If 
now X — Y\ v X v is the character of the idele class-group inducing x-> then 

X({x v ))=x(9({xv)s))]lX v (x v ), 

S being the exceptional set of x- Since the value of X at the principal idele 
determined by x equals 1 we obtain 

X(A) = Y[X V (XZ 1 ). 

ves 

The congruence x = 1 (mod f ) , and the total positivity of x shows that for 
non- Archimedean v G S we have X v (x v ) = 1, and for v G S 0 



Xy (Xy ) 



for some real a v and rational integral n v , equal to zero in the case of real 
v. Moreover, for x = C e i> • • • ? e r we have x(^) = 1? an d this leads to 
(7.10) and the asserted form of a v . Thus, if f(x) is the value of x(A) in 
case of x totally positive and congruent to unity mod f, then it has the 
form given by (7.11). Now let Ji,..., J s , a?i,...,# s be as in the theorem. 
If I = xj\ x - - - J^ s , with x totally positive and congruent to unity mod 
f, then xOO = f(x)x{Ji) bl -'X{Js) bs , and obviously Wi = x(Ji) satisfies 
w i i — fi x i)- 1^ remains to observe that 

f{x)W 1 1 -"Ws s 

is a multiplicative function equal to unity on the set of all principal ideals 
having a generator which is totally positive, and congruent to unity mod f. 
But such function must necessarily be a character of iJj* (K) , and so our proof 
is complete. □ 
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5. Now we introduce zet a- functions associated with Hecke characters. As a 
special case we shall obtain the classical Dirichlet L- functions. For an arbi- 
trary Hecke character x we define the Hecke zeta-function by the formula 




the sum taken over all non-zero ideals of Rk- 

Proposition 7.8. If 'x(J) = xi(I)N(I) w with a normalized Hecke character 
Xi and a complex w, then the series defining ((s,x) converges absolutely in 
the half-plane a > 1 + Re w, and defines there a regular function. Moreover 
in that half-plane we have 

and 

C0,x) = CO - 

Proof : It suffices to observe that the series for £(s, x) 1S majorized by the 
series for (k(R& ( s ~ w ))i an d to apply Proposition 7.2 and Lemma 7.1. □ 

This proposition shows that it suffices to study the behaviour of Hecke 
zeta-functions for normalized (hence proper) Hecke characters. This is ac- 
complished in the following theorem: 

Theorem 7.9. Let X be a normalized character of C(K) and let x be the 

induced Hecke character with exceptional set S. 
(i) IfX = l, then 




and so it is meromorphic with a simple pole at s = 1, where it has the residue 




(ii) If X ■=£ 1, then C( s ?x) can be analytically continued to an entire 
function satisfying the functional equation 



c(«, x) n N (°vr i/2 n pv(Xvv a ) = c(i - s, x) n w ao-ma,)), 
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where D v is the different of the extension K v /Q p , and p v is the function 
defined on quasicharacters of K* in Theorem 5.46 and Appendix I. 

Proof : The assertion (i) results immediately from Theorem 7.3, and to prove 
(ii) we shall imitate the proof of that theorem. Consider the function f(x) — 
Ylv fv( x v), whose components f v are denned in the following way: 

If v is non- Archimedean and p^ v is the conductor of X v the we put 

f ( Xv) = |X(^) if x v e (D v pN*)-\ 

v v \ 0 otherwise, 

where X denotes the standard character of . Note that this function 
occurred already in the proof of Theorem 5.46. First let v be real. If 

X v — v(x v y tv , then we put f v {x v ) = exp(— 7ra^), otherwise we put f v (x v ) — 
x v exp(-TTxl). If v is complex, and X v (x v ) = (x v /\x v \) Nv v(x v ) lt , then we put 

f n / *v v exp(-27rv(a: v )) if N v > 0, 
Jv{x v) | x _ Nv exp( _ 27rv( ^ )} if Nv < 0 

These functions appear also in Appendix I in the proof of functional 
equations for zet a- functions in R and C. 

To check that / satisfies the assumptions of Theorem 6.36 we have to 
know the Fourier transforms f v . Luckily, they were computed in the proofs 
of Theorems 5.46, 7.3 and in the Appendix I, where the following results were 
obtained: 

If v 0 5, then 

f( yv) = {N(D v )~ 1 / 2 iiy v eD~\ 
v v \ 0 otherwise, 

if v e S \ Soo and N v ^ 0, then 

fv(Vv) = i N ( D ") 1/2N (Pv) Nv lf Vv = 1 ( m ° d Pv"), 

v v \ 0 otherwise, 
if v e S \ Soo and N v = 0, then 

^ Vv) ~ \o otherwise, 

and if v G S^, then 

{fv(y v ) if v is real and X v = v ltv , 

ifviVv) if v is real and X v ^ v ttv , , 

^ Nv ^fv (y v ) if v is complex. 

Proceeding as in the proof of Theorem 7.3 we find that / indeed satisfies 
the assumptions of Theorem 6.36, and so we may apply it. Let 
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Zv(fv,s)= / f v {x v )X v (x v )v(x v ) s dn* v (x) 

and let first v 0 S. Then, denoting by tt v a fixed generator of the ideal p v , 
we get 

Z v (f v ,s)= / X v (x v )v(x v ) s dfil(x) = S2 / X v (x v ) s dfil(x) 

JRv jz=0 J7v J v U(K v ) 

OO p 

= y^x v {-K v yN{p v )-^ / dni(x) 

^ JniU(K v ) 

OO « 

= y;x„(7r„)jjv(p„)-^ / dA*;(x) 

OO 

and so 

^) = N(D V )-^ 2 (1 - X (Pv)N(p v )- s )- 1 (7.13) 

holds for v 0 S\ 

Proceeding in the same way we obtain for 

Z v (f v , 1 - s) = / fv(y v )X v (y v )v(y v ) 1 ~ s diil(y) 
the following equalities 

00 « 

Z„(/„,l-s) = JV(A,r 1/2 V / X v {y v f- S d^ v {y) 

j= - m Mu(K v ) 

OO « 

= N(D V )~ 1 / 2 N(p v )-^X v (ir v y / duliv) 

j=-m J U(K V ) 

= JV(D„)- 1 AT(p,r( 1 - s )X„(7r„)- m (l -X^N^y- 1 )- 1 , 
where we put D v = p™, and so 

Z„(/„, 1 - a) = N(D V )- S X (D V )(1 - xMNfa)'- 1 )- 1 . (7.14) 
For the zeta-function Z(f,s) of / we obtain, in view of (7.13), 



z(f, S ) = nz v (fv,s) = c(s,x) n n ( d v)~ i/2 n z v(fv,s), 

v vgs ves 

and, similarly, for the zeta-function Z(f, 1 — 5) (7.14) leads to 
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Z(f,l-a)=Y[Z v (f v ,l-a) 

V 

= C(l - 8,x) II N(D v y s X (D v ) f] Z v (fv, 1 - 3). 

vgs ves 

Now we may use Theorem 5.46 for non- Archimedean v, and Theorem VII 
of Appendix I for Archimedean v to obtain for v G S 

Zv(fv, s) = pv{X v v s )Z v (f v , 1 - s), 

and this together with the preceding two equalities proves the theorem. □ 

For later use we write now explicitly the zeta-function Z(f, s) occurring 
in the proof of the last theorem: 

Proposition 7.10. Iff is the function used in the proof of the theorem then 
Z{f,s) = C(a, X )l«r 1/2 P 1 P 2 P3P4, 



where 



Pi = It T o(X v )N(f v D v ) s N(f v )~ 1 (l - N(p v )~ 1 )~ 1 , 

ves 

P2= II N(D v )'(l-N(p v )-')-\ 

ves 

p 3 = J| r ( S + ttv+Nv } ^-{s+it v +N v )/2 



7T 

real 



and 



p 4 = J] r( s + it v + ^ ( 27r )*+^-i-i^i)/2. 

v complex ^ ' 



Here f v denotes the conductor of X v , and the numbers t v and N v are deter- 
mined for v G from 



X v (x v )=(^j NV v(x v )^, 
with N v G Z for complex v, and N v G {0, 1} for real v. 

Proof : Combine the expressions for Z v (f v , s) given in Proposition 5.45 and 
(7.13) for non- Archimedean v, and for v Archimedean use the results of Ap- 
pendix I. □ 
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6. Now we introduce primitive Hecke characters. This will enable us to put 
the results in a convenient form. 

It is clear that the same quasicharacter of C(K) defines several distinct 
Hecke characters with the help of distinct exceptional sets S. If S is chosen to 
be as small as possible, in which case it consists of all Archimedean valuations, 
and of those non- Archimedean i>'s for which X v is non-trivial on the group of 
units, then the resulting character is called a primitive Hecke character. To 
every Hecke character there corresponds a unique primitive character induced 
by the same quasicharacter and having the smallest possible exceptional set. 
It is evident that for almost all prime ideals p the p-parts of these two Hecke 
characters coincide. 

We establish now the connection between this notion of primitivity and 
the usual notion of primitivity for Dirichlet characters. Note first that distinct 
Dirichlet characters, say Xi? denned mod m and X2> defined mod n, may be 
used to define the same Hecke character x(xZ) in the case when m and n 
have the same prime divisors and there is a number r|(m, n), having the same 
prime divisors and a character X3> defined mod r such that 



holds for x G G(m), y G G(n), with /i,/2 being the canonical homomor- 
phisms of G(m) and G(n) onto G(r). Clearly enough, this is the only case in 
which the equality of Hecke characters may arise. 

Proposition 7.11. If X is a primitive Hecke character induced by a Dirichlet 
character x m °d m, then there exists a primitive character i/; mod n, with 
a certain n dividing m, which also induces X. Conversely, every primitive 
Dirichlet character induces a primitive Hecke character. 

Proof : If x m °d m induces X, then the conductor of x equals that of X, as 
was already observed after Proposition 7.7. If Xo is the primitive character 
associated with X, and is the primitive Dirichlet character associated with 
X and having the conductor n|m, then induces Xo. The converse is imme- 
diate. □ 

If x, xi are Hecke characters induced by the same quasicharacter of C(K), 
Xi is primitive and 5, Si are the corresponding exceptional sets, then 



and so the properties of C( 5 >x) ma Y be obtained from the corresponding 
properties of C( 5 ?Xi)- This allows us to restrict our attention to primitive 
Hecke characters. 



X3(/i0*0) = xi(z), xs(/2(y)) = X2(y) 




(7.15) 
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Now we can obtain the functional equation for the zeta-function of any 
primitive and normalized Hecke character x- Denote by f its conductor and 
let X — Y\ v X v be the character of C(K) inducing x- Let j v be the conductor 
of X v for v 0 Soo , and for v £ write 

x v (x v )= (-piY", n = Tn v , t= J2 *«• 

x 1 1 / v v complex 

Proposition 7.12. Under the above assumptions and notation we have the 
following functional equation for £(s, x): 

C(s,x)*" iV 7r"" (s " 1/2) 2- 2r2(s - 1/2) - 2iT |W| 5 - 1/2 Ar(f) s - 1 
X IW*»> n r((N v + l-s-it v )/2) 

p v \f v real vv Jl 

r(\N v \/2 + s + it v ) 



n r(|Jv„|/2 + i-s-tt„) 

v complex 



Proof : Apply Theorem 7.9, using Theorem 5.46 and Theorem VII of Ap- 
pendix I, which give an explicit form of p v , remembering that for normalized 
characters we have J2 V t v =0. □ 

Corollary. If x is a Hecke character induced by a character of some group 
of conductor f, then for its zeta-function we have 

c(s,x)i~ N ^~ n{s - 1/2)c ^- 2r2{s - 1,2) TOr 1 / 2 ^)*- 1 

x 



TT / r(s/2) 

Pv \ J 

f r((i + s)/2) \^- B f r(s) ^ 
\r((2-s)/2)J \r(i-s 

Pvtf 

B being the number of real v 's with X v — 1. 

Proof : Since by Corollary 2 to Theorem 7.4 the characters X v are of finite 
order, we can apply the last Proposition with t v = 0 for all u's and N v = 0 
for complex u's. □ 

Sometimes the following, slightly less precise, form of the functional equa- 
tion is sufficient for applications: 
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Corollary 1. Under the assumptions of the proposition 7.12 one has 

C(S,X) =W( X )((1 - s ^(s-l/2) 2 2r 2 (s-l/2) 
v complex 

where \W(x)\ = 1- 

Proof : To prove this equality apply the preceding proposition, remembering 
that by Proposition 5.47 (iii) the product 

Pi; If 



is of absolute value y/N(f). □ 

Corollary 2. Let f be a primitive Dirichlet character mod N and let x be 
the corresponding Hecke character. Assume N > 1 and write N = ni=i pT 
with all ai ; s positive. Then the function defined for a > 1 by 

n=l ' 

extends to an integral function, satisfying the functional equation 

L(s, X )N s -^ 2 r(s/2)n- s / 2 = W{xW ~ s,x)r((l - s)/2)^ s - i y\ 
if f is even, i.e., /(— 1) = 1, and 

L(s, X )iV s - 1 / 2 r((l + s)/2)n-^/ 2 = W( X )L(1 - s, x)P((2 - *)/2)7r<'- 2 >/ 2 , 
if f is odd. Here W(x) is a complex number of absolute value 1. □ 

7. Now we work out some evaluations of zeta- functions, which will find ap- 
plications in subsequent sections. 

Theorem 7.13. Let x be a normalized primitive Hecke character induced by 
a character of Hf , where f is the conductor of x- Write D — \d(K)\N(f) and 
let a < 0 and b = 1 — a be real numbers. Then in the region a < a <b, \t\ > 2 
one has 

IC(s,x)l«M (1/2 - a) ", 

with n = [K : Q], and the implied constant depending on a and f. 
Proof : A lemma is needed first. 
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Lemma 7.14. Under the assumptions of the theorem we have in every fixed 
region c\ < a < C2, \t\ > c 3 > 0 the equality 

CM = W 1 ( X )C(l - s,m(f) 1/2 -» C * {s) , (1 + 0(exp(-c 4 |*|)), 

(,k(1 - s) 

with C4 > 0 and |Wi(x)| = 1- The implied constant depends only on ci, c 2 
and C3 . 

Proof : Equality (7.16) implies in our case 

C(i-*,x) W ^ AU \ r(s/2) J 
( r((2-s)/2) y>- B ( r(i- s ) \ r * 
\r«i + 8)/2)J \ r(s) J 

W W {r((l-s)/2)r((l+s)/2)) 

x Ck{3) 
Cic(l-a)' 

where a = n(s — 1/2), (3 = 2r 2 (s - 1/2), and JB is as in the Corollary to 
Proposition 7.12. 

But r(z)r(l — z) — 7r/ sin(7rz), and so we get 

T((2 - s)/2)r(s/2) cos(tts/2) 



T((l - s)/2)r((l + s)/2) sin(7T5/2) 
_ ,exp(7rsi/2) + exp(— -Ksi/2) _ .l + exp(7rsi) 
exp(7T5i/2) — exp(— -Ksi/2) 1 — exp(7rsi) 
= -i + 0(exp(-7r|*|)), 

proving the lemma. □ 
To deduce the theorem consider the function 
f(s) = C(s,x)s n{a ~ 1/2) 

in the region {s : a < a < 6, \t\ > 2}. Our aim is to show that / is bounded in 
that region, and to do this we use the Phragmen-Lindelof theorem, applying 
it to both components of our region. It clearly suffices to consider only s in 
S = {s : a < <j < 6, t > 2}, since the general case will follow if we replace 
our zeta-function by the zeta-function attached to x- So we have to prove 
first 

|/(s)|<exp(c*) (7.17) 
for a certain c and all s G and then 
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« 1 (7.18) 

for s = a + it and s = b + it (t > 2). 

To obtain (7.17) note that Proposition 7.10 and the last part of Theorem 
6.36 imply the following evaluation, holding for all s in 

\C(s, X )| « JWK)\N{tf l2 -° II ^( A,r CT U - ^(p.)- 1 ) 

Pv\f 

x 7r rn 2 rn i\r(s/2)- B r((i + s)/2) B - ri r(s)- r \ 

where m = aB/2 + (1 + a)(ri - JB)/2 + (a - l)r 2 and mi = (a - l)r 2 . One 
has only to remember that all functions 



\r(s)\-\ \r((i-a)/2)\-\ \r«2-s)/2)\ 



-1 



are 0(exp(ct)) with some c > 0. Indeed, more precise evaluations of the 
gamma-function are provided by 

|tr- 1 / 2 exp(-7r|t|/2) < \r(s)\ < l^" 1 / 2 exp(-7r|f |/2). (7.19) 

They will be useful in the proof of (7.18). 

For s = b + it we get, by Corollary 3 to Proposition 7.2, the bound 

\C(s,x)\ = \^^\<CK(b)<C Q (b). 

In view of |s| n ( a-1 /2) <C 1 this gives /(s) = O(l) on the line a = b. 
To obtain the same assertion for a = a write, using Lemma 7.14, 

C(a + it,x) 

= W 1 ( X )Ob - i^)jV(f)V^-^ ^[; + it | (l + 0(exp(-c 4 t))), 

Qk(o - it) 

and apply Theorem 7.3 (and its notation) to get 

tK(a + it) = Al - 2 (a + it) ( r((b-it)/2) \ r > ( r(b-it) \ r > 
Q K {b-it) \r((a + it)/2)J \r(a + it)J 

This leads, in view of (7.19) to 

|C(a + *t,x)l« |t|(V2-)" 

and the bound (7.18) follows. By the theorem of Phragmen-Lindelof the func- 
tion / is bounded throughout S. □ 
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8. We conclude this section with the proof of a result concerning the zeros 
of C( s ?x)> which will be very useful in the next section, dealing with the 
distribution of prime ideals. 

Theorem 7.15. // = %i (I)N(I) W is an arbitrary Hecke character, and 
Xi is the corresponding normalized character, then the zeta-function £(s, x) 
does not vanish in the closed half-plane a > 1 + Re w. In particular, if x is 
proper (i.e., Re w = 0), then C(s,x) 7^ 0 f or °~ > 1- 

Proof : By Proposition 7.8 we may assume that x is normalized, i.e. w = 0. 
For a > 1 the assertion follows from the non- vanishing of the Euler product of 
our zeta-function. So let us assume that 1 + it is a zero of £(s, x)» and exclude 
for the moment the case, when t = 0 and x is a real character. Denote by xo 
the character with the same exceptional set S as x> generated by the trivial 
character of C (K) . In the open half-plane a > 1 we may write 

(oo 
vgS j=l 

oo 



c(s, x ) =ex P ( 2ZEr 1 xG , ») JV G , »r i8 



and 



C(s,x 2 ) =exp l^2flr 1 X 2 (Pv)N(p v )- 

\v#Sj=l 

Now, the series 

oo 

with / equal to 1, x> or X 2 is absolutely and uniformly convergent in the 
closed half-plane a > 1/2 + e for every fixed positive e, and so it defines there 
a regular function. Indeed, it is majorized by 

oo 

E N (*y ja = E ( N ^ 2 ° - N ^ a ) ^ 



P 3=2 



< [jriQi^y'-p")- 1 , 



and the last series is evidently convergent uniformly in a > 1/2 + e. We can 
thus write 

CO,Xo) =H 0 (s)g 0 (s), 
C(*,x) =Hi(^iW, 

C( s ,x 2 ) =h 2 W^W, 



342 7. Analytical Methods 

where #o> #i> #2 are regular and non- vanishing in the open half-plane a > 1/2 
and 

Hi(s) = exp ^2fi(p v )N(p v y 

\v£S 

where f 0 = xo, h=X and f 2 = X 2 . 

Let 1 + ito be a zero of C( 5 >x) with t / 0 and consider the function 
F{a) = H§(a)Hf(a + it 0 )H 2 (a + 2it 0 ). We assert 

limF(o- + it 0 ) = 0. (7.20) 

<y — y 1 

Indeed, ifi(l + i£o) = 0 implies that H 1 (a-\-it 0 )/(a — 1) tends to a finite limit, 
say a, as a approaches 1. Theorem 7.9 (i) shows that Ho(s) has a simple pole 
at 5 = 1, and so Ho(a)(a — 1) tends to a finite limit, say 6, when a tends to 
1. Finally #2(5) is regular at s = 1 + 2it 0 , because otherwise we would have 
X 2 = Xo and t — 0, the case which we excluded for the time being. But 

F{a + it 0 ) = H*(a)(a - l) 3 H*(a + it 0 )(* - l) 4 H 2 (a + 2zt 0 )(<r ~ 1), 

and therefore 

lim F(a + it 0 ) = a 3 b 4 H 2 (l + 2it 0 ) lim (cr - 1) = 0, 

cr— >1 cr— >-l 

settling (7.20). On the other hand, we have 

F(a + it 0 ) = exp _L-( 3 + 4x(fc,)JV(fc,)-"° + X 2 (p,)^( Pl; )- 2<t °) 

and the absolute value of the last expression equals 

ex P (Z M^y {3 + iRB (x(P,)^(P,)- <t0 ) +Re ( X 2 (Pv)N(p v )- 2it °)) 

Putting cos^ = Re (x(pv)N(p v )~ ito , we obtain 

3 + 4 cos 6 V + cos 20 v 



(l + cos^) 2 \ 

contradicting (7.20). 

It remains to prove our theorem in the case when x is real and t 0 = 0. Of 
course, only the case x 7^ Xo is of interest, since £(s, xo) has a pole at s = 1. 
Assume thus x 7^ Xo and ((1, x) = 0. In this case we can write for cr > 1 
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C(«, x)C(s, Xo) = exp G(x, s), 



where 



oo 



n + x(P,) J ' 



The assumption % 2 = xo shows that x assumes only the values 0, 1 and — 1, 
and thus 1 + x(Pv)" 7 > 0- Moreover, if s > 1/2 then for every fixed T we have 



and with a suitable choice of T and s > 1/2 we can make the right-hand side 
arbitrarily large by Proposition 7.2 and Theorem 7.3. This shows that the 
series defining G(%, s) cannot converge at s = 1/2. Observe now that this 
series is a Dirichlet series with non- negative coefficients, and so Theorem II 
of Appendix II shows that G(x, s) must have a singularity on the real interval 
[1/2, 1]. Since G(%, s) is non-negative on this interval, the function exp G(x, s) 
must also have there a singularity. The only possible point where this may 
happen is s — 1, but xo) na s a simple pole there, and C( s >x) nas a zero, 
implying that exp G(x, s) is regular at s = 1, which gives a contradiction. □ 

Corollary. Dedekind's zeta-function C,k and Dirichlet 's L-functions do not 
vanish on the line a = 1 . □ 



7.2. Asymptotic Distribution of Ideals 
and Prime Ideals 

1. We are now going to apply the analytical results obtained in the preceding 
section to the problem of distribution of ideals and prime ideals. We shall also 
use various results concerning Dirichlet series, including a Tauberian theorem 
of Ikehara-Delange, an account of which may be found in Appendix II, and 
also the method of complex integration. 

To avoid endless repetitions we adopt the following convention in the 
sequel: as in the preceding chapter we shall write the complex variable s in the 
form s = a + it, by g(s) (with, or without indices) we shall denote functions 
regular in the closed half-plane a > 1, not always the same even in the same 
chain of formulas. (So we will write, for example, x s + l/s — x s +g{s) = g(s).) 
If S a subset of the set of all normalized valuations of an algebraic number 
field K, then we shall write p G 5, to mean p = p v , v G 5. If A is a set of 
prime ideals and for a > 1 we have 




oo 
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with a certain real a, then we say that A is a regular set of prime ideals, and 
call a its Dirichlet density. Sometimes it is convenient to speak about the 
Dirichlet density of non-regular sets as well. We shall say that such set A has 
density a if the quotient 



a log 




5-1 



tends to unity as s > 1 approaches 1 through real values. The existence of 
important regular sets will be demonstrated later on. Finally, the symbols 
wm denote sums taken over all non-zero ideals, and non-zero prime 
ideals of Rk, respectively. The letter p will always denote a prime ideal. 
Almost everything which follows is based on the following assertion: 

Proposition 7.16. If 'x is a normalized Hecke character, and S is its excep- 
tional set, then for a > 1 we have 

C(s,x) = Y,x(l)N(ir s = ^r+g(8), 

I s 1 

and 

£ X(P)N(P)- S = 0(x) log — + g(s), 
p 

«(x)=^n( i -]4))' /3(x)=1, 

if X i s the trivial character, and 

a(x) = P(X) = 0 

otherwise. 

Proof : The first equality is an immediate consequence of Theorem 7.9, since 
in view of Theorem 7.3 the residue of Ck(s) at s = 1 equals fin. To prove the 
second equality write for a > 1 



where 



where 



is regular and non- vanishing for a > 1/2. This leads to 
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X(P)N(P)~ S = log C(«, X) ~ log G(s) = log C(«, X) + <K«), 

p 

and the right-hand side of this equality is, by Theorem 7.15, regular for a > 1, 
with the exception of s = 1 in the case of trivial x- I n this exceptional case 
we have, by Theorems 7.9 and 7.15, the equality 



s-V 



with g(s) not vanishing on the line a = 1. Taking logarithms we arrive at the 
second asserted equality. □ 

Corollary 1. The set of all prime ideals of Rk is regular, and its Dirichlet 
density equals 1. □ 

Corollary 2. The set A of all prime ideals of Rk having degree 1 over Q is 
regular, and its Dirichlet density equals 1. 

Proof : For a > 1 we have 

and the series X^p^A N(p)~ s is majorized by 

00 1 

V k=2 F 

converging uniformly in the half-plane a > 3/4, and so the proposition implies 
peA vr/ 



Corollary 3. If L/K is a finite extension, and A is the set of all prime ideals 
of Rl of degree 1 over K, then A is regular, and its Dirichlet density equals 
1. 

Proof : Let B be the set of all prime ideals of Rl of degree 1 over Q. Clearly 
B C A, and 

peA\B KVJ 

this series being a subseries of YlpgB N(p)~ s , which, as we have just seen, 
converges uniformly for Re s > 3/4. Hence, using Corollary 2, we obtain our 
assertion. □ 
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The next corollary provides another proof of Theorem 4.37: 

Corollary 4. Let L/K be a normal extension of degree N , and let A be the 
set of all prime ideals of Rk which split in L/K, i.e., which become products 
of N distinct prime ideals of the first degree in L. Then A is regular and its 
Dirichlet density is 1/N . 

Proof : Since L/K is normal, a prime ideal of Rk splits in L/K if and only 
if it has at least one unramified prime divisor of first degree in L. Hence 

the sum taken over all unramified prime ideals of Rk with fL/K^P) = 1- 
Since the number of ramified prime ideals is finite, the preceding corollary 
gives 

^AW = A7 l0g 7 1 I +5(s) - ° 

peA vr/ 



Corollary 5. If L/K is of degree N > 2, then there exist infinitely many 
prime ideals of Rk which do not split in L/K. If, moreover, L/K is normal, 
then such ideals form a regular set of Dirichlet density 1 — 1/N. 

Proof : If L/K is normal, then the assertion follows from Corollaries 1 and 
4. If L/K is not normal, and L = Li,. . . ,L r are all conjugates of L over K, 
then their composite field M is normal over K. If p splits in L/K. then by 
Corollary to Theorem 5.11 it splits also in M/K, hence we may apply the 
part already proved. □ 



It should be noted that one cannot replace the words " do not split" in the 
last corollary by "remain prime", even in the case K = Q. Indeed, if K = Q, 
L — Q(Cs) 5 then Theorem 4.40 shows that if an odd prime would generate a 
prime ideal of Rl, then it would be a primitive root mod 8, but there are no 
such primitive roots at all, and the prime 2 does not remain prime already 
in Q(i) C Q(Cs)- Later we shall prove (see Corollary 2 to Theorem 7.29) that 
a similar situation arises for every normal non-cyclic extension. 

Corollary 6. If I is a non-zero ideal of Rk and X G Hj(K), then the set 
of all prime ideals lying in X is regular, and has l/h}(K) for its density. 

Proof : Let X be the set of all characters of G}(K). By the orthogonality of 
characters in finite Abelian groups we obtain for a > 1 the equality 
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Since every character of Hj(K) can be considered as a Hecke character, 
Proposition 7.16 implies our assertion. □ 

Corollary 7. In every class of Hj (K) there are infinitely many prime ideals 
of the first degree. 

Proof : Apply Corollary 6 and note that by Corollary 2 every set of prime 
ideals of degree > 2 is regular and has density zero. □ 

Note that in the special case K = Q the last corollary coincides with 
Dirichlet's prime number theorem in its qualitative form. 

2. Now we turn to quantitative results. 

Proposition 7.17. (i) If x is a normalized Hecke character, then 

E X (I) = (<*(x)+o(l))x, 

N(I)<x 

and 

where a(x) and (5{x) are defined in Proposition 7.16. 

(ii) If A is a regular set of prime ideals, c is its density and 

A(x)= L 

PGA 
N(p)<x 

then 

A {x) = (c + o(l))^- x 

Proof : Part (i) in the case of trivial x> and part (ii) in the case c ^ 0 result 
immediately from Theorem I of Appendix II and Proposition 7.16. 
If the character x is non-trivial, put 

a m = 1, b rn = 2a rn + ]T (x(/)+x(J))>0. 

N(I)=m N(I)=m 

Proposition 7.16 shows that for a > 1 we have 

E%= 2<k(s) + C(s, X) + C(s, X) = ^+ 9(s), 
z — J m s s — 1 

m=l 

and so Theorem I of Appendix II implies 
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^2 b m = (2ft« + o(l))x. 

m<x 

The same theorem implies also 

2 ^2 am = (2ft« + o(l))x, 



m<cc 



thus 



leading to 



£ (xOO + x(/)) = o(z), 

iV(/)<cc 



\N(I)<x J 

Considering the sequence 

c m = 2a m -i ]T U(I)-X(I)) 

N(I)<x 

we obtain in the same way 

N(I)<x 

and the first assertion of (i) follows. The second follows by the same argument, 
in which Ck(s) is replaced by Yip ^(p) _s - 

Finally, to prove (ii) in the case c = 0 observe that Corollary 4 to Proposi- 
tion 7.16 implies that for every e > 0 there exists a regular set of prime ideals 
A e with a positive density smaller that e. Applying (ii) (already proved for 
c > 0) to the set A U A e we get 

A(x)<(e + o(l)- X 



logx' 
i.e., 

A(x)logx 
limsup < e, 

x—too % 

and since e may be arbitrarily small, we get our assertion. □ 

Corollary 1. (The Prime Ideal Theorem). If -kk(%) denotes the number of 
prime ideals of Rk with norms not exceeding x, then 

■K K {X) = (1 + 0(1))* □ 

log X 



Corollary 2. If -k' k (x) denotes the number of prime ideals of Rk of first 
degree with norms not exceeding x, then 



7.2. Asymptotic Distribution of Ideals and Prime Ideals 349 

n' K (x) = (l + 0 (i)) * □ 

logx 

Corollary 3. If L/K is a normal extension of degree N, and A L / K (x) de- 
notes the number of prime ideals of Rk splitting in L/K, and having norms 
not exceeding x, then 

Corollary 4. (The Prime Ideal Theorem for ideal classes). If X is a class 
in Hj{K), and ttx(x) denotes the number of prime ideals in X with norms 
not exceeding x, then 



(For K = Q this gives the quantitative form of Dirichlet's prime number 
theorem in its weak form, i.e., without any evaluation of the error term.) 

Our next results concern the number of ideals with bounded norms. 

Theorem 7.18. /// is an ideal in Rk, X is a class of Hj{K), and Mx(x) 
is the number of ideals in X with norms not exceeding x, then 

**<•>- Gjfe+t 1 ))* 

Proof : We proceed in the same manner as in the proof of Corollary 6 to 
Proposition 7.16 and write X for the set of all characters of Hj(K). If Fx(m) 
is the number of ideals of X with norm m, then for a > 1 we get by Propo- 
sition 7.16 the equality 

S = 2 ^(!y = kmc) ^ * (X)C(5 ' x) 

m=l iex v J 1 v J xtx 

hK T-r A 1 \ 1 



hUK) 
n J p\i 

_ hK(p(I) 1 ( . 

~ h}(K)N(i)7^i + g[s) ' 

and we may apply the Tauberian theorem of Appendix II. □ 



Corollary. (Ideal Theorem) If M(x) is the number of ideals of Rk with 
norms bounded by x, then 
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M(x) = (ft« + o(l))a. 

Proof : Apply the theorem in the case / = Rk , and sum the obtained equal- 
ities over all classes X of H*(K). □ 

This corollary can be also deduced directly from Theorem 7.3 with the 
use of the tauberian theorem. 

In the same manner one can obtain evaluations of the number of prime 
ideals, or ideals with norms < x, having certain prescribed properties. Here 
we prove only one such result: 

Proposition 7.19. Let K be a normal extension of the rationals of degree 
N , and denote by F(x) the number of integers n < x which are norms of 
ideals of Rk. Then 

F(x) = {C + o{l))x{logx)^- N ^ N , 
where C — C{K) is positive. 

Proof : Let A = N k /q(Rk), and for j — 1, 2, . . . , N denote by Pj the set of 
those rational primes whose jth power is the norm of a prime ideal in Rk. 
lime A, then a prime p G Pj can occur in the factorization of m only with 
an exponent divisible by j. The normality of K/Q implies that, conversely, 
every m satisfying this demand lies in A. This shows that for a > 1 we have 

E5-nn('+?^+-)=«w-p(E?). 

meA j=lp£Pj \ r r / \pEPi * ) 

where 

ow - e„ P f ± £ -l) n n (i + ^ + + • •)• 

Obviously G(s) is regular in Re s > 1 and G(l) ^ 0. Since P\ differs only by 
a finite set of primes from the set of primes splitting in K/Q, Corollary 4 to 
Proposition 7.16 implies 

V- 1 1 i 1 



which gives 



1 9(s) 
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with g(l) ^ 0. An application of the tauberian theorem leads now to the 
required result. □ 

This proposition has an immediate application to the theory of quadratic 
forms: 

Corollary. Let K = Q(y/~D) with a square-free D, assume that the class- 
number h(K) equals 1, and let 

(X 2 - DY 2 if D = 2,3 (mod 4), 

^ A ' yj ~\l 2 +I7- ^f±Y 2 ifD=l (mod 4) . 

Denote by f(x) the number of natural numbers n < x which can be represented 
in the form n = ±F(a, b) with rational integral a,b. Then there exists a 
positive constant C = C(K) such that 

/(x) = (C + o(l)) X 



y/logX 



Proof : Since h(K) = 1, every natural number which is the norm of an ideal 
of Rk is also the absolute value of the norm of a suitable integer of K. 
Since the norms of integers are of the form ±F(a,b) it suffices to apply the 
proposition. □ 

3. The results obtained in the preceding subsection do not tell us anything 
about the size of the remainder terms in asymptotical formulas. Now we shall 
show that in the case of the Prime Ideal Theorem and its analogue for ideal 
classes this size is intimately connected with the zero-free region of C( 5 >x)- 
To state this result we shall need the integral logarithm li x defined by 

r 1 - dt r dt r dt 1 nA 

lix= + / = / 1.04... . 

J0 l°g* 7l+log* J 2 log* 

Theorem 7.20. Let I be a fixed ideal from Rk, X a class of Hj(K), and Zj 
the set of all function C(s, x) associated with characters of Hj(K). Moreover, 
fix a, b > 0, A > 0, to > e and eo > 0 and let Q be the union of the sets 

{s : |t| > t 0 ,<T > 1 - A(log |t|)- a (loglog \t\)~ b } 

and 

{a + it : |t| <t 0 ,<T>l- A(log |t 0 |)~ a (loglog \to\)~\ \s - 1| > e 0 }. 
If no function ^(5, x) ^ Zi vanishes in Q, and for s G Q one has 
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with a positive M, then 

*x( x ) = u*lzs\ lix + 0(xexp(-Blog u x(loglogx)^)), 
where B is a positive constant, u = 1/(1 + a) and v = b/(l + a). 
Proof : Put 

S(x)= Y, lo & N (P)> T (x)= 1°6K(P)1°6 

pex pex 

N(p)<x N(p)<x 

We shall reduce our problem to the determination of the behaviour of T{x) 
as x tends to infinity, and this will be approached by the method of complex 
integration. 

Lemma 7.21. Assume that for x tending to infinity we have an equality of 
the form 

S(x) = ax + 0(R(x)), 

where a > 0, and R(x) is a positive function such that for x > xq the ratio 
R(x) I log 2 x is increasing. Then 

7T X (x) = a]ix + 0 . 

\logxJ 




Proof : We begin with a modified form of partial summation. Consider the 
difference S(x) / log x — ttx{x) which also may be written in a slightly artificial 
form as 

S(x) logiV(p) 
logx ff x log N (p) 

N(p)<x 

= g 10g ^(io^-ioik)) 

N(p)<x 
N(p)<x 

The validity of the last equality can be verified as follows: order the prime 
ideals p G X with N(p) < x so that i < j implies N(pi) < N(pj), and observe 
that 
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N(p)<x 



dt \logt 



dt 



N(Pj)<x 



_ r N (pi) ^ w / l \ 



N( Pi )<x 



This shows that 



7Tx(a;) = i / S{t)— - — - dt, 

logx J 2 dt \logtJ 



and applying our assumption about S(x) we get 



tt x (x) =a- +0( 

logx \logir 



f X at- ( 1 

J 2 dt \logt 



dt 



+ O 



dt \logt 



dt 



dt . 



Integrating the integral 



j 2 l dt (logt) 



dt 



by parts, and evaluating the last terms by 0(R(x)/ logx) + 0(1) we obtain 
the assertion of the lemma. □ 



Our second step consists in the reduction of the problem of asymptotic 
behaviour of S(x) to that of T(x): 

Lemma 7.22. // with a certain positive c and non-negative ci,c 2 , satisfying 
ci + ^2 > 0 we have 

T(x) = ax + 0(R!(x)), 

where 

Ri(x) = 0(xexp(-clog Cl x(loglogx) C2 )), 

then the same evaluation holds for S(x) as well, perhaps with a smaller value 
of c. 

Proof / Let 5 = 5(x) = exp(-(log Cl/2 x (log logo:) C2 / 2 )), and consider the 
difference A(x) = T((l + 5)x) - T(x). It equals 
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S(x) log(l + S) + Y, l0 S N (P) l0 S (n^) ' 



PGJ> 

a:<JV(p)<(l + S)a: 



and since the second summand here is non- negative, we obtain 

r((i + ^)-r(x) 

log(l + <5) • (7 ' 21) 

On the other hand A(x) can be written as 

log(l + *)S((1 + S)X) + l0 S N (P) lQ S ( ) > 



PGX 
aj<JV(p)<(l + S)aj 



and since the second summand is non-negative, we obtain, replacing x by 

1/(1 +*), 

r W -r ( x(i + *)) 

log(l + (5) v 7 

Applying to (7.21) and (7.22) our assumption about T(x) we get 

aS 



(l + <5)log(l + 5) 



\log(l + 5)J ~ v ' 



-iog(i + <y) ^ VMi + *)>/' 

Since lrnx^oo = 0, we obtain immediately the evaluation 

S(x) = ax + 0(xS 2 ) + 0(R 1 (x)/5) + 0(5x), 

and our choice of 5 implies that the three remainder terms occurring here are 
0(xexp(-c / log Cl x(loglogx) C2 )) with a suitable constant d > 0. □ 

We are thus left with the task of evaluation T(x) with a good remainder 
term, and here we shall resort to complex integration. Define a function 
K(s) = Kx(s) for a > 1 by putting 

Its relevance to our problem is explained by the first part of the following 
lemma: 

Lemma 7.23. (i) If I2 denotes the vertical line a — 2, then 

™- 55 /*<■>?*■ 
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(ii) The function K(s) is regular for a > 1, and can be continued analyt- 
ically to the region Q, where it is regular except for a simple pole at s — 1. 
Moreover one has 

K(s) = 0(|log M (|t|)) for sen,\t\>e u 
where t\ is an arbitrarily fixed positive number. 
Proof : To prove (i) observe first that for positive real £ we have 



( J 2 



27rnog£ if£>l, 

if 0< £ < 1. 



Therefore 



/«4* = |>W*(^)) , ?- MW - 

the interchange of summation and integration being allowed by the uniform 
convergence of the series 

J2 l °Z N W 



JN(p) s 
pex KVJ 



to a function integrable along 1^. 
To obtain (ii) write for a > 1 



*W = 7^)\ x{x) \ N( P y ' (7 - 23) 

where x mns over an characters of Hj(K). In the same half-plane we have 
also for every character x 

C ( S ,x) = exp^^+Eg^(^ 
which easily implies the equality 

C(s,x) = V v^ x j (p)iogAT(p) 

C(«,X) i^(P) js ' 

where the last term is regular and bounded in Q. This fact in conjunction 
with (7.23) leads to the equality 

*<'> = -sp5 +<*•>■ <7 ' 24) 
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where G(s) is regular and bounded in Q. This gives the required continuation 
of K(s) to J?, and the asserted evaluation is a consequence of the assumptions 
of Theorem 7.20. □ 

Now let T > to be a positive number, whose exact value will be fixed 
later, put </>(i) — .Alog -1 |£|(loglog \t\)~ h and consider the boundary F of the 
set 

{s : s e f2,cr < 2, \t\ < T}, 
which can be written as r = IJ j=o -0 > wnere 

r 0 ={2 + «: |*| <T}, 
A = {cr + Ti : 1 - <j>(T) < a < 2}, 
r 2 = {1 - + « : T > \t\ > t 0 }, 
r 3 = {l-</>(t 0 ) + it: \t\<t 0 }, 

and A, A are symmetrical images of A, A with respect to the real axis. 

We prove now that the integral occurring in Lemma 7.23 (i) is for large 
T well approximated by the integral of K(s)x s / s 2 over A? an d to deal with 
that integral we utilize Cauchy's theorem. 

Lemma 7.24. We have 

r( \ 1 1 / K^x 2 

h}(K) 2tti J r2ur4 s 2 

Proof : First observe that for s G I 2 one has |if(s)| < K(2), and thus the 
preceding lemma implies 



lrt mrri , \ f K(s)x s 1 , 
\2iriT(x)- / v I ds\ 

Jr 0 s 2 




hence it remains to evaluate the integral over A- 

To do this observe that (7.24) shows that the only singularity of the 
integrand K{s)x s / s 2 in Q occurs at s — 1, where it has a simple pole with the 
residue ^(if) -1 , since the functions £'(s, x)/C( s i X) are f° r X 7^ Xo regular 
in i?, and for x = Xo a simple pole occurs at s — 1 with residue —1. Cauchy's 
theorem gives now 
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2m Jr 0 s 2"KiJ r s 2 2m ~iJrj s 

_ _J / K(s)x s 

-h* T (K) X 2ni^J rj s 2 **' 

On A we have K(s) = 0(log M T) and |s| 2 > T 2 , thus the integral over 
A is 

and the same applies to the integral over TV Moreover, on i~3 we have 
\K(s)x s /s 2 \ = OO 1 "^ 0 )), hence the integral is 0(x 1 ~ <l) ^). □ 



Finally, we have to evaluate the integrals over A and i~4. There is nearly 
no difference between them, and we will consider only the integral over i~2 in 
detail. Obviously we have 



Ir 2 



K(s)x s , f T x 1 -*® , M 

Jt 0 



t 2 



dt, 



but 



dt 



(1 - 6(t) + it) < -j 

V ^ W ; tlog a+1 t(loglog^ 



and so our integral is 



7 



t 2 



To deal with the last integral we partition the interval [to , T] into two subin- 
tervals [t 0 ,U] and [U,T\ with 

17 - exp(Alog 1/(1+a) x(loglog:r)- 6/(1+a) ). 

Since (f>(t) decreases and is positive, the integral over [to, U] is 

«C xexp(-</>(U) logx) <C exp(-Ai log 1/(1+a) x(loglogx)- 6/(1+a) ) 

for a suitable A± > 0, and the integral over [E7, T] is 

/»00 7 I -I 

< / ^ = ±- < exp(-Ai log 1/(1+a) x(loglogx)- 6 /( 1+a )). 
Using Lemma 7.24 we obtain 
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+0(xexp(-^ 2 log 1/(1+a) x(loglogx)- 6 /( 1+a) ), 

and now it is time to choose T. Putting T — x 2 one sees that the last 
remainder term dominates, thus we get 

T{x) = — ^— x + 0(xexp(-A 2 log 1 ^ 1 ^ a;(logloga;)- 6 /( 1+a ))), 

and to conclude the proof one applies the Lemmas 7.21 and 7.22. □ 

To make the contents of Theorem 7.20 non-void we prove now that its 
assumption can be satisfied with a — 1, b = 0, and this will lead to the 
following result: 

Corollary 1. (i) If X is a class in Hj(K), then with a certain constant 
B = B(I) we have 



= h*(K) + °( ex P(- 5 V^S^))- 

(ii) We have 

kk(x) = li# + 0(exp(-B f ^ylogx)) 1 
with a constant B f = B'(K). 

Proof : We shall verify the assumptions of the theorem for the set i? with 
a — 1 and 6 = 0, and look first for zeros of ((s,x) m ^- Note that since 
there are only finitely many char acters x involved, it suffices to do this for 
each particular Since C(Xx) — C( s iX) (which is obvious for a > 1 and for 
other s follows by analytic continuation), we may restrict our attention to 
zeros in the upper half-plane. Moreover, we will not bother about zeros with 
small imaginary parts, since by a change of the constant A in the definition 
of Q we can keep them outside that region. Thus let Zq — £ + irj be a root 
of C( s iX)i w ^h £ > 7/8, rj > 3, and write £ = 1 — c/ log 77. We have to show 
that c exceeds a positive constant, independent of the chosen zero Zq, but 
which may depend on x, since we are not interested in a uniform result. We 
apply Theorem III of Appendix II, taking f(s) = ((s,x)i s o = T + zr 7 with 
r = 1 + a/ log 7/, where 0 < a < 1/2 (the precise value of a will be fixed 
later) and r — 1/2. Since rj > 3, the only possible singular point of C( 5 jX)j 
viz. 5 = 1, lies outside the disc D — {s : |s — so| < 1/2}, and, moreover, 
C(s, x) does not vanish in the half-plane a > r > 1. So we need only a bound 
for \((s,x)/(( s iXo)\ in D. This is provided by the following argument: 
Theorem 7.13 gives for every e > 0 the evaluation 
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|C(*,x)l«lC /2+£ 

with N — [K : Q] , and since for a > 1 we have the identity 

1 = x{i)m(i) 



CM 



N(iy 



which is easily proved by multiplying the series occurring in it, we get 



1 



This yields 



COo,x) 
C(*,x) 



< (k(so) < 



log 77 



COo,x) 



< 77 



iV/2+e 



log 77 



and applying Theorem III of Appendix II, we obtain with certain positive B 
and B\ 

Re (C>o,x)/C(*,x)) 
> -8(log £ - log a + (AT/2 + e) log 77 + log log rj) + (r - 

> (log a + log 77) + (r - 0 _1 • 

We apply the same procedure to the point r + 2i77, again with r — 1/2, 
but this time with the function f(s) = £(s,x 2 ), and similarly we obtain the 
evaluation 

C(r + 2zt7,x 2 ) / 



Re 



for a suitable B2 > 0. 
Now observe that 

Re (o C^Xo) , ^'(r + i^x) , C / (r + 2^, X 2 ) ^ a 

C(t,Xo) C(^ + ^,X) ((T + 2irj,x 2 ) 



(7.25) 



In fact, taking the logarithmic derivative of the Euler product of our zeta- 
function we see that for a > 1 one has 



C'(*,x)/C(*,x) = -£ 



x(J)q(J) 

AT(I) S ' 



where 



a ^j\ _ I log AT (p) if / is a power of p, 
1 0 otherwise. 
Substituting this series into the left-hand side of (7.25) we obtain 



E^e(3xo(/) + 



4 X (/) , X%0_\ 



+ 



= -Yl^y Re (3+4cosA / +cos(2A / )) = -2-2 £ 



N(iyv N(i) 2ir > J 

a(I)(l +cosA/) 2 

j 



JV(I)- 



<o, 
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where aj denotes the argument of x(I)N(I)~ iri . The resulting inequality 
implies 

-3Re (C / (r,Xo)/C(r,Xo)) > ~ - B 3 (logrj - log a). 
On the other hand, expanding Xo)/C( 5 > Xo) at s = 1 we obtain 

3Re (£'(*, xo)/C(«, Xo)) = + c o + ci ( 5 - 1) + • • • , 

and this shows that for every e > 0 we have 

3Re(C'(r, X o)/C(r,Xo))>-^, 

provided r — 1 is sufficiently small. Now we have two inequalities for the same 
expression, and we shall prove their inconsistency for sufficiently small c and 
suitably chosen a. The comparison of these inequalities yields 

■^4 > — ~ #3 (log 77 - log a), 
r — 1 r — c, 

but r — £ = (a + c) log 77, and r — 1 = a/ log 77, thus 

(3 + e) log rj/a + £3 (log 77 ~ log a) > 4^- , 
and we arrive finally at 

( 4 3 + e „ \ n 

-J3 3 loga > — ■ 1 YB 3 log 77 

\a + c a / 

>(^- + — +B 3 )log3. (7.26) 

If now a sufficiently small a is fixed, then £?3log(l/a) < 1/a, but if we 
let in (7.26) the number c tend to zero, then we get 

l > 41og3 + (3 + e)log3 +B3 

a a 

which is not possible for sufficiently small a. 

We have thus obtained a zero- free region f2 with a = 1 , b = 0 and certain 
A > 0. Now let i?' be the region defined similar to i?, but with A replaced 
by 4A Since ft' is contained in i?, it is a zero- free region for C( 5 ?x)> hence 
f(s) = log£(s,x) is regular there, and we shall show that for s G Q' one 
has the bound 0(log M \t\) for the logarithmic derivative of C( 5 ?x)- Clearly it 
suffices to do so in the case t > 0. 

Let C be a large positive number, and consider a point a — a + /3i G .f?' 
with (3 > C and a < 1. Put so = 2 + and consider the disc = {5 : 
\s - s 0 \ < 1 + 1/(2,4 log /?)}. Since £> C J?', we may apply Theorem IV of 
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Appendix II to our function f(s) and so, with R = 1 + 1/(2 A log/?) and 
r = 1 + l/(3Alog/3). Since < 2, |/(s 0 )| = O(l) and, by Theorem 7.13, 

max Re f(s) 

\s-s 0 \<R 

< logmax{|C(s, x)| : 0 < r < 4, t - 2 < Im s < t + 2} < logt, 

the said theorem of the appendix implies <C log 2 t for all s with |s— sq| < 

li/(3Alogt). Finally, note that if \s - s 0 \ = R then \z - s\ > l/(12Alogt), 
hence 



/ 



< Rlog 2 1 • 144A 2 log 2 1 = 0(log 4 1), 



and this is all we need for the proof of (i). The assertion (ii) is an immediate 
consequence. □ 



Corollary 2. One has 



and 



logx Vlog x 



7T K (x) = li X + 0 [ jf- 

log X 



for every N. □ 

4. Now we shall use Corollary 7 to Proposition 7.16 to prove a result of 
N.Moser [83], concerning Minkowski units. Let us recall that if the extension 
Kj Q is normal with Galois group G, then a unit of K is called a Minkowski 
unit, if its image in the group U(K)/E(K) generates this group as a Z[G]- 
module. In Theorem 3.28 we considered the case when G was cyclic of prime 
order p < 19, and now we turn to dihedral group D n of order 2n, which can 
be defined as the group of motions of the regular n-gon, or, equivalently, as 
the group generated by two elements 5, T with relations 

S n = T 2 = 1, TS = 5 _1 T. 

Note that for T one can choose any element of order 2 in D n . 



Theorem 7.25. Every complex normal extension K/Q whose Galois group 
G is isomorphic to D p (with p being an odd prime) has a Minkowski unit. 

Proof : Denote by R the ring of integers of the p-th cyclotomic field Q(Cp), 
and let A be the i2-module consisting of all linear polynomials in one variable 
with coefficients in R. Defining a multiplication in A by 



(a + bX)(c + dX) = (ac + bd) + (ad + bc)X 
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(with ~z being the complex conjugate of z) we make A into a ring, clearly non- 
commutative. The following lemma shows that A is an epimorphic image of 
Z[G], hence can be regarded as a Z[G]-module: 

Lemma 7.26. The map S i-> ( p , T i— > X can be extended to a surjective ring 
homomorphism cp : Z[G] — > A, whose kernel equals N H Z[G], where H is 
the subgroup of G generated by S, and 

heH 

Proof : Every element of D p can be uniquely written in the form S k , or S k T 
with 0 < k < p - 1, hence the formula 

(p-i \ p-1 

J>^' + bj&T) = £ C>; + MO, bj G Z) 

defines a linear map of Z[G] onto A. One checks easily that it is a ring 
homomorphism . 

If u = X^j=o( a i^ + bjS j T) lies in the kernel of 99, then 

p— 1 p—i 

hence 

p-2 
3=0 

But 1, £ pj . . . , ££~ 2 is an integral basis of i?, thus all a^'s must be equal, and 
the same applies to the i^'s. This shows that u = (a 0 + b 0 T)N H G Z[G]7V# = 
7V#Z[G], because 7V# lies in the center of Z[G]. In fact, it suffices to check 
that 7V# commutes with every g e G, and this follows from the observation 
that H is of index 2 in G, and thus is a normal subgroup. 

This shows that the kernel of cp lies in 7V#Z[G], and the converse results 
from (p(N H ) =0. □ 

Before proceeding further observe that we can assume that T acts on K 
as complex conjugation. We shall use this in the proof of the next lemma, 
which will allow us to induce the structure of an A-module on U(K)/E{K). 

Lemma 7.27. If k C K corresponds to H by Galois theory, then k is imag- 
inary quadratic, thus the group U(k)/E(k) is trivial. 
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Proof : Since H is of index 2, k is a quadratic extension of Q. The field 
/co, corresponding to the subgroup Hq generated by T is the maximal real 
subfield of K, Because of H n H 0 = 1, we have K — kk 0l and if k were real, 
K would be real as well, contrary to our assumption. Hence k is imaginary 
quadratic, and the last assertion follows immediately. □ 

Corollary 1. The ideal N H Z[G] of Z[G] annihilates U(K)/E(K), i.e., for 
every a G Nh%[G] and u G U(K)/E(K) we have au= 1. 

Proof : It suffices to observe that for a unit u of K we have 

p-i 

N H u=]J S j {u) - N K/k (u) G U(k) = E(k) c E(K). □ 

3=0 

Corollary 2. The action of Z[G] induces on U(K)/E(K) the structure of 
an A-module. 

Proof : This follows from Corollary 1 and Lemma 7.26. □ 

Since R is a subring of A, the last corollary shows that U(K)/E(K) is a 
torsion- free and finitely generated i?-module. We may thus invoke Theorem 
1.32 to obtain the existence of an ideal J of R such that U(K)/E(K) is 
isomorphic as an .R-module to R™ 0 J with a suitable m > 0. Comparing the 
Z-ranks we get p - 1 = (m + - 1), hence m = 0 and U(K)/E(K) ~ J. 
This isomorphism induces on J an A-module structure, and so we may regard 
J as a Z[G] -module by Lemma 7.26. To prove the theorem it suffices now to 
show that J is a cyclic module, i.e., is generated by one element. 

The action of A on J is determined by the action of X, since the elements 
of R act on J by multiplication. We show now that there is an element 
c G Q(Cp) of absolute value 1 such that the element X acts on z G J by 
X(z) = cz.Hr G R, r ^ 0 and z G J, z ^ 0, then 

X(rz) = {Xr)z = (fX)z = rX{z), 

hence if r, 2 G J ^ 0, then 

fX(z) = X(rz) = X(zr) - zX(r), 

implying X(r)/r — X(z)/z = c, with a certain c, independent of r and 2. 
This leads to X(z) = cz for all 2 G J, since for 2 = 0 this equality is evident. 
If now zq is the image of a real unit in J, then X(2 0 ) = zq, because on 
U(K)/E(K) the element X acts as complex conjugation. Hence czq — z 0 
and we get \c\ = 1. 

Since cJ = X( J) c J, we obtain 
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J = ccJ C c J C J, 

i.e., cJ = J, thus X(J) = J = cJ. We will use this to show that in the class 
of J there is an ideal / satisfying I — I. The function x-\-cx obviously cannot 
vanish identically on R, thus there exists xq G R such that a — Xq + cx~q ^ 0. 
Since a — xq -f c^o, we obtain ca — a, thus c = a/a. Consider the ideal 
/ = qaJ, where q is a positive rational integer such that qa G R. Then / 
and J lie in the same class, and, moreover, / = qaJ — I, as needed. Since 
Theorem 1.39 implies / ~ J, we see that U(K)/E(K) and / are isomorphic 
-R-modules. We may thus replace J by /, or, which is simpler, assume that 
J = J. This gives cJ = J, and consequently c is a unit of R. Now choose 
an unramified prime ideal p C R of first degree in such a way that the ideal 
p J = #ir! is principal, Such a choice is possible by Corollary 7 to Proposition 
7.16. Note that, in particular, we have p ^ p, hence (p,p) = 1. 
If now 

P-i 

w = ]T(a^' + &^T) (a<, 6i G Z) 

3=0 

is an arbitrary element of Z[G] then 

p— l p— l 

hence 

Z[G)x = Rx + Rx = pJ + \hJ = J(p + p) = JR = J, 
showing that J is generated by # as a Z[G] -module. □ 

7.3. Chebotarev's Theorem 

1. In Chap. 6 we have seen that to every prime ideal in a normal extension 
L/K of an algebraic number field there corresponds a canonically determined 
subgroup of the Galois group G, namely the decomposition group G_i(*P), 
which is isomorphic in a natural way to the Galois group of the corresponding 
local extension L^/K p . In the case of unramified *P Theorem 5.25 shows that 
this group is isomorphic to the Galois group of the corresponding extension of 
the finite field Rr/P, which is necessarily cyclic. It follows from the theory of 

F 

finite fields that this group has a distinctive generator s acting by s (a) = a p , 
where F = f(K p /Q p ). We can trace down this generator to G_i(*P) through 
our isomorphisms, and so we obtain an automorphism of L/K, satisfying 

8 V (x) =x N ^ (mod 33) 

for all # G Rl- Note that this property determines uniquely. Traditionally 
is denoted by 
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L/K 

and called the Frobenius automorphism associated with *}3, or the Frobenius 
symbol. 

If we take another prime ideal lying over the same prime ideal p, then the 
corresponding Frobenius automorphisms may differ, but are still related. 



Proposition 7.28. If t is an element of the Galois group Gal(L/K), then 



L/K ' 



to 



L/K 



of 



-1 



Proof : If x £ Rl, then s<$(x) — x N ^ lies in ^3, hence 

tos v o t-\x) - t o r 1 ^^) € *(<P), 

i.e., 

proving the proposition. □ 

Corollary. If L/K is Abelian, then the Frobenius automorphism of *}3 de- 
pends only on the prime ideal p of Rk lying below *}3. □ 

If L/K is normal, and for any g £ Gal(L/K) we denote by Cl(g) the 
conjugacy class of g, i.e., the set of all elements conjugated with </, then one 
defines a map F L / K of the set of all prime ideals of Rk, unramified in L/K, 
into the set of all conjugacy classes in Gal(L/K) by putting 

F L /k : P ^ Cl(s v ), 

where *}3 is an arbitrary prime ideal of Rl lying above p. The following 
theorem gives the main properties of this map: 

Theorem 7.29. (i) If L/K is normal of degree n, the prime ideal p of Rk 
is unramified in L/K, and f is the order of any element of Fl/k(P), then 

where g = n/f. 

(ii) If K C L C M, M/K and L/K are normal, p is a prime ideal of 
R K unramified in M/K and R = R M /l • Gal(M/K) — > Gal (L/K) is the 
restriction map, then R(F m jk(P)) — Fl/k(P)- 

(Hi) If L/K and M/K are normal, and p is a prime ideal of Rk unram- 
ified in LM/K, then the inclusion 
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also s = 
Then 



M/K 



F L m/k(P) C F L/K (p)F M/K (p) 

holds, provided we identify the group Gal(LM/K) with its image under the 
map s i-* [s|l,S|m] the product Gal(L/K) x Gal(M/K). 

(iv) IfL/K is normal, M/K is finite, p is a prime ideal of Rk unramified 
in L/K, and q is a prime ideal of Rm, lying above p, then q is unramified in 
LM/M, and we have 

Flm/m C F L / K (p) f , 

where f = f M /K{<{)- 

(v) Let L/K be finite, and let M/K be the minimal normal extension of 
K containing L. Let p be a prime ideal of Rk unramified in L/K, 9f$ a prime 
ideal of Rm lying above p, and Q the prime ideal of Rl lying below ty. Put 

and let H be the subgroup of Gal(M/K) generated by s. 

/L/ * (Q)= #(!nt/)' 

where U is the subgroup of Gal(M / K) corresponding to L according to Galois 
theory. Moreover, the set of prime ideals of Rm lying over Q coincides with 
the set {us k (ty : u G U, k > 0} 

Proof : (i) Since e L / K ($) = 1, and generates the decomposition group 

of the assertion follows from the Corollary 1 to Proposition 6.8. 

(ii) If s e F M / K (p), si — R(s), and *p lies over p in R M , then for x G Rl 
we have s^x) = x N ^ (mod <£). This implies s^x) = x N ^ (mod ^i) for 
x G R L , where *Pi lies below in R L , and therefore si G F L / K (p). We see 
that R maps F M /k(P) into F L / K (p), and since it is surjective and preserves 
conjugacy classes, we get R(F M/K (p)) = F L/K (p). 

(hi) Observe that the map Gal(LM/K) — > Gal(L/K)xGal(M/K) given 
by g [9\l,9\m] is injective, and the composition of it with the projection 
onto Gal(L/K), resp. Gal(M/K), coincides with Rlm/l and Rlm/m, re- 
spectively. Applying this to g G F LM/K (p), we get 

9 = [9\l,9\m] = [Rlm/l(9),Rlm/m(9)} C F L/K (p)F M/K (p) 

by (ii). 

(iv) If g is an element of Gal(LM/M), then g\ L lies in Gal(L/LnM), and 
the map g i-* g\ L is an isomorphism. We can thus identify Gal(LM/M) and 
Gal(L/L fl M). Applying Corollary 1 to Lemma 5.24 to the corresponding 
p-adic extension, and using Theorem 5.11 (iv), we see that q is unramified 
in LM/M, proving the first part of our assertion. To prove the second take 
9 £ F LM / M (q), and let *Pi be that prime ideal in Rlm which lies over q, and 
satisfies 

'LM/M] _ 

J ~ 9 ' 
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If *P is the prime ideal of Rl lying below *Pi, then for x G Rl we have 

x N ™ = (mod q3i), 

and the same congruence holds also mod *p. If we choose g± G F l /k(P) so 
that the congruence 

x N (P)= gi ( x ) (mod<P) 
holds, then in view of N(q) — N(p)f we get 

x N ^ =g{(x) (mod<P), 

and this leads to 

g(x) ee gi (x) (mod <P), 

which can hold for all x G Rl only if # and g( coincide. But this shows that 
Flm/m(c\) C F L/K (p) f , as required. 

(v) Observe first that by Corollary 2 to Proposition 4.25 the prime ideal 
*P is unramified in M/K. The elements s k (k — 0, 1, . . .) belong to the decom- 
position group of *P over K, thus s fc (*P) — *P, and if u G U and *Pi = u(ty), 
then from 0i?M C $ we get u(QRm) C ^3i, which in view of -u(0) = 0 
gives 0i?M C ^Pi- Hence *Pi lies over 0. This shows that all ideals (us k )(^P) 
lie over 0. To show that no other prime ideal can lie over 0 observe that 
if *P' has this property, then with a suitable u G Gal(M/L) — U we have 

v = 

Finally, Lemma 6.7 shows that the decomposition group of *P over K 
equals H Pi £7, and so we obtain 

/x /Q (0) - W(W/m/lCP) = nZ nTT y □ 



Corollary 1. .A prime ideal p C ifo m a normal extension L/K if 

and only if F L / K (p) = 1. 

Proof : Immediate from (i). □ 

The next corollary explains the example presented after the Corollary 5 
to Proposition 7.16. 

Corollary 2. If L/K is normal, then a prime ideal p of Rk remains a prime 
ideal in Rl if and only if the Galois group of L/K is cyclic and generated by 
F L /k(p). 

Proof : A prime ideal p of Rk remains prime in Rl if and only if it 
is unramified, and for every prime ideal *P lying over p in Rl we have 
/l/kCP) — [L : K]. In view of (i) this implies our assertion. □ 
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Corollary 3. If L/K is finite, and M/K is the minimal normal extension of 
K containing L, then the type of factorization (i.e., the number and degrees 
of the factors) of a prime ideal of Rk, unramified in L/K, depends solely on 
the subgroup of Gal(M / K) , corresponding to L, and F M / K (p). 

Proof : Apply (i) and (v). □ 

2. The principal result concerning the Frobenius automorphism is the density 
theorem of Chebotarev, which we first present in its weaker form: 

Theorem 7.30. If L/K is normal of degree n, and A is a conjugacy class 
in the Galois group Gal{L/K), then the set 



is infinite, and has Dirichlet density #A/n. 

The stronger form requires for its proof Artin's reciprocity law, which lies 
outside the scope of this book. Chebotarev's theorem in its stronger form 
reads as follows: 

Theorem 7.30*. If L/K is normal of degree n, and A is a conjugacy class 
in the Galois group Gal(L/K), then the set 



is regular, and has Dirichlet density #A/n. If Na{x) is the number of prime 
ideals p G Pa with N(p) < x, then 



In the case when K — Q, and L/Q is Abelian, or more generally, when 
L is contained in a cyclotomic extension of K, one can give an elementary 
proof of Theorem 7.30*, and this will be the first step towards the proof of 
Theorem 7.30. In the next step we shall reduce the problem to the case of 
cyclic extensions, and finally, for a given cyclic extension we shall combine 
various cyclic extensions contained in cyclotomic extensions to obtain the 
assertion. In the last step we shall approximate the sum 



and our approach will not be strong enough to yield the regularity of Pa- 



P A = {P'- F L/K (p)=A} 



P A = {P' F L/K (p)=A} 




peP A 



Proof of Theorem 7.30: First we establish Theorem 7.30* for cyclotomic ex- 
tensions: 
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Lemma 7.31. If L — K(£ m ), then Theorem 7.30* holds for the extension 
L/K. 

Proof : Put Km — Q(Cm), and apply Theorem 7.29 (iv) to the normal ex- 
tension Km/Q and K/Q. Let q be a prime ideal of K lying over p = pZ, 
and assume that p does not ramify in K m /Q, and fx /<$(%) — 1- Since 
both extensions K^/Q and L/K are Abelian, the theorem quoted implies 
Fl/k(Q() — FK m /Q(p), if we consider the Galois group Gal (L/K) as a sub- 
group of Gal (Km/ 'K). Now note that every automorphism of K m is deter- 
mined by its action on £ m , and denote by g r the automorphism satisfying 
9r(Cm) = Cm (1 ^ r ^ m 5 (r, ra) = 1). The definition of the Frobenius auto- 
morphism implies that F Km /q(p) — g r holds if and only if p = r (mod ra). 
This shows that 

Pr = U : /ir/Q(q) = 1,F L/K (q) = g r } 

= U- fK/q(c\) = l,iV(q) =r(modm)}, 

and thus 

F L/K^) = 9r H r JV(q)Er(mod m) 

since prime ideals q with /l/k^) 7^ 1 contribute only to g(s) in the equalities 
above. 

Now observe that if a is a totally positive integer of K congruent to 
unity mod ra, then N K /q(a) = 1 (mod ra). Since a is totally positive we get 
N(aR K ) = N K /q(a), and this implies that the set {/ : N(I) = 1 (mod ra)} 
is a sum of, say, classes from H^(K), where m = mRx- Therefore the 
set {/ : N(I) = r (mod ra)} is either void, or contains k classes of H^(K). 
Corollary 6 to Proposition 7.16 gives now 

? m : Si)'° t ^i +M - (726) 

N (q)=r (mod m) 

where e r equals 0 or 1. If we put / = ei + • • • + e m _i, then the last equality 
implies kl = h^(K), but I cannot exceed the order of Gal(L/K), thus 

nk > h* m (K) (7.27) 

must hold. On the other hand, every prime ideal q G Rr of the first de- 
gree with N(q) = 1 (mod ra) splits in L/K. In fact, in this case we have 
FK m /q(P) = 1- Now (7.26) shows that the density of the set of prime ideals 
splitting in L/K equals at least kh^(K)~ x , and by Corollary 3 to Proposition 
7.17 it equals 1/n. Thus 

nk < h* m {K), 

and (7.27) implies that we have equality here. So (7.26) becomes 
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E iv^F^^ log 7 1 i +5(s) ' 

iV(q ) = r (mod m) 

and we see that exactly n of the sets P r are non-empty. But this proves that 
every element of Gal (L/K) is the Frobenius automorphism for prime ideals 
forming a regular set of density 1/n. □ 



Using this lemma we obtain now the Theorem 30* for subextensions of 
cyclotomic extensions: 

Lemma 7.32. If L = if (Cm) and K C M C L, then Theorem 7.30* is true 
for the extension M/K. 

Proof : Denote by (p the restriction map of Gal (L/K) onto Gal(M/K), and 
let p be a prime ideal of K, unramified in L/K. By Theorem 7.29 (i) we have 
Fm/k(P) = ( p(Fl/k(P)), an d so for g G Gal(M/K) we obtain 

E E N(py +9 ^- 

Lemma 7.31 implies that the last sums equals 

but obviously we have #((f~ 1 (g)) = [L : M], and so 

E i^ = [M L Y} log 7h: +gis) - D 



Corollary. Theorem 7.30* ZioZds /or a// Abelian extensions of the rationals. 
Proof : Apply Theorem 6.18 and the lemma. □ 



Lemma 7.33. If Theorem 7.30, or 7.30* , is true for all cyclic extensions of 
every algebraic number field, then it is true for all normal extensions. 

Proof : Let L/K be normal, and select an arbitrary element g G Gal(L/K). 
We consider the set P g of all prime ideals p of Rk which do not ramify in 
L/K , and for which F L / K (p) is the conjugacy class containing g. For p G P g 
let G Rl be the prime ideal lying over p with 

L/K 



(7.28) 
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Let Z(g) be the centralizer of g (i.e., the set of all elements of Gal(L/K) 
commuting with g), C(g) the cyclic group generated by g, and i(g) the index 
of C(g) in Z(g). Observe that i(g) coincides with the number of those prime 
ideals ^3 over a given p G P 3 , satisfying (7.28), this number being independent 
of p. In fact, if t G Gal(L/K), and satisfies (7.28) then, by Proposition 
7.28, the equality 

~L/K~ 



= 9 



holds if and only if tgt~ x — g, i.e., if and only if t G Z(g), and this shows 
that there are exactly #C(g) distinct prime ideals of the form £(*£) (with 
t G Gal(L/K)), since the decomposition group of *P equals C(g). 

Let M be the subfield of L corresponding to C(g), and denote by q the 
prime ideal of Rm lying below ^3, which is a fixed prime ideal over p satis- 
fying (7.28). Proposition 6.7 shows that qR L = and N M/K (q) = N K/Q (^) 
(because of fM/iciPi) — 1)? hence the conditions 



(mod ?JJ) 



and 



are equivalent. Thus 



g(x) = x N M (mod ?JJ) 



L/M 



= g, and Fl/m^) = 0- We see that if F L/K (p) is 
the conjugacy class containing g, then p has i(g) prime ideal divisors q in Rm, 
satisfying N M /q(q) = N K /q(p) and F L / M (q) = g. Note that also conversely, 
if F L/M (q) = g and N M / Q (q) = N K/Q (p), then g G F L/K (p), and the set of 
remaining prime ideals O. G Rm with F L / M (Q) = g is regular of density zero, 
since every such ideal is of degree > 1 over the rationals. We can thus write 



09) E 



i 



N( P y 



= E 



1 



N(qy 



(7.29) 



9eF L/K ( P ) 



Now we use the assumed validity of Theorem 7.30 for all cyclic extension 
in the case of the extension L/M. This leads us to 



E 



1 



1 



N(qY 



(q) = <7 



[L : M] 

1 

#C(g) 



log- 



1 



+ o ( log 



1 



log 



+ o log 



5-1 
1 



1 



and now (7.29) implies 



1 



N(p) s #Z(g) 



log 



5-1 



+ o log 



:(p) 
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and it suffices to recall that 

#Gal(L/K) 



rtitgt- 1 : t e Gal(L/K)} ' 

If we assume that Theorem 7.30* holds for all cyclic extensions, then in 
the argument above we can replace o (log 713) by g(s), yielding Theorem 
7.30* for the extension L/K. □ 



So we are left with cyclic extensions. To deal with them a technical lemma 
is needed: 



Lemma 7.34. If L/K is a finite extension, and G is a finite Abelian group, 
then there exists a normal extension M/K with Gal{M/K) ~ G, which can 
be embedded in a cyclotomic extension N/K, and satisfies L D M = K . 

Proof : Let G = ni=i C p ai be the factorization of G into primary cyclic 
factors. For every set of distinct rational primes gi, . . . , g r , not dividing d(K), 
and satisfying 

<fc = l+tf< (modp^ +1 ) (i = l,2,...,r) 

put m = qi • • -q r and if m = if (Cm) (the existence of such primes qi results 
from Corollary 7 to Theorem 7.25). Theorem 2.20 and Corollary to Theorem 
4.26 show that all prime divisors of d(Q(Cm)) divide ra, and so by Theorem 
4.26 we obtain [Km : K] = cp(m). Since for relatively prime mi, rri2 we have 
if (Cm , Cm 2 ) = K mi m 2 , we get 

[K(C mi Xm 2 ) : if] = y>(raira 2 ) = ^{mi)ip{m 2 ) 
• - [if mi :if][if m2 :if], 

hence if mi D if m2 = if. This shows that if ^ is the number of subfields of 
L containing if, then from every system of v 4- 1 fields if m . one can extract 
one, say K rn = N with NHL = if. If ra = q\ - • -q r and ^ = 1 + fr^p?* 
(i — 1, 2, ... , r), then the Galois group Gal(N/K) is isomorphic to 

2=1 2=1 

since Pi^bi. Now let M be the field, corresponding to the subgroup YV i=1 
of Gal(N/K). Obviously Gal(M/K) ~ G and Lf] M = K. * □ 



Now, as all necessary preparations have been made, we can proceed with 
the proof of Theorem 7.30. Let L/K be a cyclic extension with Galois group 
G, and let M/K be a normal extension contained in a suitable cyclotomic 
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extension, and satisfying L D M = K. Lemma 7.34 assures the existence of 
such extension, and permits us to choose freely the Abelian Galois group 
Gi = Gal(M/K). Fix an element g E G, and let / be its order. Leaving 
for a while aside the final choice of Gi, assume now only that Gi contains 
an element t of order f t divisible by /. Let U be the cyclic subgroup of the 
group G x Gi ~ Gal(LM/K) generated by the pair and denote by N 

the subfield of LM, corresponding to U. The extension LM/N is cyclic with 
Galois group U, and MN/N is also cyclic with Galois group U/(gp(g)C\U) ~ 
gp(t), where gp(x) denotes the cyclic group generated by x. Note that MN 
is contained in a cyclotomic extension of N. Lemma 7.32 implies that if t is 
the coset in U/ {gp{g) PI U) determined by t, then 

? w^^** <73o> 

F MN/N^)= zt 

Now let q be a prime ideal in Rn of first degree over K, and let p be the 
prime ideal of Rk lying below it. By Theorem 7.29 (iv) we have F MN / N (q) — 
Fm/k{P), and thus (7.30) implies 



N( to\ s \N ■ K] ^ 



F M/K(P) =t F MN/N(^ =t 



ft[N:K] 



lo S— [^9(s). (7.31) 



Because of Gal{N/K) ~ G/U, Corollary 1 to Theorem 7.29 implies that 
a prime ideal p of Rk splits in N/K if and only if F L / K (p) G U. Hence the 
set 

A t = {p c R K : F M/K (p) = t, p splits in N/K} 
coincides with 

{p C R K : F M/K (p) = t, F LM/K {p) = {gt) r for some r}. 

Now Theorem 7.29 (iii) shows that the condition F LM / K (p) — (gt) r is 
equivalent to the conjunction of F L / K (p) = g r and F M / K (p) — t r \ thus for 
p G it we must have t r — t, i.e. r = 1 (mod /t), and also r = 1 (mod /), 
because f\ft- Finally we arrive at 

A t - {p c R K : ^m/k(P) = ^,^l/k(P) = <?}, 
and (7.31) leads to 

Jz^-mm*^*** <732) 

ir M/K(P)=* 
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Denote by C(f) the number of t G G\ whose orders are divisible by /, 
and add the equalities (7.32) for all such t's. In view of 



ft[N : K] < [LM : N][N : K] = [LM : K] 

this gives 



F L/K (P)=9 

as s tends to 1 over real numbers exceeding 1. 

It is now time to choose the group G\. We shall do it in such a way 
that the ratio C(/)/#Gi falls between 1 — e and 1, where e is an arbitrary 
fixed positive number. To show that such choice is possible, factorize / = 
Pi 1 • • -Pr r , and note that if G\ is a cyclic group of order p\ r • • -p b r r , where 
bi > ai (i = 1,2, ... , r)., then G\ contains 



elements of orders divisible by /, and so for such group the ratio C(f)/#Gi 
equals 

and thus can be made arbitrarily close to 1 by a suitable choice of the b^s. 
Therefore for s > 1 we have 

t 1 L/K{p)=g 

and adding the resulting equalities for g G G we get 

log^ + Od)^ £ _i^>( 1 + 0(1) ) log ^ 

which is possible only if in (7.33) the equality sign occurs. □ 



Thus the proof of Theorem 7.30 is complete. Now we deduce the stronger 
Theorem 7.30* from Artin's reciprocity law. First we have to state the latter. 
There are several formulations of this theorem, which is fundamental for 
the class-field theory. We choose the version which is most suitable for our 
purpose. 

Artin's Reciprocity Law. If L/K is Abelian with Galois group G, then 
there exists an ideal f in Rk such that the set of prime ideals ramified in L/K 
coincides with the set of prime ideals dividing f. Moreover, if pi, p2 are two 
unramified prime ideals lying in the same class in Hf(K), then F L / K (pi) = 
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F L / K (p2), and the map Hf(K) — > G, induced in this way by F L j K is a 
surjective homomorphism. 

Theorem 7.30* is an immediate corollary. Indeed, in view of Lemma 7.33 
it suffices to deal with the case of cyclic L/K, and the reciprocity law shows 
that the set of all prime ideals p in Rk, for which F L / K (p) is a given element 
g G Gal(L/K), is non-void, and consists of all prime ideals lying in certain 
classes of Hf(K), the number of these classes being independent of g. It 
remains to apply Corollary 6 to Proposition 7.16. □ 

Now we turn to applications of Chebotarev's Density Theorem. We start 
with two old results of Frobenius and Kronecker, which formed the first steps 
towards Theorem 7.30. 

Proposition 7.35. (i) Let L/K is normal of degree n. If for a given g G 
Gal(L/K) we denote by A(g) the union of conjugacy classes of g,g 2 , . . then 
the set of all prime ideals p of Rk satisfying F L / K (p) G A(g) is infinite, and 
its Dirichlet density equals #A(g)/n. 

(ii) If [L : K] = n and for m — 0, 1, . . . ,n we denote by Pm the set of 
all prime ideals of Rk having exactly m prime ideal divisors of degree one in 
Rl, then every set Pm has a Dirichlet density, say dm, and one has 

n n 
3=0 3 = 1 



Proof : Assertion (i) results immediately from Theorem 7.30, since every set 
A(g) is a union of disjoint conjugacy classes. 

To prove (ii) observe that the existence of the densities c? m is a conse- 
quence of Corollary 3 to Theorem 7.29 and Theorem 7.30. Since the sets 
Pm are disjoint, and their union contains every prime ideal of Rk we get 
do + di + • • • + d n = 1. To obtain the second equality we use Corollary 3 to 
Proposition 7.16, getting for a > 1 

(l + o(l))log-l-= £ 1 



n 1 71 1 

m=0 V m=0 pePm VfV 

f L/K (¥)=i,¥nR K ePm 



= ( ^ mdm + o(l) j log ~y ? 

\m=l / 

whence 

n 

mdm = 1- D 



m=l 
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Let L/K be finite of degree n, and let M/K be the smallest normal 
extension of K containing L. Denote by G the Galois group of M/K, let 
Li = L, 1,2, . . . , L n be the fields conjugated to L over K, and observe that G 
acts as a permutation group on the set of these fields. In the next proposition 
we keep this interpretation in mind. 

Proposition 7.36. The set of all prime ideals p of Rk unramified in L/K, 
and satisfying 

with fixed fi — /l/kOP*) = l>2,...,r) has a density, which equals the 
relative frequency in G of the set of all permutations which are products of r 
disjoint cycles of orders f\, /2, . . . , f r , respectively. 

Proof : We need an auxiliary result: 

Lemma 7.37. If p is a prime ideal of K unramified in L/K, g G F M / K (p), 
and g — gi • • • g r is the factorization of g into disjoint cycles, then 

with 

fL/ K (Vi) = #9i (i = l,2,...,r). 

Proof : Let U be the subgroup of G corresponding to L. Fix 1 < i < r, let 
L a be an element of the cycle gi, choose ti G G, mapping L a onto Li, and 
consider hi — tigt^ 1 . By Theorem 7.29 (v) there exists a prime ideal tyi 
lying over p with = #Hi/#(Hi D C/), where iJ^ is the subgroup 

generated by hi. Observe that in the factorization of hi into distinct cycles 
the field L\ lies in a cycle of length fi = #gi. Since the remaining cycles leave 
Li invariant, they must belong to U, and it follows that fi is the smallest 
positive integer with h{ 1 G U. Therefore fL/K^i) — fi results. Since for 
distinct i's we get distinct prime ideals tyi, we are ready. □ 

Proposition 7.36 follows immediately from the lemma and Theorem 7.30. 

□ 

4. Now we give an application of Theorem 7.30 to the question to what 
extent an extension L/K is determined by the set P(L/K) of all unramified 
prime ideals of Rk having at least one prime ideal divisor of first degree 
on L/K. It is clear that if L\ and L2 are conjugated over K, then the sets 
P{Li/K) and P^JL^/K) coincide, thus P(L/K) can determine L only up to 
an isomorphism over K. However, even this may fail, as we shall see. Let us 
call an extension L/K a Bauerian extension, if for every extension M/K the 
inclusion P(M/K) C P{L/K) implies that M contains a subfield isomorphic 
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to L over K. It is convenient at this point to consider two sets of prime ideals 
differing only in finite number of elements as identical, since this allows us 
to forget about all ramified prime ideals. So in this subsection an inclusion 
A C B for sets of prime ideals will mean that the difference A \ B is finite, 
and an equality A = B will mean that the symmetric difference of A and B 
is finite. The solution to our problem is given by the following theorem: 

Theorem 7.38. Let L/K and M/K be finite extensions, and let N/K be 
the minimal normal extension of K containing L. Denote by H and U the 
subgroups of Gal(N/K) corresponding to L and MnN, respectively, and let 
Hi = H, H2, . . . , H r be the subgroups of Gal(N / K) conjugated to H. Then 
one has 

P(M/K) c P(L/K) 

if and only if 

r 

UGH=\jH i 

2=1 

holds. 



Proof : We start with a lemma: 



Lemma 7.39. Let L/K be normal with Galois group G, and let M/K be an 
arbitrary finite extension. Put N = L D M, and denote by U the subgroup 
of G corresponding to N . Moreover, let C be an arbitrary conjugacy class in 
G. Then there exist infinitely many prime ideals p in Rk having at least one 
prime ideal divisor of the first degree in M/K, and satisfying F L / K (p) — C 
if and only if the intersection C C\U is non-empty. 

If in addition N/K is normal, then this condition may be written in the 
form C dU. 



Proof : Denote by R/K the minimal normal extension of K containing M. If 
U' is the subgroup of Gal(R/K) corresponding to M, and is a prime ideal 
of Rr unramified in R/K, then the conditions 



R/K 



eu' 



and fM/xi^') = 1 (where is the prime ideal of Rm below ^3) are equivalent 
by Theorem 7.29 (v). Thus a prime ideal p G Rk lies in P(M/K) if and 
only if the intersection F R / K (p) D U' is non-void. If S is the composite of 
L and -R, then Gal{S/K) can be considered as the subgroup of the product 
G x Gal(R/K), consisting of all pairs (^1,^2) for which the restrictions of 
gi and #2 to L D R coincide. Observe now that if C\ and C 2 are conjugacy 
classes in G and Gal(R/K), respectively, then there exists a prime ideal p 
with F L / K (p) = Ci, F R / K (p) = C 2 if and only if to every g 2 G C 2 one can 
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select gi G C\ so that g\g 2 G Gal(S/K). Indeed, if g\g 2 lies in Gal(S/K), 
then by Theorem 7.30 there exist infinitely many p with g\g 2 G Ls/^p), 
and Theorem 7.29 (hi) implies g x G F L / K (p) and # 2 G F R / K (p). Conversely, 
if such p exists, then by Theorem 7.29 (ii) the restrictions of C\ and C 2 to 
LnR coincide, being both equal to F LnR / K (p), and our assertion becomes 
obvious. 

Thus we see that one has p G P(M/K) if and only if the intersection 
CU' H Gal(S/K) is not void. Since Gal(S/K) n GU' = Gal(S/M) we see 
that the set of all gi G G for which there exists #2 G f/' such that g\g 2 G 
Gal(S/K) equals the restriction of Gal(S/M) to L, which in turn coincides 
with Gal(L/N) = f7, and so finally we find that the set 

P(M/K) H{p: F L/K (p) = C} 

is non-empty if and only if there is g\ G C lying in f7, i.e., C fl ^ 0. 

If TV/if is normal, then C7 is a normal subgroup of G, and then the con- 
ditions C fl J7 ^ 0 and C C f7 are equivalent. □ 

To prove the theorem assume first that P(M/K) C P(L/K). Let C be 
a conjugacy class in Gal(N/K) which has elements in common with U. By 
Lemma 7.39 the set 

{p: F N/K (P) = C, P €P(M/K)} 

is infinite, and our assumption implies that the same holds for the set 

{p: F N/K (p) = C,p GP(L/K)}, 

whence Lemma 7.39 leads to C fl H ^ 0. Now, if g lies in U, then one of its 
conjugates lies in H, hence g G H, proving U C H. 

To prove the converse assume U C H. Then all subgroups conjugated with 
U are contained in H, but for every p G P(M/K) the union of all subgroups 
conjugated with U contains F N / K (p). This shows that F N / K (p) fl if is non- 
void, proving p G P(L/K). □ 

Corollary 1. If L/K is normal, then for every extension M/K the condi- 
tions L C M and P(M/K) C P{L/K) are equivalent, i.e., L/K is Bauerian. 

Proof : If L C M, then the multiplicativity of prime ideal degrees leads to 
P{M/K) C P{L/K). Conversely, if P(M/K) C P(L/K), then we apply the 
theorem just proved with N — L, H — {1}, thus U = {1}, L n M = L, and 
so L C M. □ 

Corollary 2. Let L/K 6e a /mzte extension, and let M/K be the minimal 
normal extension of K containing L. Denote by H the subgroup of Gal (M/K) 
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corresponding to L, and let Hi = H, H^, • • • , H r be the subgroups conju- 
gated with H. Then L/K is Bauerian if and only if for every subgroup U 
of Gal(M/K) the condition U C U[=i ^ implies U C Hi for a certain i. 

Proof : Immediate from Theorem 7.38 and the definition of a Bauerian ex- 



The last corollary permits us to present an example of a non-Bauerian 
extension. Let K — Q, and let L = Q(a), where a is a root of the polynomial 
2X 5 — 32X + 1, whose splitting field has the symmetric group on 5 letters for 
Galois group. The subgroup H corresponding to L consists of all permutations 
fixing a certain letter, say 1, thus for i = 1, 2, . . . , 5 the group Hi consists of 
all permutations fixing i. If we now take 



then U is contained in the union of the groups Hi without being a subset of 
one of them. Thus the extension L/Q is not Bauerian. 

5. Our next application concerns power residues. Let p be an arbitrary ratio- 
nal prime, and let K be an algebraic number field containing all p-th roots 
of unity. We shall call a set A — {ai, . . . ,a m } of non-zero elements of K 
p- independent if the product 



with rational integral xi, . . . , x m can be a p-th power of an element of K 
only in the case when all exponents Xi are divisible by p. Equivalently, A is 
p-independent if its image in K*/(K*) P , treated as a linear space over F p , is 
linearly independent. 

Let q be a prime ideal in Rk which does not divide pRx , and is of degree 
one over Q. Then its norm in Q(Cp) is a prime ideal of degree one over Q, and 
thus q = N K /Q(q) is a rational prime congruent to unity mod p by Theorem 
4.40. Note also that q is unramified m'K/Q. 

For such q and a non-zero element a G Rk one defines the p-th power 
residue symbol 



tension. 



□ 



/7 = {e,(123),(132),(12)(45)}, 




as that p-th root of unity which is congruent to a^ q (mod q). This defi- 
nition makes sense since the relation 



p-i 




(mod q) 



shows that a^ q is congruent to a certain p-th root of unity, and indeed 
only to one of them, since they are distinct mod q, q being unramified. 
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Theorem 7.40. Let p be a fixed rational prime, and let K be an algebraic 
number field containing allp-th roots of unity. Let ai, . . . ,a m G Rr be given, 
forming a p-independent set, and let zi, . . . , z m be given p-th roots of unity. 

Then there exist infinitely many unramified prime ideals q of degree one 
over Q with 

' CLi 



for i = 1, 2, ... ,ra. 



Proof : For i = 1,2, ... ,m write z { = with 0 < < p — 1, and put 

= a V p and = K($i). The extension ifi/if is normal with the cyclic 
group of p elements as Galois group. Let U be a generator of it acting on $i 
by U^i) — Cv^i- ^ q i s an unramified prime ideal of Rk of degree 1, then the 
definition of the Frobenius automorphism shows that the equality F K ./ K (q) = 

t\ is equivalent to (^)p = In fact ' if 2 = -W(q), tnen ^/irOl) = ^ nolds 
if and only if 

C^i = 0? (modq), 
and this is in turn equivalent to 

i.e., to 

) = 

Observe now that it suffices to establish the equality [L : K] — p™ for L — 
if . . . , # m ), since then the set of all prime ideals satisfying the assertion 
of our theorem coincides with the set of all those unramified prime ideals q 
of degree 1 for which 

m 

Fl/kM = [t{\. . . e n Gal(K(^)/K) = Gal(L/K), 

3 = 1 

and this set is infinite by Theorem 7.30. We will obtain this result as a special 
case of the following lemma: 

Lemma 7.41. Letp be a rational prime, and let K be afield of characteristic 
zero. 

(iJIfjeK, and the polynomial f(X) = X p — 7 is reducible over K, then 
7 is a p-th power of an element of K . 

(ii) If a\, <22 are elements of K such that the fields K(a\^ p ) and K(a^ P ) 
coincide (here a 1 ^ denotes a solution of the equation x p = a), then there is 
an element b G K, and a rational integer r with 1 < r < p — 1, such that 
a\ — \Pa r 2 . 
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(Hi) If ai, . . . , a m are p -independent elements of K then 
[K{a\ /p ,...yj*):K\=p m . 

Proof : (i) If p = 2 then the assertion is evident, so assume that p is an odd 
prime, and let $ be a fixed p-th root of 7, so that 

p-i 

f(X) = l[(X-(ft). 

3=0 

Assume now that / is reducible over K. Then / has a factor of the form 

g(X) = ]\(X - € K[X], 

jeA 

where A is a subset of {0, 1, ... ,p - 1} having 1 < r < p - 1 elements. If 
R = Y, jeA j, then Cp^ r = /(0) G K. Denote by A the minimal positive 
rational integer for which with some a G Z we have 

Cp^ X e K. 

Writing p = aX + b with a, 6 G Z, 0 < K A - 1 we obtain 

and thus C~ aoc, d h G if, which is possible only in the case b — 0. Hence A 
divides p, thus either A = 1, or A = p. 

If A = 1, then £ = C^fi G If is a root of hence also of /, so £ p = 7, as 
asserted. If A = p then in view oip — \<r<p — l,we have a contradiction. 

(ii) If p = 2, or one of the a^s is a p-th. power in if, then the assertion is 
obvious, so assume that this is not the case. 

Let L = K{a\ ,v ) = K{a\ /v ), and put M 0 = K(C P ),M = M 0 (a\ /p ) = 
L(C P ). The extension M/M 0 is generated by a root of X p — a±, so either 
a\/ p G Mo, or M/M 0 is cyclic of degree p. In the first case we would have 

p = deg K a\ ,p < deg K ( p < p - 1, 

a contradiction. Therefore only the second case has to be considered. 
Write 

4 /p = X>x /p 

i=o 

with Xj G Mo, and let g be that automorphism of M/M 0 which maps a\^ p 
onto £ p a^ p . Then for a certain r with 1 < r < p - 1 we must have g{a^ p ) = 
Cpal /p . But then 
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X>c# /P = X>s(ai /P ) = 9(a 2 /p ) = cA' p = E Aic;«l /P , 

i=o i=o j=o 

hence we must have Xj = 0 for j ^ r. This gives = X r aY P and a 2 = A£aJ. 
Since A£ lies in if, we have either ^A r G if for a certain s, or the degree of 
A r over if equals p, but this is impossible in view of [Mo : if } < p — 1, and 
so we arrive at our assertion. 

(iii) Write if o = if and ifj+i = ifj(a^) for j — 0, 1, . . . , m — 1. Observe 
that it suffices to show that the extensions Kj+i/Kj are all of degree p. If 
this were false for a certain j, then by (i) the element c = o}-+ x would lie 
in Kj. Let t be the minimal index for which c G if*. In view of £ > 1 we 
have if t = Kt-i(c), and (ii) gives a J+ i = A p aJ for a certain A G if*-i and 
1 < r < p — 1. Note that A p lies in if. Let £i be the minimal index for which 
A G K tl . If = 0 then A G if , contradicting the ^-independence of the a^'s. 
Thus t\ > 1, hence if* x = if tl _i(a^ p ), and again we get X p = A^a^ 1 for a 
certain Ai G K tl -i and 0 < ri < p — 1, thus a^+i = A^a^aJ". Proceeding in 
this way we finally arrive at 

flj+i = A^aJ'a^ 1 • • • a£ 

with A^ G if, and not all exponents divisible by p, contradicting the p- 
independence of the a^s. □ 

The theorem follows now immediately. □ 

Corollary. Letp be a rational prime, and if an algebraic number field. Then 
the equality Iq — IoHl^- holds, i.e., every element of if* which is a p-th power 
in every completion of if is a p-th power in if* . 



Proof : Let (x v ) G Jo H 1 V K . Then x v — x G if*, and x — y% holds for every v 
with a certain y v G K v . Multiplying x, if necessary, by a suitable p-th power 
we may assume that x lies in R^. Now let q be a prime ideal in Rk not 
containing and having degree 1 over Q. Then with a suitable y q G Rk the 
congruence x = y\ (mod q) holds. This implies 

^ = X (N M -1)/ P = y NW-l = ! (mod q)) 



and thus 



*' =1 



holds for almost all prime ideals q of degree 1 over Q. By the last theorem 
this can happen only if the set {x} is not ^-independent, but this means that 
x is a p-th power in if* . □ 
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6. Our final application concerns the structure of Rl as an ifo-module for 
an extension L/K of degree n. 

In the case K = Q the description is simple, as then R L is a free Z-module 
with n free generators, and by Theorem 1.32 the same happens if h{K) = 1. 
In the general case this theorem shows that Rl is isomorphic, as an R K - 
module, to R 7 ^ 1 © /, where I is an ideal of R K . Thus by Theorem 1.39 the 
isomorphism type of Rl is determined by n and the class of / in H(K). This 
ideal class is denoted by C K (L), and called the Steinitz class of L/K. We 
shall now describe it in terms of the discriminant d(L/K), and this will allow 
us to answer the question, when Rl is a free it^-module. 

To state the theorem we first define a homomorphism of IkIo/Uk onto tne 
class-group H(K). Denote by t the isomorphism of Ik/IqUk onto t^jt^U\ 
induced by the map a \-+ a 2 in I K , and let ti be the surjective homomorphism 
of Ijclo/U^ onto I^Iq/U^Iq induced by (x v ) ^ (x v ) mod J 0 . Moreover, 
define a homomorphism v 0 : I 2 K — > ^kI 1 1 putting for £ = (x 2 v y) G I 2 K h 

MO = ( x l) mod/^. 

This is well-defined because if {x 2 v y) = (X 2 Y) with (x v ),X v ) G I K and 
(y), (Y) G Jo, then by Corollary to Theorem 7.40 one has 

(xlXl) = (Yy- l )£l 2 K nl, = ll 

thus the class (x 2 v ) mod 1% is determined by £ in a unique way. Because of 
Ker v 0 = the map v 0 induces an isomorphism of I^Io/h onto I^/Io- Fi- 
nally observe that v 0 induces a homomorphism of I^Iq/U^Iq onto Ik/U^Iq, 
which we shall denote by uq. 

Let now u be the homomorphism of Ixh/U^ onto H{K) obtained by 
the composition of the following maps: 

I 2 K h/U 2 K Ilh/Ulh ^ Il/Uyi ^ Ik/UkIo H(K), 

where denotes the natural homomorphism. 

Having defined the map u we may now state the principal result of this 
subsection. 

Theorem 7.42. For every finite extension L/K of algebraic number fields 
we have 

C K (L) = u(d(L/K)), 

and ifd{L/K) = aI 2 U 2 K (a G I 0 , I G I K ), then C K (L) is the class in H(K) 
containing the ideal induced by the idele I. 

Proof : Let M be a torsion-free and finitely generated ifo-module, and de- 
note by V the linear K-space spanned by M. Put n = dim^ V, and let 
TV be a torsion-free ifo-module spanning the same space V. If v is a non- 
Archimedean valuation of K, then we can consider the R v -modules M v and 
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N v generated by M and TV, respectively, in the n-dimensional K v -space 
V v = V ®k K v . Since R v is a principal ideal domain the resulting mod- 
ules are free, and so there is an automorphism of V v mapping N v onto M v . 
Denote by d v the determinant of that automorphism, and observe that it is 
determined by M and TV up to a unit factor from R v . It follows that the ideal 
in R v generated by d v is determined uniquely by M and TV. Let us denote 
this ideal by [TV : M] v . 

Lemma 7.43. If M, TV, S are finitely generated torsion-free Rk -modules 
spanning the same linear K-space, and v is a non- Archimedean valuation 
of K, then 

(i) [M : M]v = Rv, 

(ii) [M:N] V [N:S] V = [M:S] V , 

(Hi) The inclusion M v C N v implies [TV : M] v C R v , 
(iv) For almost all v one has [M : N] v = R v . 

Proof : Assertions (i) and (ii) are immediate. To prove (iii) it suffices to 
observe that the elements of a free R v -basis of M v are linear combinations 
with coefficients from R v of the elements of a similar basis of N V1 and this 
implies d v G R v . To prove (iv) consider non-zero a, b G Rk with aM C TV 
and bN C M. Now (ii) and (iii) imply 

[TV : M] V [M : aM] v C R v , [M : N] V [N : bN] v C R v . 

It follows from the definition that [M : aM] v = a n R v , [TV : bN] v = b n R v , 
thus for almost all v we have [M : aM] v = [TV : bN] v — R v . Hence for these 
v, [M : N] v C Rv, and [M : TV]" 1 = [TV : M] v C R v , implying [M : N] v , as 
asserted. □ 

Part (iv) of that lemma implies that the product n^[^ : TV] V is a frac- 
tional ideal of K. Let us denote it by [M : TV]. Its main properties are given 
in the following lemma: 

Lemma 7.44. Under the assumptions of the preceding lemma we have: 

(i) [M:M}= R K , 

(ii) [M: N][N:S] = [M:S], 

(iii) IfMcN then [N : M] C Rk, 

(iv) If M and TV are fractional ideals in K then [M : TV] = M _1 TV. 

Proof : Assertions (i)— (iii) follow immediately from Lemma 7.43. To prove (iv) 
observe that M v and N v are fractional ideals in K v , and so the automorphism 
mapping N v onto M v has the form a; ^ a^a; for a certain a v G K*. Therefore 
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we get [M : N} v = a v R v , thus [M : N] v = N V M~ X , and (iv) results from the 
definition of [M : N}. □ 

Now let F± , F2 be two free .R^-modules spanning the same K-space V 
as M. By Lemma 7.17 (ii) we have [F x : M] = [Fi : F 2 }[F 2 : M]. Since 
Fi, F2 are free, there is an isomorphism of Fi onto F 2 which can be extended 
to an automorphism / of V, and also, for every non- Archimedean v, to an 
automorphism f v of the corresponding 1^-space V v . Now note that the image 
of d = det / in if v equals det/ v , hence [F± : i 7 ^ = cLR v , and we get [F± : 
F 2 ] = dRx- We see thus that [Fi : M] and [F 2 : M] lie in the same class of 
H(K), and this class depends only on M. Denote it by Cl(M). 

Lemma 7.45. (i) If I is a fractional ideal of K then I G Cl(I), 
(ii) Cl{M 1 0 M 2 ) = Cl{M 1 )Cl{M 2 ), 

(Hi) If M = K^r 1 0 I with an ideal I of R K then I G Cl(M). 

Proof : (i) In this case Rk is a free ii^-module spanning the same space as 
/, thus [Rk : /] G Cl(I), and it remains to observe that Lemma 7.45 (iv) 
implies [Rk ' I] = I- 

(ii) Let Fi , F 2 be free .Rx-modules spanning the same spaces V\ , V 2 as Mi 
and M 2 , respectively. Then the free ii^-module F\ 0 F 2 spans the same space 
V\ 0 V 2 as Mi 0 M2, and the corresponding fact is true also for {F\ 0 F 2 ) v 
and (Mi 0 M 2 ) v . Moreover, if (di) v is the determinant of the automorphism 
of (Yi)v induced by (Fi) v — > {Mi) v (i — 1,2), then the determinant of the 
automorphism of (Vi 0 V 2 ) v induced by (F\ 0 ^2)^ — > (Mi 0 M 2 ) v equals 
{di) v {d 2 ) v , which gives 

[Fi 0 F 2 ,Mi 0M 2 ] = [F^M^FiMv, 

and this implies (ii). 

The assertion (iii) follows easily from (i) and (ii). □ 

We can now conclude the proof of our theorem. Let a\ , . . . , a n be an ar- 
bitrary K-basis of L, and let D G K* be its discriminant. Let M be the free 
i^x-module generated by this basis, and choose an idele (x v ) G Ik represent- 
ing the discriminant d{L/K) (which is an element of Ik/U^, and even, as 
the proof of Theorem 6.31 shows, of I^Iq/U^). Now consider, for every non- 
Archimedean valuation v of K, a basis {hj} of the ^-module ® weE R w , 
where E v is the set of inequivalent extensions of v to L, and R w is the ring of 
integers of L w . Denote the discriminant of this basis by d v . We can express 
the bj's in terms of the c^'s, and let D v be the determinant of the matrix 
involved. Then 

d v = D 2 V D. (7.34) 
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Now we apply the homomorphism u to d(L/K) looking at the behaviour 
of £ = (d v ). We have = £ mod U^-Io, but since £) is principal, (7.34) 
implies = (D%) mod t/j^io- Applying u 0 we obtain (D^ mod U^Iq, and 
it remains to show that this element is carried into Ck(L) by t2 ot _1 . To this 
end observe that [M : is the ideal induced by the idele (D v ), Ck(L) is 
the class containing [M : Rl], and the image of this class under t is the coset 
of U^I 2 in I 2 K containing {D 2 ). □ 

Corollary 1. The ring Rl is a free Rx-module if and only if u(d(L / K)) — 1, 
i.e., if d(L/K) has a representative in Iq. □ 



The next corollary gives an explicit formulation of Theorem 6.31: 



Corollary 2. If C is the class in H(K) containing d(L/K), then C = 
C K (L) 2 . 

Proof : Note that C contains the ideal induced by any representative of 
d(L/K), Ck(L) contains the ideal induced by the idele (D v ), and apply 
(7.34). □ 



Corollary 3. // the extension L/K has a relative integral basis, then the 
discriminant d(L/K) is principal. In the case of odd h(K) the converse im- 
plication holds. 



Proof : If L/K has a relative integral basis, then Ck(L) — 1? an d so by 
Corollary 2 the discriminant d(L/K) is principal. If 2 f h(K) and d(L/K) is 
principal, then the same corollary implies Ck(L) = 1. □ 



We know from Chap. 1 that if h(K) ^ 1, then there exist non-free finitely 
generated and torsion-free i^x-modules. We show now that for suitable L/K 
the rings Rl have this property. 

Proposition 7.46. If M is an arbitrary torsion-free and non-cyclic Rk- 
module with two generators, then there exists a quadratic extension L/K 
such that Rl is isomorphic to M as an Rk -module. 

Proof : We need a lemma describing explicitly the class Ck(L) for quadratic 
L/K: 

Lemma 7.47. Let L/K be a quadratic extension, write L — K(y/a) with 
a G Rk, and let aRx = Yl P ap • For every prime ideal p with even a p 
let s p be the maximal rational integer s such that p s divides 2Rk, and the 
congruence 

x 2 = a7r~ ap (mod p 2s ) 
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is solvable, where 7r p is an element of p \ p 2 . For remaining prime ideals p 
put s p — 0. Then the class Ck(L) contains the ideal 

2 J]p s * m >, 
p 

where m p denotes the integral part ofa p /2. 



d v (L/K) = {f nF ^ a) ! f / is 
v 1 J yi if v is 



Proof : Let us look at the components d v (L/K) of d(L/K). If v is Archimede- 
an, then 

is real, 
is complex, 

where F v denotes the embedding of K in K v , and if v is non- Archimedean 
then 

A (T IK\ - i 1 mod u2 ( K v) if $ v s P lits in L l K i 
OvW*) - I q^^/kJ otherwise. 

Consider now the case when the prime ideal p corresponding to v does 
not split, fix 7r G p \ p 2 , and write for shortness m = ra p , s = s p and a = a p . 
If p { 2a, then Theorem 5.15 (i) gives 

d v (L/K) = a mod £/ 2 (i^) = (27r" m - s ) 2 a mod U 2 {K V ), 

because in this case m = s = 0, and 2 is a unit in K v . 

If p { 2 and a > 0 is even, then writing a = e(7r m ) 2 with e G ?7(iif v ) one 
sees that K v (y/a) = K v (y/e). Theorem 5.15 (i) gives now 

d v (L/K) = c mod £/ 2 (i^) = (27r" m - s ) 2 a mod £/ 2 (i^), 

since again we have s = 0 and 2 G U(K V ). 

If a is odd then the distinction between the cases p|2 and p \ 2 is irrelevant. 
Writing a = e7r(7r m ) 2 with e G we get /^(Va) = ^(x/ttc), and 

applying Theorem 5.15 (ii) we arrive at 

d v (L/K) = 4e7T mod U 2 (K V ) - 4a(7r" m - s ) 2 mod U 2 (K V ). 

It remains the case p|2 and 2\a. Here a = eir 2m (e G U(K V )), thus 
K v (y/a) = K v (y/e), and by Theorem 5.15 (iii) we get 

d v (L/K) = 4e7r" 2s mod £/ 2 (i^) = a(27r" m - s ) 2 mod £/ 2 (i^). 

These results show that d{L/K) = a£ 2 mod where £ = with 

_ f 27r^ sp-mp if v is non- Archimedean, 
I 1 otherwise. 

Indeed, one has only examine the u-component for those v for which p = p v 
splits in L/K. If p \ 2 then s p = 0 and a is a square in K v , say a — b 2 . 
Then az 2 - 4& 2 7i- m * mod U 2 (K V ). Obviously 267r" m lies in U(K V ), and so 
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ax 2 v = 1 mod U 2 (K V ), hence d v (L/K) = ax 2 v mod U 2 (K V ). If p\2 then a7r~ a 
is a square, say fr 2 , in K v . Thus p s |2 and p s+1 \ 2. Now 

ax 2 - 4a(7r~ s - m ) 2 mod £/ 2 (i^) = (26tt- s ) 2 mod U 2 (K V ) = 1 mod U 2 (K V ), 

as required. 

Finally, observe that by Theorem 7.42 C K {L) coincides with u(d(L/K)), 
which equals the class in H{K) containing the ideal induced by the idele £, 
and this ideal is equal 

P 

To prove the proposition it remains to show that to every class C G H(K) 
there exists a quadratic extension L/K with Ck{L) = C. To this end write 

p 

2<Ep 

and let qi G C -1 be a prime ideal not dividing /. Select a prime ideal q2, 
not dividing qi/, for which the product iq 2 q2 is a principal ideal, generated 
by a, say. Now put K = K(y/a). According to the lemma the class Ck(L) 
contains the ideal 

Y[ p~ sp _mp , 

p\aR K 

and for p dividing clRk we have s p — m p — 0 with the single exception of 
p = qi, in which case s p = 0, m p — 1. Hence q^ 1 lies in Ck(L), and we get 
C = C K (L). □ 

Corollary. The equality h(K) = 1 holds if and only if every quadratic ex- 
tension of K has a relative integral basis. □ 

The last proposition shows that the Steinitz classes Ck{L) cover H(K) 
when L ranges over all quadratic extensions of K. An analogous result for 
normal extensions of a fixed odd degree fails to hold in general, as can be 
seen from the following result of McCulloh [66] : 

Proposition 7.47. Let N be an odd integer, and denote by Tjy the greatest 
common divisor of numbers (p—l)/2, when p runs over all prime divisors of 
N. Assume that Tjy has an odd prime divisor q, and choose a field K with 
q\h(K). Then there is a class in H(K) which is not the Steinitz class of any 
normal extension L/K of degree N . 

Proof : If L/K is normal of degree N, then by Corollary 1 to Proposition 6.9 
we have d{L/K) = I 2Tn with a certain ideal / of R K . If X is the class of / 
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in H(K), then by Corollary 2 to Lemma 7.45 we get C K {L) 2 = X 2Tn . Since 
q\(Tjsr , h(K)) and q is odd, we see that Ck{L) must be a g-th power, thus 
lies in a proper subgroup of H(K). □ 

Note that in view of a result of Nagell [22], which we shall prove in the 
next chapter (see Theorem 8.25), one can take for K a suitable imaginary 
quadratic field. 



7.4. Notes to Chapter 7 

1. The first application of Dirichlet series to number theory was given by 
Dirichlet [37a,b], [38], [39]. He used the functions L(s, %), which in our ter- 
minology are zet a- functions attached to Dirichlet characters. The first sys- 
tematic use of was made by Riemann [60]. Dedekind's zeta-function was 
introduced in Dedekind [71], although in certain special cases it appeared 
already in Eisenstein [44b]. Dedekind established the existence of the limit 
lim s _ > i(5 — l)£#-(s), and its connection with the class-number. Landau [03a] 
was the first to continue Ckt( 5 ) beyond the line Re s — 1 to the open half- 
plane Re s > 1 — [K : Q] _1 . Hecke [17a] proved that Dedekind's zeta-function 
can be extended to a meromorphic function in the complex plane, and found 
the functional equation for this function (our Theorem 7.3). For some fields, 
including pure cubic and Abelian extensions of Q this has been known earlier 
(cf. Dedekind [00], Hurwitz [82]). Other proofs of Theorem 7.3 were given in 
Miintz [24], Siegel [22b] and Tate [50]. The proof given by us follows that of 
Tate. A version of Hecke's proof appears in Neukirch [92]. 

2. A simple product formula for the residue Kk of Ck{s) was given in Wintner 
[46b] (see also P.Cassou-Nogues, Fresnel [79]). Corollary 4 to Theorem 7.3 was 
improved consecutively in Siegel [69a], Lavrik [70] and Lavrik, Edgorov [75]. 
Lavrik showed that one can take (2/3) n for the constant occurring in that 
corollary. For pure cubic fields the bound h{K)R{K) < (y/D log D) / (6\/3) 
was obtained in Barrucand, Loxton, Williams [87], who removed the factor 
log log D from a bound proved by H.Cohn [56b]. For explicit upper bounds 
for hn see also Hoffstein [79] and Louboutin [98b], [00]. A lower bound was 
given in Le [95] in the case of Abelian extensions with odd degree. For pure 
extensions of prime degree see Barrucand, Louboutin [93]. 

A discussion of various ways to generalize results about to Ck( s ) was 
given in S.Lang [71]. 

3. Zet a- functions with arbitrary Hecke characters 3 were introduced by He- 
cke [18], who also proved Theorem 7.9. He utilized the language of ideal 



3 The name Hecke character appears first in Weil [74]. Hecke called them Grossen- 
charaktere, i.e. characters of magnitude. 
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numbers. The modern approach is due to Weil [36], [51]. Cf. Hasse [54b], 
Tate [50]. Our proof of Theorem 7.9 is modelled upon Tate [50]. This method 
was independently found by Iwasawa, but not published (see Iwasawa [92]). 
For an interpretation of this result in terms of distributions see Weil [66]. 

The Hilbert-Ostrowski theorem (Ostrowski [20]) states that (k and its 
derivatives form an algebraically independent set. Popken [66] proved that 
(k{s) cannot satisfy an algebraic difference-differential equation, and stud- 
ied also the algebraic independence of sets of Dedekind zeta-functions of 
quadratic fields over the ring of polynomials with complex coefficients (cf. 
Reich [82]). If K±, . . . , K m are distinct normal fields, then their Dedekind 
zeta-functions are linearly independent (Nicolae [00]), and Voronin [75b] es- 
tablished functional independence for finite families of Dirichlet L- functions. 

It has been proved in Voronin [75a] that every regular function on the 
complex plane can be uniformly approximated by translations of Riemann's 
zeta- function, and the same holds for Dirichlet 's L- functions (cf. Laurincikas 
[96]). It turned out later that the same property have Dedekind's zeta func- 
tions (Reich [80], [82]) and zeta functions associated with Hecke characters 
(Mishou [01], [03]). 

4. Corollary 5 to Theorem 7.3 is due to Per lis [77a]. Fields satisfying its 
assumptions are called arithmetically equivalent . The first examples of such 
fields (of degree 180) were constructed by Gassmann [26]. One says that 
a field K is solitary, if the only fields arithmetically equivalent to K are 
isomorphic to K. It has been shown by Perlis [77a] that every field of degree 
< 6 is solitary, and later it turned out that also fields of degree 9 and 10 are 
solitary (Rzedowski-Calderon, Villa- Salvador [96]), whereas there are non- 
solitary fields of degrees 7 and 8 (Perlis [77a]). 

Arithmetically equivalent fields may have distinct class groups. Perlis, de 
Smit [94] showed that this happens for Q(^ r T5) and Q(^-240) (cf. de Smit 
[98]). Also the norm-sets N k /q(Rk) may be different (Coykendall [00]). Perlis 
[77b] proved that two fields K, L of odd prime degree p are arithmetically 
equivalent if and only if the degree of their composite is less than p 2 . It follows 
from a conjecture of Wielandt (see Cameron [72]), which is now a theorem 
(see Th.1.51 in Gorenstein [82]), that there do not exist three pairwise non- 
isomorphic arithmetically equivalent fields of odd prime degree. 

For further results concerning arithmetically equivalent fields see Jacob- 
son, Velez [90], Klingen [78], Komatsu [76c], [78], [84], Perlis [78], [85], Perlis, 
Schinzel [79], Stuart, Perlis [95]. For generalizations to relative extensions 
see Klingen [78], Nagata [86]. The theory of arithmetically equivalent fields 
is presented in the book of Klingen [98] . Another types of field equivalence 
were introduced in Somodi [02], and Sonn [85] (cf. Lochter [93]). 

5. If x(J) = Xi(/)7V(/) S is a Hecke character of conductor f, xi 1S proper, 
s G Q, and in the formula (7.11) applied to xi we have a v — 0 for all v, then % 
is called a character of type (A). If moreover, for totally positive x = 1 mod f 
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one has 

x (x) = ± n x v v ^v 

with r v ,s v G Z, then x is called a character of type (Aq). These characters 
were introduced by Weil [56], who showed that characters of type (A) have 
algebraic values, and the values of characters of type (Ao) associated with 
a field K lie in a fixed algebraic number field L = L(K). The converse was 
established by Waldschmidt [81]. In Rohrlich [80c] zeta- functions of these 
characters were studied. There are deep relations between zeta- functions of 
such characters and certain zeta-functions of Abelian varieties, established 
by Taniyama [57]. 

These characters, and the corresponding zeta-functions were later stud- 
ied in Iwasawa [75], Jensen [60], Kubert [85], Kubert, Lichtenbaum [83], 
C.G.Schmidt [80]. Lichtenbaum [82] presented a conjectural formula for 
C(0, J a )» and his conjecture has been proved by Brattstrom [82] for real 
Abelian fields, by Brattstrom, Lichtenbaum [84] for complex quadratic fields 
with odd class number, and by Anderson [86] for totally real fields and CM- 
fields. Anderson actually deduced Lichtenbaum's conjecture from a conjecture 
of Deligne [79] , which in the considered cases is now a theorem. For totally 
real fields this follows from Siegel [80], and for CM-fields it has been done 
by Blasius [86]. For an exposition see Schappacher [88]. 

Weil [52a] showed that Jacobi sums (introduced by Jacobi [46] in certain 
special cases) are in fact Hecke characters. They are defined as follows: let 
m > 2, K = Q(Cm)» choose an unramified prime ideal p in Rk and put 
p = N(p). Let Xm be the ra-th power character mod p, i.e., 

Xm (x) m = l and X m(x) = xto-V/™ (mod p). 

For any a = [ai, . . . , a r ] with G Z/raZ put 

Up) = (-i) 1+r 5> m 0cir • • • xmOO 0 -, 

the summation extended over all xi, . . . , x r mod p satisfying ^ x\ = —1 mod 
p, and extend J a by multiplicativity to all ideals of Rk, prime to tuRk- 
Weil showed that J a is a Hecke character for all a ^ [0, 0, . . . , 0] (cf. Hasse 
[54b]). In Weil [74] this construction was extended to the case of arbitrary 
Abelian number fields. For conductors of these characters see R.F.Coleman, 
McCallum [88], Hasse [54b], Miki [94], Prapavessi [91]. Fields generated by 
Ja{p) were determined in Aoki [96]. 

If E is an elliptic curve with complex multiplication, then its L-function is 
expressible by zeta-functions of Hecke characters. This has been established 
by Deuring [53]. For an exposition see Gross [80]. There is a large literature 
concerning these functions, and the reader is advised to consult the book of 
Silverman [94]. 

Weil [52b] established an explicit formula for the limit 
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r lim ^ 

|Im P \<T 

where 



<p(s) = / exp((s - l/2)x)dx, 

«/ oo 



F is a complex- valued function satisfying suitable regularity conditions, and 
p runs over all zeros, satisfying 0 < Re p < 1, of a zeta- function associated 
with a Hecke character (see also Barner [81], Haran [90], Yagi [72]). The book 
of S.Lang [64] has a chapter devoted to this formula. 

For the proof of Theorem 7.3 see Tate [50] and Tatuzawa [73b]. 

The scalar product of zeta-functions of Hecke characters Xi an d X2 is 
defined by 

^(*,Xl,X2)- 2^ N (T)s ' 

N(I)=N{J) V 7 

and a similar definition is used in the case of more characters. Vinogradov [65] 
continued this function to the half-plane Re s > 1/2, and Kurokawa [78a,b], 
[86] obtained a necessary and sufficient conditions for the scalar product to 
be meromorphic in the case when all characters of finite order. The general 
case was treated in Moroz [82], who in [88] treated also scalar products of 
more general functions. For further results dealing with scalar products see 
the book of Moroz [86]. 

7. An important class of functions was introduced by Artin [24], [30b] and 
they are now called Artin's L-functions. Every such function is associated to 
a normal extension L/K and a character x °f a finite-dimensional represen- 
tation of Gal(L/K), and is denoted accordingly by L(s,x>L/K), or simply 
by L(s,x)- ^ L/K is Abelian and x is a character of an irreducible repre- 
sentation, then L(s, x) coincides with the zeta-function of a suitable Hecke 
character of finite order. 

Accounts of the theory of Artin's L-functions may be found in Hasse [26c], 
Heilbronn [67], Koch [90] and Martinet [77a]. Therefore we limit ourselves just 
to few remarks. It was shown by Brauer [47b] that every Artin's L-function is 
a product of powers (with rational integral exponents) of zeta-functions cor- 
responding to Hecke characters of finite order in various fields, and thus, by 
Theorem 7.9, is meromorphic. Artin conjectured that they are entire, with 
some explicitly given exceptions. Class-field theory implies the validity of 
this conjecture for characters of one-dimensional representations, and Artin 
himself established it for monomial representations. In the two-dimensional 
case the occurring representations can be partitioned into four families — 
dihedral, tetrahedral, octahedral and icosahedral. Artin's conjecture in the 
dihedral case was established by Artin [24] himself, and for tetrahedral rep- 
resentations it was proved by Langlands [70] (for expositions of his proof see 
Gelbart [77], Gerardin, Labesse [79]), who also showed its truth for certain 
octahedral representations, and Tunnell [81] proved it in the octahedral case. 
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For certain classes of icosahedral representations the truth of Artin's conjec- 
ture was established in Buhler [78], Buzzard, Dickinson, Shepherd-Barron, 
Taylor [01], Kiming [94], Kiming, X.D.Wang [94], Ramakrishnan [91], Taylor 
[03] . In the general case Artin's conjecture would follow from Langlands con- 
jectures concerning automorphic representations of GL n . See Gelbart [84] on 
this topic. 

For other results related to Artin's conjecture see Aramata [39], Foote [90], 
Foote, Wales [90], V.K.Murty [88], Sato [77], Uchida [75], Vinogradov [71], 
[73], van der Waall [73], H.Yoshida [77]. For a survey see Prasad, Yogananda 
[00]. 

Artin's conjecture is related to a question, considered in a special case 
already by Dedekind [00], and stated by Artin [23], whether the quotient 
(l(s)/(k(s) is entire in case K C L. If L/K is normal then a positive answer 
gave Aramata [31], [33] and Brauer [47a]. See also Foote, Murty [89], Ishida 
[57], van der Waall [74b], [75], [82]. 

A similar conjecture has been posed by Brauer [73], who asked whether 
the ratio 

is entire, where L is the composite of the fields K\ and K2, and k is their 
intersection. He showed that this is true if Kijk are normal for i = 1,2. In 
the general case only partial results are available (Sato [82], [83], [85], [86], 
van der Waall, Sato [93]). 

The functional equation for Artin's L- functions contains a term W(x) 
of absolute value 1. It is called the Artin's root number. Hasse [54a] posed 
the problem of factorization of W(x) into local factors, and a solution was 
given, up to sign determination, by Dwork [56] . A complete solution has been 
announced in Langlands [70]. Another proof was given by Deligne [73] (cf. 
Deligne [76], Lakkis [66a], Tate [77]). 

If the character x is real- valued then W(x) = =1=1, and it was shown in 
Frohlich, Queyrut [73] , that if % is a character of a real representation, then 
W(x) = 1, but otherwise W(x) = — 1 may occur. In Chap. 4 we noted the 
connection of the sign of W(x) with the problem of the existence of normal 
integral bases. 

For analogues of Gaussian sums associated with local factors of the root 
number see Frohlich [83c], Frohlich, Taylor [80], Martinet [77a]. Analogues of 
Jacobi sums have been considered in Bushnell [77a], Frohlich [76b], [77c]. 

Stark considered in a series of papers (Stark [75a], [76a], [80]) the values 
of Artin's L- functions and their derivative at s = 0 and 5 = 1, and pro- 
posed certain conjectures. For Abelian extensions of totally real fields and of 
imaginary quadratic fields they are consequences of results of Siegel [70]. For 
expositions see Stark [82] and the book of Tate [84]. Proofs in special cases 
were obtained in Chinburg [83a], Sands [84a,b], [85], [87]. See also Bae [92], 
Chinburg [83c], Frohlich [89], Stark [77a,b], Tate [81a,b]. 
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For other results on Artin's L-functions see Barrucand [71], Goldfeld [73], 
Lagarias, Odlyzko [79], Odlyzko [77], Serre [71a], Suetuna [35], [36], [37], 
Weinstein [79], [80]. 

A still more general class of zeta-functions was introduced by Weil [51], 
who defined the Artin-Hecke functions, associated to characters of represen- 
tations of a group Gl/k defined for normal L/K as a certain extension of 
C(L) by Gal(L/K). They satisfy a functional equation, found by Tamagawa 
[53]. See Jehne [54], Lakkis [66b], [67], Tamagawa [51], Weil [71], [72]. 

6. An important class of functions, the Selberg class S, encompassing many 
zeta-functions occurring in number theory, has been introduced by Selberg 
[92]. It consists of all functions F(s) having the following properties: 

(i) In the half-plane Re s > 1 F is the sum of an absolutely convergent 
Dirichlet series ^ n n~ s , 

(ii) For every positive e one has a n = 0(n e ), 

(hi) For certain integer m > 0 the function (s — l) m F(s) is entire of finite 
order, 

(iv) F satisfies a functional equation of the form 

- - s), 

where \oj\ — 1, and 

r 

$(s) = Q s Y[r(\ j s + H )F(s), 

3 = 1 

with some positive numbers Q, Xj and jij lying in the half-plane Re s > 0, 

(v) One has 

CXD 

logF(s) = ]T& n ri- s , 

where b(n) vanishes, unless n is a prime power, in which case b(n) — 0(n e ) 
with some 6 < 1/2. 

The sum 2^ =1 is called the degree of F and is denoted by dp. 

Selberg proposed important conjectures concerning functions from the 
Selberg class: 

(A) If F £ S, then with a positive integer rip one has 

la I 2 

— L - ~ n^loglogx + 0(1), 

and if F is primitive, i.e. cannot be written as a non-trivial product of two 
functions in S, then rip = 1. 

(B) If F,G E S are both primitive, and G(s) = X^^Li ^n^ -s ? then 
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p<x ^ 

(C) (The degree conjecture) If F G S, then dp is a non-negative integer. 

It follows from a result of Richert [57] (see also Conrey, Ghosh [93]) that 
the degree conjecture holds in the case 0 < dp < 1, and in Kaczorowski, 
Perelli [99a, V] this has been extended to the range 0 < dp < 5/3. 

It turned out (Kaczorowski, Perelli [99a,I]) that if F G S and dp — 1, then 
F is a shift of a Dirichlet L-function associated with a primitive character 
(for another proof see Soundararajan [03]). 

Conrey and Ghosh [93] proved that every non-constant function in S can 
be written as a product of primitive functions, and, moreover, the Selberg 
conjectures imply that this representation is unique. 

These conjectures are very powerful, as they imply a part of Langland's 
conjectures, and also Artin's conjecture, which states that all non-trivial 
Artin L- functions are entire (M.R.Murty [94]). 

For another conjecture, proposed by Sarnak see Kaczorowski, Perelli 
[99a,III], Vorhauer, Wirsing [01]. 

More about the Selberg class may be found in surveys of Kaczorowski, 
Perelli [99b] and M.R.Murty [94]. 

7. For the history of Corollary 2 to Proposition 7.12 see Narkiewicz [00]. 

Zet a- functions satisfy also certain approximate functional equations. For 
the Riemann zeta-function such an equation has been given by Hardy and 
Littlewood [23], but actually it goes back to Riemann (see Siegel [32]). For 
Dedekind zeta- functions of Abelian fields this was done by Gelfond [60] , and 
for a large class of zeta- functions including all Dedekind's Ck(s) such equa- 
tions were obtained in Chandrasekharan, Narasimhan [62b], [63] and Lavrik 
[68] (cf. Kaufman [78b]). 

Theorem 7.15 for Dirichlet 's L- functions is due to Dirichlet [38], and its 
general form is due to Hecke [18]. A proof based on class- field theory may be 
found in the book of Weil [67] (Chap. XIII, Th.ll). 

The Great Riemann Hypothesis (GRH) asserts that no zeta-function of 
a proper Heche character has a zero in the open half-plane Re s > 1/2. It is 
also conjectured that all zeros on Re s = 1/2 are simple. The largest zero- 
free region for Ck(s) was obtained by Mitsui [68] and Sokolovskii [68]. They 
proved that (cr + it) ^ 0 in the region 

o~ > 1 - Clog-^^loglogt)- 1 / 3 , \t\ > t 0 

with suitable positive constants C and to depending on K (for earlier results 
see Landau [19b], [24a]). It was shown by Bartz [78] that one can take t 0 — 4 
and C = cn -11 |^(iC)| -3 , with n = [K : Q] and c independent of K. See also 
Werbinski [88]. 
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A similar zero-free region has been established by Hinz [80] for zeta- 
functions of every Hecke characters x °f finite order. In this case the involved 
constants depend additionally on the conductor of x ( see a l so Bartz [85]). 
The case of characters of infinite order has been considered by M.D.Coleman 
[90]. 

The first bound for values of the Dedekind zeta-function appeared in 
Landau [03a]: + it) = 0(log \t\). Sokolovskii [68] improved this bound 
to 0(log 2 / 3 \t\). Lower bounds for C(l, x), where x is a character of the class- 
group, gave Landau [19a]. For other bounds for Ck(s) and certain other zeta- 
functions in the strip 0 < Re s < 1 see Bartz [88], Bartz, Stas [86], Heath- 
Brown [88], Hinz [79], Kaufman [78a,b], [79], Motohashi [70], Stas [76], [79], 
Weinstein [77], Wieczorkiewicz [79]. 

Asymptotics for / Q T \£ K (l/2 + it)\ 2 dt was found in Miiller [89a]. 

Large values of |Ck( s )| for quadratic K were considered in Balakrishnan 
[86], who generalized a result of Montgomery [77], dealing with Riemann's 

COO- 

Mean values of the functions £(s, x)? where x are characters of H(K) for 
imaginary quadratic fields K were studied in Duke, Priedlander, Iwaniec [95]. 

8. Denote by Nk(ct,T) the number of zeros p of (k(s) satisfying Re p > a 
and |Im p\ < T, each counted according to its multiplicity. Prom GRH the 
equality iV^(cr, T) = 0 follows for a > 1/2, and so it is of interest to obtain 
unconditional upper bounds for Nk(ct,T). The best result here is due to 
Heath-Brown [77], who for every e > 0 got 

N K {a, T) < T^ 6 ^ 1 '^ log c T, 

with C = C(e,K) and n = [K : Q] > 3, uniformly for 1/2 < a < 1, and 
obtained a similar result in case n = 2. The Density Hypothesis, which is 
weaker than GRH, claims that 

N K (a, T) < t2(i-<t)+6 log c T 

holds uniformly for 1/2 < a < 1 with C = C(e, K). In the case K = Q the 
Density Hypothesis for a > 11/14 was established by Jutila [77], who also 
proved it for a > 21/26 for Abelian fields. Cf. Heath-Brown [77], Sokolovskii 
[66], Wieczorkiewicz [80]. 

Similar questions for various classes of zeta-functions have been studied in 
Bartz, Pryska [89], Bulota [63], [64], Duke [89], Fogels [65], [71], [72], Hilano 
[74], Hinz [76], Johnson [79], Maknis [75a,b], [76]. 

A lower bound (> T 6 / 11 ) for the number of simple zeros p in the rectangle 
0 < cr < 1, 0 < t < T of Ck(s) fc> r quadratic K was proved in Conrey, Ghosh, 
Gonek [86], and a much better bound (^> TlogT) is a consequence of the 
Riemann Hypothesis. 
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Heilbronn [72], [73] proved that if L/K is normal, then every real simple 
zero of Ck(s) is already a zero of a Dedekind zeta- function of a quadratic ex- 
tension of K contained in L. It is an old unsolved question whether Dedekind 
zeta- functions of quadratic fields may have zeros in the interval (0,1). This 
question is related to the magnitude of the class-number (see Chap. 8). It has 
been proved in Conrey, Soundararajan [02] that for at least 20% of negative 
even quadratic discriminants the function Ck(s) does not have real zeros. 
Moreover, this is true (Watkins [04a]) for all imaginary quadratic fields K 
with d(K) < 3 • 10 8 . Cf. Qallial [80], P.Chowla [74], S.Chowla [36], Chowla, 
Erdos [51], Chowla, Hartung [74b], Chowla, de Leon [74], Chowla, de Leon, 
Hartung [73], Heilbronn [37], Louboutin [03], Low [68], Purdy [72], Rosser 



For fields of higher degrees the equality £#-(1/2) = 0 may well happen, 
as the example K = Q(a, 6, c) with a = a/5, b = \/4l, c = \/(5 + a) (41 + ab) 
shows, found by Armitage [72]. The fact that zeta-functions of a large class 
of Hecke characters do not vanish at s = 1/2 has been established in Mont- 
gomery, Rohrlich [82] and Rohrlich [80a,b]. 

Landau [19b] showed that there exists C — C(n) such that for any real 
T all Hecke zeta-functions of a field of degree n have a zero in the rectangle 
1/2 < Re s < 1, T < Im s < T + C, and later Siegel [72a] proved that C 
may be taken independent of n. Let z(K) be the minimal imaginary part 
of a zero of (k(s)- It was proved by Neugebauer [88] that for fixed [K : Q] 
one has z(K) <C 1 / log log log |d(iir) | . In Tollis [97] it has been conjectured 
that z(K) < C/ log |d(iir)|, where C depends only on the degree of K, and 
Omar [00] showed that GRH leads to the bound z(K) < 1/ log log \d(K)\, 
with the implied constant depending on the degree of K. Evaluations of z(K) 
for totally complex fields with small degrees and discriminants were given in 
Omar [01]. 

In Chowla, Goldfeld [76] several Hecke zeta-functions without zeros in the 
interval (0, 1) were found. 

For other results dealing with zeros of zeta-functions see Fogels [63], 
Fryska [79], [91], Fujii [77], Greenberg [85], [87], Haselgrove [51], Hinz [77], 
Hinz, Lodemann [94], Odlyzko, Skinner [93], Rohrlich [92]. 

9. The partial zeta-function of a class X of Hi{K) or Hj(K) is defined for 
Re s > 1 by 



Theorem 7.9 implies that Z(s, X) can be prolonged to a meromorphic func- 
tion (this is a result of Hecke [17a]). From a result of Potter and Titchmarsh 
[35] it follows that for imaginary quadratic K the function Z(s, X) has in- 
finitely many zeros on the line Re s = 1/2 (cf. Hecke [37]), and the same 
holds also for real quadratic fields (Chandrasekharan, Narasimhan [68], cf. 
Berndt [71a]). For certain other classes of fields see Berndt [70], Czarnowski 



[49]. 
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[82]. Zeros of partial zeta- functions of quadratic fields lying on the critical 
line were considered in Sankaranarayana [95]. A link between the existence 
of an ideal of small norm in X, and real zeros, close to 1, of Z(s,X) was 
established in Friedman [87] . 

Let K be an imaginary quadratic field and let X be a class in H(K). An 
explicit value for 

aJX) = lim (0 - l)Z(s,X) - k) 

s—tl 

was given by Kronecker [85] (Kronecker's limit formula). See Siegel [61] for 
a proof and various applications (cf. Ramachandra [64], [69], Shintani [80a], 
Zagier [75a]). For an analogous result in real quadratic fields see Hecke [17d], 
Herglotz [23] , Novikov [80] , Shintani [77a] , . Certain quartic fields were treated 
in Hara [93], Katayama [66] and Konno [88], and the case of CM- fields was 
settled in Konno [65]. Finally, an analogue of Kronecker's formula for all 
algebraic number fields was obtained by Goldstein [74]. For values of Z(s,X) 
at s = 0 in the case of real quadratic fields see Hayes [90] . 

Partial zeta- functions in totally real fields were treated by Shintani [76a], 
who expressed them as finite sums of simpler Dirichlet series, and in Shintani 
[80b] the same result was obtained for arbitrary fields. 

10. Much attention has been attracted by the values of various zeta- functions 
at particular points, mostly at integers and rationals. It seems that many 
properties of algebraic number fields are encoded in those values. As an ex- 
ample of this philosophy one can take the junction between the vanishing of 
Ck(s) at s — 1/2, and the existence of a normal integral basis in the case 
when K/Q is tame, and has the quaternion Galois group; we discussed this 
in Chap. 4. A very general conjecture relating the values of various zeta- 
functions at integers to integrals of differential forms on varieties appears in 
Deligne [79]. 

The values of £(s) at even positive integers have been computed already 
by Euler, and the analogous question for Dedekind's zeta-function of Q(i) 
has been dealt with by Hurwitz [99]. Later Hecke [21a,II] considered real 
quadratic K, and asserted that for even s > 0 and every class X G H*(K) 
the equality 

Z(s, X) = r (s, X)tt 2s y/d(K) 

holds with a certain non-zero rational r(s,X). This clearly would imply a 
similar assertion for Ck(s), and it would follow from the functional equation 
that for k = 1,2, . . . the value Or(l — 2k) is rational. Hecke's assertion was 
established in H.Lang [68], Meyer [67], Siegel [69b] (cf. Siegel [37]). Analogues 
for Z(s,X) with X G Hj(K) have been obtained in the case of totally real 
K by Klingen [62] and Siegel [70]. 

Serre [71b] posed two conjectures concerning the value of Ck(s) for totally 
real K at negative odd integers. The first asserts that if p is a rational prime 
and p is a prime ideal lying over p in Rk , then the denominator of 
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N(p) 2k - 1 
2 n 



C*(l-2k) 



(where n = [if : Q]), is a power of p for & = 1, 2, . . ., and the second states that 
the ratio Ck(1 ~~ 2fc)/£(l — 2k) is a rational integer, divisible by an explicitly 
given power of 2. For Abelian K these conjectures were proved in Fresnel [71] 
and Coates, Lichtenbaum [73] . The first of Serre's conjectures can be deduced 
from more general conjectures of Lichtenbaum [72] and Coates, Lichtenbaum 
[73], which express, in particular, the exponent of a prime occurring in the 
factorization of Oc(l - 2k) (and, more generally, of L(l - 2k,XiL/K)) in 
terms of p-adic cohomologies. These conjectures were in turn deduced by 
Bayer, Neukirch [79] from the "Main Conjecture" (see Coates [77], and the 
second edition of S.Lang [78]), which is now a theorem, due to the work of 
Mazur, Wiles [84] (see Coates [81] and S.Lang [82] for expositions), and so is 
Serre's first conjecture. 

The value Ck{— 1) is related to the theory of quaternion algebras (see 
Gueho [72a,b], [74a,b], Vigneras [74], [75a,b]). A formula for this value in 
terms of subgroups of SL 2 (Rk) was obtained in K.S.Brown [74] and Hirze- 
bruch [73]. Values of Artin L- functions at integers were studied in Taylor 



For other results dealing with values of Ck(s), Z( s ,X), an d other zeta- 
functions at integers and rationals see Barner [68], [69], Borel [77], P.Cassou- 
Nogues [79], Coates, Sinnott [77], H.Cohen [74], [76], Eie [89], Gundlach [73], 
Halbritter, Pohst [90], Hida [78], Rallies, Snyder [95], Katayama [76], Kramer 
[87], H.Lang [68], [72], [73a,b], [85b], Meyer [67], Okazaki [91], Shintani [76b], 
[77b], [81], Siegel [68a], [75], Toyoizumi [81a,b], [82], Zagier [76], [77], [86], 
[91]. 

11. Proposition 7.16 is due to Landau [18f], as well as most corollaries to it. 
Corollary 5 got an elementary proof in Babaev [71]. A version of Corollary 
6 occurs in Furtwangler [07], and its general form, for classes of Hi(K), in 
Hecke [17c], who also established Corollary 7 in that case. Corollary 7 was 
proved by Dirichlet [41b] for K = Q(z), and by Fanta [01] for K = Q(£ 3 ). 

Bounds for the least non-splitting prime in a given field were found in 
V.K.Murty [94], Vaaler, Voloch [00]. For real quadratic fields see Granville, 
Mollin, Williams [00]. 

For evaluation of character sums occurring in Proposition 7.17 (i) see 
Barban, Levin [68], Fogels [65], Friedlander [73], [74], Hinz [83a,b], Jordan 
[67], Lee [79]. 

12. Corollary 1 to Proposition 7.17 (usually called the Prime Ideal Theorem) 
was conjectured in Landau [03a], and proved in Landau [03b]. Previously only 
upper and lower bounds for ttk{x) were known, similar to those obtained by 
Chebyshev in the case K = Q (see Landau [03a], Phragmen [92], Poincare 
[92], Torelli [01]). 



[81c]. 
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Other proofs of the Prime Ideal Theorem were given in Ahern [64] and 
Rieger [59], both covering also Corollary 4 to Proposition 7.17. The first 
elementary proof was given by Shapiro [49] , who utilized an analogue of Sel- 
berg's lemma. For Selberg's lemma in this context see Ahern [65], Ayoub [55], 
G.L.Cohen [75b], Rieger [58a,b], [61c], K.Yamamoto [58]. Other elementary 
proofs appeared in Bredikhin [58], Eda, Nakagoshi [67], Forman, Shapiro [54], 
Hinz [93]. A proof based on the large sieve method gave Touibi, Zargouni [89]. 

Landau's proof gave in the Prime Ideal Theorem the bound 

0(£exp(-log 1/13 x)). 

The remainder given by us in Corollary to Theorem 7.20 is due to Landau 
[18f]. The best evaluation at this moment, namely 

O (expC-Clog^xQoglogx)- 1 / 5 )) , 

with a certain C > 0, is due to Mitsui [68] and Sokolovskii [68]. The depen- 
dence of that bound on K was investigated in Goldstein [70a] and Wiertelak 
[78]. See Friedlander [80], Revesz [83], Sokolovskii [71] for other results con- 
cerning 7Tk(x). Sign changes of the error term in the Prime Ideal Theorem 
in the form 

^ logN(p)=x + R(x) 

AT(p m )<x 

were studied in Kaczorowski, Stas [88] and Szydlo [89]. 

Theorem 7.20 shows that an enlargement of the zero-free region of zeta- 
functions leads to an improved bound for the remainder term in the asymp- 
totic formula for the corresponding counting function. This dependence can 
be reversed. In the case of the rational field this has been shown by Turan 
[50], [53; sect. 9, 13], and for arbitrary K this result is due to Stas [59], [60], 
[61], and Stas, Wiertelak [75], [76a]. 

Corollary 4 to Proposition 7.17 for classes of H(K) was proved by Landau 
[07]. His proof was based on a result of Furtwangler [07] giving the existence 
of the Hilbert class- field of K, since at that time the continuation of the zeta- 
functions beyond Re s = 1 was not known. For classes of Hj{K) and Hj(K) 
this result is due to Hecke [17c] and Landau [18f], respectively. A uniform 
evaluation of the remainder term, valid for N(I) <C exp(c log log x/ log x), was 
obtained by Hinz [76], [80] (cf. Stas, Wiertelak [76b]). This result generalizes 
Dirichlet's theorem on primes in progressions and is often called Heche's 
theorem on progressions. For early results for K — Q(i) and Q(Cs) see Fanta 
[01], H.Weber [05]. 

The analogue of Linnik's theorem on primes in progressions was estab- 
lished by Fogels [61], [62a,b], [65], [66a] and Rieger [61a] in the following 
form: 

In every class of Hj(K) there exists a prime ideal of norm not exceeding 
cN(I) b , with certain constants 6, c, depending on K. 
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See also Lagarias, Odlyzko [77], A.Weiss [83]. 

An analogue of the Brun-Titchmarsh theorem for 7Tx(x) was proved in 
Hinz, Lodemann [94]. The Barban-Davenport-Halberstam theorem for pro- 
gressions has been generalized to algebraic number fields in Hinz [81], [96]. 

For various generalizations of Bombieri's prime number theorem to alge- 
braic number fields see Hinz [88], [96], Huxley [68,111], Murty, Murty [87], 
R.J.Wilson [69]. The large sieve in these fields was considered in Huxley 
[68], Maknis [80], Schaal [70], and Schumer [86], and Linnik's sieve in Rieger 
[60], [61b]. For Selberg's sieve and its applications see Hinz [82], [03], Rieger 
[58e], Sarges [76], Schaal [68], Vinogradov [64]. For a generalization of the 
Rosser-Iwaniec sieve see M.D.Coleman [93]. For a survey of sieve methods in 
algebraic number fields see Schaal [84]. 

13. The Ideal Theorem (Corollary to Theorem 7.18) is due to Dedekind [71], 
and Theorem 7.18, in its most general form, to Landau [18f]. This paper of 
Landau, which we quoted already several times, contains a detailed treatment 
of zeta- functions associated with characters of Hj(K). For the Ideal Theorem 
see also H.Weber [96a] and Wintner [45]. 

Landau [18e,f] showed that the error term in Theorem 7.18 (hence also 
in the Ideal Theorem) is O (x l ~ c ) with c = 2/(1 + n) for fields of degree n. 
The dependence of the constants on K was in case I = Rk made explicit in 
Fogels [66a] . Tatuzawa [73a] improved the error term, and made the involved 
constant explicit. At this moment the best evaluation of the error term in the 
Ideal Theorem is due to Nowak [93], who showed that it is <C x l ~ ari log^ n x 
with 

if 3 < n < 6, 



a n = 



5n 2 +2n 

-4 if n > 7, 



and 



J 5n+2 

I 1 



if 3 < n < 6, 
if n > 7. 



For quadratic fields the best known evaluation is 0(x a log b x) with a — 
23/73 and b = 315/436, obtained by Huxley [00] (cf. Ayoub [68], Huxley, 
Watt [94], Miiller [89b], Arnold Walfisz [26])), and for cubic fields it is 0(x a ) 
with any a > 43/96 (Miiller [88]). For cyclotomic fields see Karatsuba [72]. 

One sees immediately that if for m — 2, 3, ... we write 



d m (I) 

then dm^I) would be the number of representations of 7 as a product of m 
ideals. In particular (^(7) is the number of divisors of I. It follows from a 
general result of Landau [12a] that with a polynomial Pm-i of degree m — 1 
one has 

dm(I) = zP m _i(logaO + 0(x a ), 

N(I)<x 
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with any a > 1 — 2 /(run + 1), n being the degree of K. This bound cannot 
be replaced by a > (mn — \)/2mn (Landau [24b]), and later it was shown 
that even a = (run — l)/2ran is impossible (Chandrasekharan, Narasimhan 
[62a], Joris [72]). The problem of evaluating the error term is called the Piltz 
divisor problem. 

For other results dealing with the coefficients of (k(s), or its powers, 
and the analogues of classical divisor problems see R.G.Ayoub [58], Berndt 
[69], [71b], [75], Chandrasekharan, Good [83], Chandrasekharan, Narasimhan 
[62a,b], [64], van der Corput [23], Dzhiemuratov [68], Eda [55], Grotz [80], 
Hafner [83], Hasse, Suetuna [31], Iseki [53], Kanemitsu [78], Lai [65], Lan- 
dau [03a], [12b], [25], Linnik, Vinogradov [66], Odoni [91b], Rausch [90], 
[94], Rieger [57], [58c], Suetuna [25a,b], [28], [29], [31], Szego, Walfisz [27], 
Tatuzawa [77], Anna Walfisz [64], Arnold Walfisz [25], [26], Warlimont [67]. 

Proposition 7.19 is due to Wirsing (see Ostmann [68, II, p. 67). For the 
field Q(i) it goes back to Landau [08] (see also Luthar [66]). Its extension 
to non-normal extension appears in Odoni [75a]. Asymptotic behaviour of 
the number of positive rational integers < x which are norms of fractional 
ideals of K, and norms of principal fractional ideals of K, respectively, has 
been determined in Odoni [73b]. See also Odoni [75b], [77a,b], [78], [89], 
L.RSchmid, Shanks [66], Wintner [46a]. 

14. Hecke [18] used his zeta-functions to prove uniform distribution in sectors 
of points (x,y) £ M 2 such that for a fixed quadratic form the value f(x,y) is 
a rational prime. In case of the field Q(i) this is related to the representation 
of primes p = 1 (mod 4) as sums of two squares. Hecke's result implies a.o. 
that there are infinitely many primes of the form p = a 2 + b 2 with b = o(y/p). 
Assuming GRH one can replace in this equality the term o(p) by o(logp) 
(Ankeny [52b]). Unconditionally it is known that b = 0(p c ) is possible with 
c = 0.1631 (M.D.Coleman [93]). This has been put in a more general setting 
in S.Lang [64] and Mautner [53]. Another proof of Hecke's theorem in the 
case of imaginary quadratic fields gave Knapowski [69]. Evaluations of the 
remainder term were provided in Kubilius [52], and Mitsui [56] made them 
uniform. See also Bulota [64], Kaufman [77], Korchagina [79], Kovalchik [74], 
[75], Maknis [75a,b], [76], [80], Rademacher [35], [36a,b], Schulz-Arenstorff 
[57], Urbelis [64], [65a,b], Zarzycki [91]. 

The problem of counting Gaussian primes in sufficiently regular subsets 
of the plane was considered by Chulanovskii [56], and his results were ex- 
tended by G.L.Cohen [75a,b]. Cf. Hensley [76]. It has been established by 
M.D.Coleman [98] that if tends to infinity with t, then for almost all 
complex zo the disc 

{z : \z-z 0 \ < $(|2|) log |*|} 

contains at least one Gaussian prime. The distribution of Gaussian integers 
of a given norm N on the circle \z\ — ^Jn was studied in Erdos, Hall [99]. For 
almost all n this distribution is approximately uniform. 
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15. The symbol F L / K was introduced by Artin [24], and is usually called 
the Artin symbol. The first step toward Theorem 7.30 was done by Frobenius 
[96], who proved Proposition 7.35 (i). Other proofs appear in Chebotarev [26], 
Hasse [26c,II, sect. 24], Hurwitz [26], Schreier [27]. Part (ii) of this proposition 
is essentially due to Kronecker [80], who tacitly assumed the existence of the 
densities di. 

The first proof of Theorem 7.30 was given by Chebotarev [23b], [26] (see 
also [37c]). His proof was simplified in Deuring [35a], MacCluer [68], Scholz 
[31] and Schreier [27]. Purely algebraic proofs in certain special cases were 
given in Lenstra, Stevenhagen [91] and Wojcik [75]. Proofs leading to ex- 
plicit evaluation of the error term in Theorem 7.30, and also of the smallest 
norm of a prime ideal in a conjugacy class have been obtained in Lagarias, 
Montgomery, Odlyzko [79], Lagarias, Odlyzko [77], Schulze [72,111]. 

For a generalization of Theorem 7.30 see Odoni [77a], and for a conjecture 
related to it see Lenstra [77b]. The analogue of it for infinite extensions is 
false. This follows from an old result of Moriya [34a], but Serre [81] proved 
such a generalization in certain special cases. The paper of Serre contains also 
applications of Theorem 7.30 to the theory of elliptic curves and modular 
forms. 

For other questions around Theorem 7.30 see Jarden [74]. 

16. Proposition 7.36 is due to Artin [23], and Lemma 7.39 to Hasse [30a]. 
Lemma 7.37 in a more precise form, taking into account also ramified primes, 
occurs in van der Waerden [34]. Cf. Bauer [37], Wegner [35]. The notion of a 
Bauerian field and Theorem 7.38 are due to Schinzel [66]. Corollary 1 to that 
theorem was proved by Bauer [16a]. For another proof see Deuring [35b], and 
for applications see Ankeny, Rogers [51], Flanders [53b], Mann [54], [55]. 

The first example of a non-Bauerian extension was given by Gassmann 
[26]. For other examples see Gerst [70], Lewis, Schinzel, Zassenhaus [66], and 
Schinzel [66]. In the last paper it is also shown that all fields of degree < 4 
are Bauerian. For similar questions see Bilhan [81], Nakatsuchi [68], [70], [72], 
[73], [75]. 

It follows from Theorem 4.33 that if / e Z[X] is the minimal polynomial 
of an integral generator of K/Q, then P(K/Q) differs from P(/), the set 
of all primes p for which the congruence f(x) = 0 (mod p) is solvable, only 
by finitely many elements. A survey of the properties of P(f) was given by 
Gerst, Brillhart [71]. See also Nagell [68a], Schinzel [68], Schulze [72], [73], 
[76a,b]. 

Two extensions L\jK and L2/K are called Kronecker equivalent, if the 
sets P(Li/K) and P(L 2 /K) differ only by finitely many elements. (Note 
that arithmetic equivalence of fields implies their Kronecker equivalence.) 
The resulting equivalence classes are called Kronecker classes. This notion 
is due to Jehne [77b], who showed that all minimal elements of a Kronecker 
class have the same Galois hull over K (i.e., the smallest normal extension of 
K, containing such field). He gave also examples of infinite Kronecker classes. 



404 7. Analytical Methods 



Towers of fields with the same Kronecker class were studied in Klingen [78] 
(cf. Komatsu [82]). For other problems on Kronecker classes see Jehne [77c], 
Klingen [79], [80], [83], Lochter [93], [94a,b], [95], Saxl [88], Schulze [81]. See 
also the book of Klingen [98]. 

Theorem 7.40 is due to Hilbert [97], and the proof given by us is that 
of Chebotarev [23a] (cf. Chebotarev [37c], Rabung [70], Wojcik [69]). For 
generalizations see Elliott [70a] , Mills [63] , Shafarevich [54] . 

A generalization of Lemma 7.41 (i) to composite p was for K = Q ob- 
tained by Gerst [70] , and for arbitrary fields of characteristic not dividing p 
by Schinzel [75b]. They noted that the generalization given in Nagell [39] is 
inexact, as the example K = Q, p = 8, a — —1, b = 16 shows. For general- 
izations of Lemma 7.41 (ii) see Besicovitch [40], Halter-Koch [80], M.Kneser 
[75], Mordell [53], Schinzel [75b], Siegel [72b], Ursell [74]. Cf. also Mostowski 
[55], Roth [71]. 

A conjecture concerning the density of the set of all primes which do 
not split in fields from a certain infinite family closed under composition 
was stated by Goldstein [68] , [70b] . Although it turned out to fail in general 
(Weinberger [72c]), it holds nevertheless in certain interesting cases (Gold- 
stein [71a], [73a], M.R.Murty [83], [84]). 

17. Theorem 7.42 is due to Frohlich [60a,b,d], and our exposition is based 
on his work. Corollary 3 to it fails to hold in the case of even class-number, 
as shown by Pierce [74]. The it^-module structure of ideals in an extension 
L/K was dealt with in Frohlich [60c]. 

The first necessary and sufficient condition for the existence of a relative 
integral basis (RIB) was given by Artin [50a]: if L = K(a) with a G Rl 
then the fractional ideal d~j K (a)d(L/ K) is a square of a fractional ideal /, 
and RIB exists if and only if / is principal (cf. Fujisaki [74], Hecke [12]). 
For simple examples of extensions without RIB see Edgar [79], MacKenzie, 
Scheunemann [71]. 

Corollary to Proposition 7.46 is due to Mann [58]. 

Conditions for the existence of RIB in particular classes of extensions 
have been considered in Bird, Parry [76], Edgar, Peterson [80], Feng, Zhang 
X. [83], Hymo, Parry [90], [92], Martinet, Payan [67], [68], McCulloh [63], 
[71], Schmal [89], Sergeev [73], Soverchia [02], Spearman, Williams [88], [96b], 
Wada [70], Washington [76a], Zhang X. [84d,e]. 

Proposition 7.47 shows that Steinitz classes of normal extensions of a 
given degree need not cover H(K). Denote by R(K,G) the set of Steinitz 
classes of normal extensions of K with Galois group G. For cyclic p-groups 
this set was determined in Long [71], [75] (cf. Long [72]). Steinitz classes 
for other extensions were considered in Carter [96], [97], [98], [99], Godin, 
Sodaigui [02], [03], Hutchinson [95b], Massy, Sodaigui [97], Sodaigui [97], [99] 
[00a,b]. 
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18. Let Q p be the completion of the algebraic closure of Q p . Kubota and 
Leopoldt [64] defined p-adic analogues L p (s,x) °f Dirichlet's L-functions, 
associated with non-principal Dirichlet characters as the unique continuous 
function defined on a neighbourhood of zero, which for all positive integers 
n, divisible by p — 1, if p is odd, and even, if p = 2, satisfies 

L p (l - n, X ) = (1 - x(p)p n_1 i(l - n, x). 

Accounts on the theory of these functions are given in Colmez [00] , Iwasawa 
[72a], Koblitz [77], and Washington [82]. 

The "Main Conjecture" of Iwasawa, proved in Mazur, Wiles [84], asserts, 
roughly speaking, that if p is an odd prime, and uo p is the Teichmiiller char- 
acter of Z p (defined for x G Z p as the unique root of unity of order p—1 such 
that for all x E Z p one has x = u(x) (mod p)), then the zeros of L p (u p \ s) are 
related to p-components of the class groups of cyclotomic fields of p-power 
order. 

Local versions of L-functions over arbitrary totally real fields were defined 
in Barsky [77], P.Cassou-Nogues [79], and Deligne, Ribet [80]. 

In a similar fashion Serre [73] defined the p-adic analogue of Dedekind 
zeta functions for totally real extensions of Q. The residue of this function 
at s = 1 was determined in Colmez [88]. For the Abelian case see Amice, 
Fresnel [72], Fresnel [67], Leopoldt [75]. 

EXERCISES 

1. Compute Ck(0) for imaginary quadratic K. 

2. Let K be an algebraic number field and denote by T(K,) the set of all complex- 
valued functions /, g defined on the set of all non-zero ideals of Rk- For any two 
functions /, g of JF(/C) define their Dirichlet convolution by 

(/*p)w-E/( J )^ /J_1 )- 
j\i 

(i) Prove that the set JF(/C) forms a commutative ring with unit under usual 
addition, and Dirichlet convolution as multiplication. 

(ii) Prove that / G T(K,) has an inverse if and only if /(Rk) ^ 0. 

(iii) A non-zero function / G T{K) is called multiplicative if for (/, J) = 1 one 
has f(lJ) — /(/)/( J). Prove that if /, g are multiplicative so is / * g. 

(iv) Prove that the inverse of a multiplicative function is multiplicative. 
2. Let h — f-^g and assume that the series 

$(s) = ^>(/)iv(/r, <s(s) = j2G(i)mir s 

I I 
are absolutely convergent in a certain half-plane. Prove that the series 



i 
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converges absolutely in that half-plane and one has $](s) = $(s)(5(s). 

3. Let dm(I) be the number of representations of the ideal / as a product of 
m factors (representations differing by the order of the factors being regarded as 
distinct). Prove that for Re s > 1 the series 

J2dm(I)N(I)-° 

I 

converges absolutely, and its sum equals CJ?( S )- 

4. Let X be a class in Hf(K). 

(i) Prove that for x tending to infinity one has 

^ d m (/) = (c + o(l))a:log m - 1 a;, 

iex 

N(I)<x 

with 

= i h(K) m K m <p(f) m 

°~ (m- 1)! h* f (K)N(f) m ' 

(ii) Prove that 

N(p)<x 

with a certain B = B(K). 

5. Determine explicitly all Hecke characters of the fields Q and Q(i). 

6. Show that if x is a quasicharacter of Ik trivial on io, and Q is the group 
consisting of all ideles £ = (x v ) with x v = 1 for non- Archimedean v's, then the 
equality 

holds on £2 with suitable rational integers n v , real and a complex s. 

7. (Weil [56]) (i) Prove that every Hecke character of type (A) has algebraic 
values. 

(ii) Prove that all values of a Hecke character of type (A 0 ) lie in a finite extension 
of Q. 

(iii) Let x be a character of Hj(K) for a certain ideal /, and let r G Q. Show 
that X(I) = x(I)N(I) r is a Hecke character of type (A). 

(iv) Let K be a CM-field. Prove the existence of Hecke characters of type (A) 
which are not of the form given in (iii) . 

(v) Prove that all Hecke characters of type (A) of a field K have the form given 
in (iii) if and only if K does not contain any CM-field. 

8. Prove that all prime ideals lying in P(L/K) split if and only if L/K is normal. 

9. (Hecke [17c]) Prove that for every ideal / and a G Rk, satisfying (clRk, -0 = 1 
there exist infinitely many non-associated elements c congruent to a mod /, and 
generating prime ideals of first degree. 

10. (Bilhan [81]) Let P 0 (L/K) be the set of all prime ideals of R K which split 
in L/K. Prove that if P(L/K) C P 0 (M/K) then M C L. 
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11. Prove that the set of all prime ideals of K which have at least one prime 
ideal factor of degree one in L/K has Dirichlet density >1/[L : K], equality holding 
if and only if the extension L/K is normal. 

12. Prove that if h(K) — 3, then every cyclic extension of K of degree seven 
has a relative integral basis. 



8. Abelian Fields 



8.1. Main Properties 

1. This chapter is devoted to the arithmetic of Abelian extensions of the ra- 
tionals, i.e., normal extensions K/Q with an Abelian Galois group. According 
to the Kronecker- Weber theorem (Theorem 6.18) every such extension is con- 
tained in a suitable cyclotomic field K n — Q(Cn)- The least integer / with 
the property K C Kf is called the conductor of K, and is denoted by f(K). 
The main properties of the conductor are listed in the following proposition: 

Proposition 8.1. Let K/Q and L/Qbe Abelian. 

(i) K C Km holds if and only if f(K) divides m. 

(ii) f(K fl L) divides (f(K)J(L)), 
(Hi) f(KL) = [f(K),f(L)], 

(iv) A prime p ramifies in K/Q if and only if p\f(K), 

(vi) A ramified prime p is tamely ramified in K/Q if and only if p\f(K) 
andp 2 \f(K). 

Proof : (i) If K C K m , then writing / = f(K), and using Theorem 4.27 (v) 
we get K c K m fl Kf = K^jy Hence / < (m, f)<f and f{K)\m follows. 
The converse implication is obvious. 

(ii) Since Theorem 4.27 (v) implies Kf)L C Kf^DKf^ — 
the assertion results from (i). 

(hi) Write / = f(KL). In view of K C KL, L C KL and KL C K f we 
infer from (i) that / is divisible both by f(K) and f(L), so that [f(K), f(L)] 
divides /. On the other hand, we have 

KL C K f{K) K f{L) = KK [f{K)JiL)] 

and so (i) gives f\[f(K),f(L)]. 

(iv) If p \ f = f(K), then by Theorem 4.40 p does not ramify in Kf/Q, 
and since K C Kf, it cannot ramify in K/Q. If p\f and p does not ramify 
in K/Q, then write / = p a m with a > 1, p \ m, and observe that in view 
of Corollary 2 to Lemma 5.24, Theorem 4.40 and Corollary 1 to Proposition 
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6.2, p is unramified in KK m /Q. If N = [KK^ : if], and P is any prime ideal 
above pZ in if/, then, again using Theorem 4.40, we get 

¥>(p°) =e Kj/q (P) = e Kf/KKm (P) < [K f : KK m \ 
= [K f : K m )/N = <p(f)/<p(m)N = <fi(p a )/N. 

Thus N = 1 and if C if m , contrary to the choice of /. 

(v) Write again / = /(if) = p a m with a > 0, p \ m, and let P be a 
prime ideal lying above pZ in if/. If p\f, p 2 \ /, then Theorem 4.40 shows 
that p does not divide eK f /q(P), thus is tamely ramified in if//Q, hence 
also in K/Q. Conversely, if p is tamely ramified in K/Q, then by (iv) we have 
a > 1, and by Corollary 2 to Lemma 5.30, Theorem 4.40 and Corollary 1 to 
Proposition 6.2 p is tamely ramified in KK prn /Q. Theorem 4.40 gives now 

e Kf/Q (P) = <p(p a )=p a - 1 (p-l), 
and we get p a ~ 1 \e Kf /KKprn {P). Writing M = [KK prn : K prn ) we obtain 

P^leKf/KKpjP) I [K f : KK prn ] = [i^ : if pm ]/M 
= ^(/)/M^(pm)=p a -VM. 

Thus M — 1 and we arrive at if C if pm , which implies f\pm and p 2 ] f. □ 

Corollary. If K/Q is Abelian, then it has a normal integral basis if and only 
if it is tamely ramified. 

Proof : The necessity follows from Proposition 4.30 and Corollary 3 to Propo- 
sition 6.2. If K/Q is Abelian and tame, then (v) shows that f{K) is square- 
free, and the existence of a normal integral basis results from Proposition 
4.31 and its corollary. □ 

It should be pointed out that one cannot expect equality in (ii), as the 
example K = K3, L = Q(a/3) shows. Indeed, f{K) = 3, and since d(L) = 12 
we get from (iv) that with certain positive a, b we have f(L) — 2 a 3 6 (actually 
f{L) - 12), and so (/(if), f{L)) = 3, However KnL = Q implies f(KC\L) = 
1. 

2. Now we are going to determine the factorization of an arbitrary prime in 
an Abelian extension of Q. According to Theorem 4.27 (ii) the Galois group 
of if m /Q can be identified with the group G(m) of residue classes (mod m), 
prime to m, a residue class a mod m G G(m) acting on K m by Cm ^ Cm- ^ 
if C if m , then, according to Galois theory, if corresponds to a subgroup H 
of G(m). The following theorem shows that it is enough to know m and H 
to obtain factorization laws in if for every rational prime. 
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Theorem 8.2. Let K/Q be Abelian, and let K m be a cyclotomic field con- 
taining K . Denote by H the subgroup of G(m) corresponding to K according 
to Galois theory. Then for every rational prime p we have 

pRK = Wi--y g ) e , fK/®m = f (* = i,2,...,0), 

where the numbers e, f,g are determined as follows: 

If p \ m then e = 1, / equals the order of p mod m in the factor group 
G(m)/H and g = [K : Q]/ef. 

If p\m then write m — p a m\ with p \ mi, denote by N the number of 
residue classes r mod m G H satisfying r = 1 (mod mi), and let Ni be the 
number of residue classes r mod m G H for which r mod mi lies in the cyclic 
group generated by p mod mi in G(mi). Then 

e = p(p a )/N, f = FN/N u g=[K:Q]/ef, 

where F is the order of p mod mi in G{mi). 

Proof : We first determine the decomposition group, the inertia group and 
the first ramification group for an arbitrary prime ideal of K m lying above 
p, and then apply Lemma 6.7 to descend to K. The first step is contained in 
the following lemma and the second is immediate. 

Lemma 8.3. Let m = p a m\ with p\m\, and let be a prime ideal of Km 
lying above pZ. The decomposition group G-i(ty) ofty consists of all residue 
classes x mod m for which x mod mi lies in the cyclic group generated by 
p mod mi , the inertia group of ^3 equals 

Go(^P) = {x mod m : x = 1 (mod mi)}, 

and the first ramification group Gi(ty) is the maximal p- subgroup o/GoOP). 

Proof : Assume first a — 0, i.e., p \ m, and let / be the order of p mod m in 
G(m). By Theorem 4.40 p is unramified and the degree of equals /. Thus 
by Proposition 6.8 the group G_i(^3) is cyclic of / elements. We show now 
that it contains the automorphism g p , mapping £ m onto and this will 
confirm our first assertion in this case, since g p is of order /. Observe that if 
x = P(Cm) = 0 (mod ?p) (with P e Z[i\) then 

0 = pP{Cm) = P(&) (mod^p), 

and so g p (x) = P(C^) G <Jp, i.e., g p G G_i(^). 

Now assume mi = 1, i.e., m = p a with non-zero a. In this case Theo- 
rem 4.40 yields e Km/Q (^) = <p(p a ) and f Kvn /Q(V) = 1- Since G_i(<£) has 
e K rn /Q(V) — [Km • Q] elements, it coincides with the full Galois group, and 
so our assertion about G_i(*P) is true also in this case. 

In the general case observe that K m is the composite of L — K mi and 
M = K p a, and the Galois group Gal(K m /Q) = G(m) is the product of 
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Gal(L/Q) = G(rai) and Gal(M/Q) = G(p a ). These two factors are embed- 
ded in Gal(K m /Q) as follows: Gal(L/Q) is the group fixing every element of 
M, and Gal(M/Q) fixes every element of L. Let pi,p2 be the prime ideals 
of R L and R M lying below and let g G G_i(<£). Write # = [#1,22] with 
9i = <7|l an d #2 = <7|m- Note that #;(p;) is conjugated with p; for i — 1,2, 
and ^(p;)#*r m C 0(<P) = implies g^pi) = p u i.e., & e G_i(p;). This 
shows that G_i(^3) is contained in the product G_i(pi) x G_i(p2). Con- 
versely, if for 2 = 1,2 the elements gi lie in G_i(p;), then for g = [^1,^2] we 
get g(<jp) = <£. Indeed, if we had = H ^ then pi C ^ would imply 

01 (pi) = #(pi) c & an( l thus would divide pii^x m . This is impossible 
because Theorem 4.40 implies that in the extension Km/L the prime ideal 
factors of pZ are powers of prime ideals. Thus we arrive at the equality 

G_iCP) = G-i(pi) x G_i(p 2 ) - G_i(pi) x Gal(M/Q), 

and it suffices to translate this result into the language of residue classes to 
obtain our first assertion in the general case. 

To describe the group Go OP) recall that according to Proposition 6.8 it 
corresponds to the maximal subfield of K m in which p is unramified. Observe 
that this subfield equals L = K mi . In fact, Theorem 4.40 shows that p does 
not ramify in L/Q and since the equalities 

[K rn :L}=tp(p a ) = e Krn/L m, 

show that fiCm/L^V) — 1? thus the corresponding p-adic extension is fully 
ramified. Hence p ramifies in every extension of Q containing L and contained 
in K m . Consequently Go OP) is the Galois group of K m /L which can be 
identified with the set {r : # r (Cmi)} = Cm - Now, in view of £ mi — Cm we 
get g r ((m) = Cm 5 an d this equals Cm if and only if rp = p(mod m), i.e., r = 1 
(mod mi), as asserted. Finally, the assertion concerning GiOP) follows from 
Proposition 6.8. □ 

The theorem follows now immediately. □ 

Corollary 1. IfK/Q is Abelian of conductor f , then P(K/Q) coincides with 
the set of all primes p with p mod / G H. 

Proof : Apply the theorem with m — /, remembering that p lies in P(K/Q) 
if and only if e — f — 1, and noting that by Proposition 8.1 (v) no prime 
from P(K/Q) can divide /. □ 

Corollary 2. If K/Q is Abelian of conductor f, then the map 

F: p^F K/Q (p), 

defined for primes p \ f , induces an isomorphism ofG(f)/H onto Gal(K/Q). 
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The existence of an isomorphism between these groups is immediate by 
Galois theory. The importance of this corollary lies in the fact that it provides 
an explicit isomorphism. 

Proof : We first show that F induces a well-defined map from G(f)/H onto 
Gal(K/Q). To do that observe that if pi mod f (i = 1,2) lie in the same 
coset mod if, then by Theorem 7.29 (ii) F K /q(pi) equals the restriction of 
^Kf/qiPi) to K, and since F Kf /q(pi) = pi mod /, F K /q(pi) equals the coset 
mod H in which p mod / lies. Thus Fk/q(j>i) = Fk/q{P2)i showing that the 
map induced by F is well-defined. Its surjectivity results from Theorem 7.30. 
To show that it is a homomorphism it suffices to establish that if p = P1P2 
(mod /) then F K /q(p) = F K /q(p 1 )F K /q(p 2 ), but this is obvious for K = Kf 
and the general case follows by restriction to K. Now the assertion results 
from the observation that the injectivity of F is a consequence of the equality 
#G(f)/H = #Gal(K/Q), which is a consequence of Galois theory. □ 

Corollary 3. If m is a positive rational integer, and H is a subgroup of 
G(m), then there exists an Abelian extension K/Q such that P(K/Q) differs 
from the set of all primes p with p mod m G H by only finitely many primes. 

Proof : Let K be the subfield of K m corresponding to H. An application of 
Corollary 1 shows that the two sets occurring in the assertion differ only by 
those primes which divide ra, but not f{K). □ 

The three corollaries proved above constitute a significant part of the 
class-field theory for Abelian extensions of Q. Corollary 1 shows that every 
Abelian extension of Q is a class-field in the sense of H.Weber ([96b], [97]), 
and Corollary 2 is a form of Artin's Reciprocity Law for Abelian extensions 
of Q. Corollary 3 is the Existence Theorem. The three statements have their 
analogues for Abelian extensions of any algebraic number field, belonging 
properly to class-field theory, which lies outside the scope of this book. 

3. Let K/Q be Abelian and let K C K^. As before denote by H the subgroup 
of G(m) corresponding to K by Galois theory. Let X(K) be the group of 
those characters of G(m) which are equal to unity on H. Extend each of 
these characters first to a Dirichlet character mod m and then to a primitive 
character. For x £ X(K) we shall denote by f(x) its conductor, and by x' 
the corresponding primitive Dirichlet character. 

Note that if X(K) and X'(K) are the groups of characters associated with 
K, and corresponding to the embeddings of K into Kf (with / = f(K)) and 
into Km, then every character of X'{K) is lifted from a character of X{K). 
This induces an isomorphism between X(K) and X'(K), which preserves 
conductors and the induced primitive characters. We may thus identify X(K) 
and X'(K). Under this convention the equality X(K) = X(L) implies K = L. 
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Proposition 8.4. For fixed m the map K h-» X(K), defined for all sub- 
fields of K m , induces a one-to-one correspondence between sub fields of Km 
and subgroups of the character group of G(m). This map has the following 
properties: 

(i) K c L holds if and only ifX(K) c X(L). 

(a) x(K n L) = x{K) n x(L). 

(Hi) X(KL) is the group generated by X(K) U X(L). 

(iv) X(K) = G{m) holds if and only ifK = K m , and X(K) = {1} holds 
if and only if K — Q. 

(v) #X(K)=[K:Q\. 

Proof : This is simply a restatement of the fundamental theorem of Galois 
theory for Km in terms of characters. □ 

Proposition 8.5. Let K be an Abelian field. If K is real, then all characters 
ofX(K) are even, and if K is complex, then X(K) contains the same number 
of odd and even characters. In this case the even characters form a subgroup 
of X(K) equal to X(K+), with K + being the maximal real subfield of K. 

Proof : Since the element r = — 1 mod m of G{m) acts as complex conju- 
gation, the field K will be real if and only if r acts on K trivially, i.e., —1 
lies in H, and this occurs if and only if all characters of X(K) are even. 
This argument shows also that if K is complex, then X(K) contains at least 
one odd character. Since in this case even characters form a subgroup X f of 
index 2 in X(K), we see that X(K) contains the same number of even and 
odd characters. As X' is the maximal subgroup of X(K) consisting of even 
characters, the first part of our proposition jointly with Proposition 8.4 show 
that X f = X(K+). □ 

4. Now we are going to utilize the group X(K) to express the Dedekind 
zeta-function of an Abelian field as a product of Dirichlet's L- functions. This 
important formula will be later used to derive an explicit formula for the 
class-number of Abelian fields, and also for the proof of the Siegel-Brauer 
theorem in the Abelian case. 

Theorem 8.6. If K/Q is Abelian then 

ck(s)= n 

xex(K) 

where \ f is the primitive Dirichlet character induced by 

Proof : Since both sides of the asserted equality are meromorphic, it suffices 
to establish it for s in the half-plane Re s > 1. In that plane we have 
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Gr(-)=n n 



and 



p p over p v ' 7 



n u-.*)-n n 



(where p runs over all rational primes, and we have x'ip) = 0 for primes p 
dividing the conductor of x), the two products being absolutely convergent. 
To prove the theorem it is enough to establish the equality 

n i-n(p)-* = n i- X '( P )p-s ^ 

p over p yrj X^X(K) A 

for every prime p. To prove it observe first that if 

pR K = (Pi- -P 9 ) e 

and / = fx/qipi) = 1? 2, . . . ,g), then the left-hand side of (8.1) is equal 
to (1 — p~f s )~ 9 . We shall show that the right-hand side of (8.1) has the 
same value. We start with the case p \ m. In this case we have e — 1. If 
X G X(K) then x' equals unity on iJ, and since Theorem 8.2 shows that 
/ equals the order of p mod m in G(m)/H, we get x'{pY ~ x'(P"0 — 1? 
hence all possible values of x'(p) are /" tn roots of unity. Moreover, if A is 
the group of characters of G(m)/H which are equal to 1 on the coset mod H 
determined by p mod m, then the set of characters xl which attain at p a 
fixed /-th root of unity forms a coset mod A in the group of all characters of 
G/H. It follows that this set has #(G/H)f~ 1 elements and we can write 

/ 

i-x , (p)p- s = II( 1 -^~ s )'- 

3=0 

Now note that for all x we have 
/ 

n(i-cfc) p =i-*', 

i=o 



and putting here x = p s we obtain 

/ 

I](i-c>-?-i-p- /s , 



and 



ii( i -x'(p)p" 5 )=(i-^ / t, 



implying (8.1). 
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If p\m, then write m — p a m\ with p \ mi. It follows from Proposition 
8.1 that L = K D if mi is the maximal subfield of K in which p remains 
unramified, and Proposition 6.7 implies that if p is a prime ideal of Rl lying 
over p, then f L /q(p) = f and #l/q(P) = 9- 

Since p\f(x) implies x'ip) = 0, we have 

n (i-x»p- s )= n ^-x'{p)p- s )- 

But /(x)|mi holds if and only if x G X(K m ), and so 

{ X e X{K) : f(x)\mi} = X{K) n X(ff mi ) = X(L) 
by Proposition 8.4 (ii). It follows that 

n (i-x , (p)p-)= n (i-x'cpjp-), 

xex(K) xex(L) 
and in view of p \ m\ the application of the case already considered leads to 

n (i-x\p)p- s )=(i-p- f,s ) 9 \ 

xex(K) 

with /' = /l/q(P) an d g' = #l/q(P)- But we have already shown that f' = f 
and g' = hence (8.1) results also in this case. □ 

Our next result expresses the discriminant and the conductor of an 
Abelian field in terms of the associated character group. 

Proposition 8.7. If K/Q is Abelian then 

d(K) = (-ir n f(x), 

xex(K) 

where u denotes the number of odd characters in X(K), and 
f(K) = LCM{f( X ) : X G X(K)}. 

Proof : The preceding theorem implies 

(k(1-s) n L(s,x') = Ck(1-s) t-t L{s, X ') 
Ck(s) 11 L(l-5,x0 C*W Ai L(1-s,xT 

If if is real, then using Theorem 7.3, Proposition 8.5 and Corollary 2 to 
Proposition 7.12 we arrive at 

1 = \d{K)\ 1/2 - a J] fix)*- 1 ' 2 (8.2) 
xex(K) 
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with a = Re s. Putting a = 0, and using Proposition 2.15 we get the first 
assertion in this case. 

If K is complex then the same approach leads to 

1 tt u X' 1/2 mi-s)r(s/2)r((i + s )/2) Y 2 

i = 2<V|KK)| JyWJ U(-)r ( (i-)/2)r(i-«/2)J ' 

where a = -r 2 (l - 2cr) and /? = r 2 (cr - 1). Using the formula 

r( s )r(s + 1/2) = v / ^2 1 - 2s r(2 S ) 

we again get (8.2), and the first assertion results as in the previous case. 

To obtain the second assertion embed K into Kf (with / = f(K)), and ob- 
serve that for X m X{K) we have Thus / 7 = LCM{f{ X : X G X(K)} 
divides /. Since every character of X(K) can be regarded as a character 
mod/ 7 , we get K C If// and so /|/ 7 , hence / 7 = / follows. □ 

Corollary. We have 



J! |r( X ')l - 



xex(K) 



Proof : The equality |r(x 7 )| = y/f(x) results from Corollary 2 to Proposition 
6.15, and so the assertion follows from the first part of the proposition. □ 

5. The results just presented permit us to determine arithmetic properties 
of an Abelian field in a rather quick way, provided we know its conductor 
/ and its position in the lattice of subfields of Kf. To illustrate this let 
us consider the subfields of the field Ki 3 . Since 13 is a prime, the group 
Gal(K 13 /Q) = G(13) is cyclic of order 12, and has the following subgroups: 
H x = G(13), H 2 = {1,3,4,9,10,12}, H 3 - {1,5,8,12}, H 4 = {1,3,9}, 
H 6 = {1, 12} and H 12 = {1} (here we denote the residue m mod 13 simply 
by m). Accordingly we have five fields of conductor 13. Let L r be the field 
corresponding to H r (r = 1,2,3,4,6,12). Obviously we have [L r : Q] = r, 
and in particular Li = Q. Proposition 8.7 gives for the remaining fields the 
equality d(L r ) = (— l) Ur 13 ar , where u r is the number of odd characters equal 
to unity on H r , and 

a r + 1 = #X(L r ) = #(G(13)/H r ) = 12/#H r - [L r : Q] = r. 

Since 2 is a primitive root mod 13, every character of G(13) is determined 
by its value at 2, and we obtain easily a complete list of these characters (we 
invite the reader to prepare such a list by himself) from which it follows that 
u 2 = u 3 = uq = 0, IL4 = 2, U12 = 6. Thus the fields L 2 , L 3 and L 6 are real, 
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whereas L 4 and L i2 are complex. In all cases the discriminant is positive, 
and we get d(L r ) = 13 r_1 for all r. 

The factorization of rational primes in L r results immediately from The- 
orem 8.2. The only ramified prime is p = 13, and we get 13Rl = p r r for all r, 
whereas for other primes we get 

pRL r =Pl"'Pg 

with g = r/t, t being the least positive integer for which p l mod 13 G H r . 

To conclude this example let us determine explicitly the fields involved. 
Clearly L 12 = if 13 and L 2 = Q(a/13), since L 2 is a quadratic field of discrim- 
inant 13. As the maximal real subfield of Ki 3 is of degree 6, it must be equal 
to L 6 . Thus L 6 = <Q)(cos(27r/13)). This leaves us with L 3 and L 4 . Observe 
that every element x G K13 can be written in the form 

12 

(where £ = C13) in a unique way. We have x e L r if and only if Aj = Aj s mod 13 
for every j and every s e H r . Consequently cji = C + C 5 + C 8 + C 12 nes m 
L 3 \Q, hence generates L 3 . It follows from Theorem 2.20 that x is integral if 
and only if all A^s lie in Z, and we see that an integral basis of L 3 is provided 
by ^ , uj 2 = C 2 + C 3 + C 10 + C 11 and o; 3 = C 4 + C 6 + C + C 9 - 
A similar argument shows that the numbers 

^i = C + C 3 + C 9 , ^ 2 = c 2 + c 5 + c 6 

™ 3 = c 4 +c 10 +c 12 , ^ 4 = c 7 + c 8 + c n 

form an integral basis of L 4 . Since L\ = Q and w± is non-real, it generates 
L 4 . We leave to the reader the dull task of obtaining minimal polynomials 
for the generators of L 3 and L 4 . 

6. Now we may obtain information on asymptotic properties of Abelian ex- 
tensions K/Q with a given Galois group and f(K) < x. 

We shall do this in a slightly more general setting. Let be a fixed field, 
and let for each rational integer N > 1 an extension L N /K be given, which 
is assumed to be finite and Abelian. Denote by A(N) the Galois group of 
L N /k. 

The family {L N } will be called multiplicative if it satisfies the following 
two conditions: 

(i) For all M,N we have L M L N = L[m,;v] and L M n L N = L( MjN y 

(ii) If (M, N) = 1 then A(MN) - A(M) x A(N). 

Note that if k = Q and L N is the iV-th cyclotomic field, then by Theorem 
4.27 the family {L N } is multiplicative. 
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We shall consider also the family T of all extensions K/k satisfying K C 
Kn for a suitable N depending on K. For a given Abelian group A let Na{x) 
be defined as the number of all fields K £ T which satisfy Gal(K/k) ~ A, 
and which are contained in a suitable field Ln with N < x. If k = Q and Ljv 
is the iV-th cyclotomic field, then Na{x) counts fields with Galois group A 
and conductor not exceeding x. 

We prove now that under certain restrictions on A(q) for prime powers q 
one can obtain an asymptotic formula for Na{x). 

Theorem 8.8. Let {L^} be a multiplicative family of finite Abelian exten- 
sions of a field k, and let A be a fixed finite Abelian group of order ^ 1. 
For any finite Abelian group H let nn{N) be the number of homomorphisms 
of A(N) into H. Assume further that for every subgroup B of A there exist 
non-negative constants a(B) and c(B) such that for every prime power q the 
inequality 

n B (q) < c(B) (8.3) 
holds, and for all complex s with Re s > 1 one has 

V 

with p running over all rational primes, and g(s) = ^b(s) being regular in 
the closed half-plane Re s > 1. Assume finally that for every proper subgroup 
B of A the inequality 

a(B) < a(A) (8.5) 

is satisfied. 

Then for x tending to infinity we have 

N A {x) - (C(A) + o(l))xlog a{A) - 2 x 

with a positive constant C(A). 

Proof : Observe first that for fixed B the function tib(N) is multiplicative. 
The condition (8.3) shows that the series 

oo 

converges absolutely and almost uniformly in the half-plane Re s > 1, and 
we can expand its sum into an Euler product 
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Since (8.3) ensures that Fb(s) can vanish only at zeros of those factors of the 
Euler product which correspond to primes not exceeding 1 + c{B), we can 
write for Re s > 1 

F B (s) = #iO)exp (^2nB(p)p~ s ^j , 

with gi regular for Re s > 1 and #i(l) ^ 0. 

The condition (8.4) leads now to the equality 

«-(•>= (^$sr. <"> 

valid for Re s > 1 with g<i regular for Re s > 1 and not vanishing at s = 1. 

For a group H let ra#(./V) be the number of surjective homomorphisms 
of A(N) onto H. Then obviously 

m H (N) = n B (N), 

HCB 

with H ranging over all subgroups of B. This relation permits us to calculate 
rriH{N) in view of the following lemma of Delsarte [48], which is an analogue 
of the Mobius inversion formula: 



Lemma 8.9. To every pair B C A of finite Abelian groups one can assign a 
rational integer t( A, B) , so that whenever f^g are complex- valued functions 
defined in the set of all subgroups of a finite Abelian group G, satisfying 

f(A) = £ g{B) {A c G), 

BCA 

then 

g(A)=Yt(A,B)f(B). 

BCA 

One has in particular t(A, A) — 1. 

Proof : Let {1} = iJi, H 2 , . . . , H r — A be all subgroups of a group 4cG, 
ordered in such a way that Hi C Hj implies i < j (but not necessarily 
conversely) and put 

e(i, j ) = { 1 XHtCHj, 
1 0 otherwise. 

Since e(i,i) = 1, and for i > j we have e(i,j) = 0, the matrix [e^,^)] is 
invertible, and its inverse [e(z, j)] satisfies 



Moreover, for j = 1, 2, . . . , r we have 
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/(ITi) = XXm)^*)' 

1 = 1 

and 

g{Hj) = J2 e(i,j)f{Hi) (j = 1, 2, . . . , r). 

i = l 

Putting here j = r and t(H r , Hi) = e(i, r) we get the assertion. □ 
The lemma implies 

m B (N)= t(B,G)ra G (JV), 

GCB 

and this leads to the equality 

CXD 

]T m A (7V)iV- s = F A (s) + £ t^B)*^), 

N=l A 

holding for Re s > 1. Using (8.5) and (8.6) we get with a certain r the equality 

ran at-« - i V 

^m A {N)N - {s _ 1)a{A) +^^Yy- , 

JV=1 V 7 j=l V ; 



where £1, . . . , t r are real numbers smaller than a(A), and hi, . . . ,hh are func- 
tions regular in the half-plane Re s > 1. 

The kernel of a homomorphism counted by ttia corresponds by Galois 
theory to a field K satisfying 

kcK CL N and Gal(K/k) ~ A. (8.7) 

If V(A) denotes the number of automorphisms of A, then to every field 
K satisfying (8.7) there correspond V(A) different homomorphisms counted 
by rriA(N). This shows that if ca(N) denotes the number of such fields K, 
then 

c A (N)=m A (N)/V(A). 

Finally, let &a(^0 be the number of fields K satisfying (8.7), but not 
contained in L M for any proper divisor M of N. Our assumptions imply that 
if K C L M and K C L N , then K C £(m,a/> hence every field counted by 
ca(N) is counted by bA{d) for exactly one divisor d of N. 

This gives 

d\N 

hence Mobius inversion formula implies 
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b A {N) = ^2fjL{N/d)c A (d), 

d\N 

and we arrive at the equality 

oo oo 

£ b A (N)N-° =C" 1 ( S ) ca(N)N~* 

1 I g 2 (s) + hj(s) 



tj > 



V(A) 1 ( 5 -l)l-a(A) 

valid for Re s > 1. Note that our assumptions imply a(A) > 1. Indeed, for 
B = {1} we have n B (p) = 1 for all primes p, and (8.5) gives a(A) > a(B) = 1. 
We may thus invoke Theorem I of Appendix II to obtain the asserted formula. 

□ 



Corollary 1. If A is a finite Abelian group, then the number of extensions 
K/Q with Galois group A and f(K) < x equals 

(C(A) + o(l))xlog a ^- 2 x, 

with C(A) > 0 and 

d\#A ^ V J 

where r^(d) is the number of elements of order d in A. 

Proof : We apply the theorem with k = Q and L N = K Nl the N-th cyclo- 
tomic field. Condition (8.3) follows from the fact that in this case the group 
A(q) has for prime-powers q at most two generators. Moreover one sees easily 
that for prime p and every finite Abelian group B the equality 

d\ P -i 

holds. Therefore using Corollary 6 to Proposition 7.16 (applied to K = Q) 
we get 

5>b(p)p"' = r B (d) P~ S = *(B)log-^— +g( 8 ), 

P d\#B p=l (mod d) S 

with 

a(B) = r B (d)/v(d), 

d\#B 

and a function g regular in Re s > 1. This establishes (8.4). 
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It remains to verify (8.5), but this is immediate, because if B is a proper 
subgroup of A, then for at least one value of d dividing #A we must have 
r j e(<i) < TAid). Thus all assumptions of the theorem are satisfied and the 
assertion follows. □ 



In certain cases one can deduce from the last corollary asymptotic results 
for the number of fields with a given Galois group and bounded discriminant. 
We can see this on the example of cyclic fields of prime degree: 

Corollary 2. The number of cyclic extensions of Q of a prime degree p and 
\d(K)\ < x equals (C + o(l))x a with a = l/(p - 1) and C = C(p) > 0. 

Proof : If K/Q is cyclic of degree p, then the associated group X(K) of 
characters contains p — 1 non-trivial characters, all of the same conductor 
/, because each of them generates X(K), and if xi is a power of X2, then 
/(Xi)l/(X2). Proposition 8.7 gives now \d(K)\ = p' 1 and f(K) = /, and 
so the conditions < x and f(K) < x a are equivalent. The assertion 

follows now from Corollary 1. □ 



8.2. The Class-number Formula 
and the Siegel-Brauer Theorem 



1. In this section we express the class-number of an Abelian extension K/Q 
in terms of the values of L- functions associated with characters from X(K) 
and other invariants of K. Then we shall prove the Siegel-Brauer theorem 
concerning the asymptotic behaviour of the product h(K)R(K) for Abelian 
fields. 



Theorem 8.10. If K/Q is Abelian, and w(K) denotes the number of roots 
of unity contained in K , then 

h(K) _ w(K)y/mr\ n L(lV) 

v ' xex(K) 

where x' ^ s the primitive Dirichlet character associated with x- 
Proof : By Theorem 8.6 we have 

ck(s)= n 

Comparing the residues at s — 1, using Theorem 7.3, and noting that for the 
principal character xo we have L(s,Xo) = C( s ) we obtain the assertion. □ 
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Corollary 1. If m 2 (mod A), then for the m-th cyclotomic field Km we 
have 

X#Xo 

where 

if m is even, 



6rn '2 if m is odd, 
and x runs over nonprincipal characters modra. 

Proof : Follows directly from Corollary to Theorem 4.27 and Theorems 8.10 
and 4.17. □ 

Corollary 2. If K is a quadratic field of discriminant d, and w is the number 
of roots of unity contained in K, then 



ifd>0, 

Xd) is the L-function associated witi 



where Ld(s) = L(s,Xd) ^ s ^e L-function associated with Kronecker's exten- 
sion Xd(%) — (f ) of the Legendre symbol, and, in case of positive d, e > 1 is 
the fundamental unit of K. 

Proof : In view of the theorem it suffices to establish that the primitive cha- 
racter induced by the unique non-trivial character x £ X(K) equals Xd- Since 
#X(K) = [K : Q] = 2, x is rea l, Proposition 8.7 gives sgnd = x(— 1) and 
fix) = \d\- Thus x' i s a rea l primitive character mod |d| satisfying x'i— 1) = 
sgnd. 

By Proposition 6.13 we may write 

d = sgnd-p%p2---pr 

with pi = 2, p 2 ,...,p r being odd primes and a = 0, 2 or 3. Proposition 
6.10 shows that x! — Xi"'Xr, where each Xi is a rea l primitive character 
mod 2 a for % = 1 and mod Pi for % > 2. Thus for % = 2, 3, . . . , r we have 
Xii x ) — (j^ • If a = 0, then the equality x! = Xd follows immediately. If a = 

2, then Xii x ) equals (-l)^ -1 ^ 2 , the unique primitive character mod 4. In 
the case a = 3 we have a choice, as there are two primitive characters mod 8, 
namely (-l)(* 2 -i)/8 and (_i)(* 2 -i)/8+(*-i)/2 5 but the condition - 
sgnd determines Xi uniquely also in this case. It is immediate that in all 
cases x' equals the symbol of Kronecker 4 . □ 



4 The reader not acquainted with Kronecker's symbol may take the above construc- 
tion for its definition. 
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For a positive integer n let K+ be the maximal real subfield of the n-th 
cyclotomic field K n . The class-number h(K+) is denoted by h+, and called 
usually the second factor of h(K n ), whereas the ratio h(K n )/h+ is denoted 
by and called the first factor of h(K n ). 

Corollary 3. If p is an odd prime then 

p(p-3)/4 

K = P -n^ n W>x), 

X even 

and 

p (p+3)/4 

K = 2 (p- 3 )/ 2 tt(p- 1 )/ 2 11 L ^' X ^ 

X odd 

6o£/i products taken over non-principal characters mod p. 

Proof : Since if p /Q is cyclic, Theorem 3.21 shows that there is a fundamental 
system of units lying in K+, where it forms a system of fundamental units. 
This implies the equality 

R(K P ) = 2<*-*>l 2 R(K+). 

Since w{K+) = 2, and Proposition 8.7 gives \d(K+)\ = pte" 3 )/ 2 , the formula 
for the second factor results. Applying Corollary 1, and dividing the obtained 
expression by we get the formula for the first factor. □ 

2. The first factor h~ is always an integer. This was first noted by Kummer 
[50a]. We present a proof due to Kronecker [63]: 

Proposition 8.11. If p is an odd prime, then the canonical homomorphism 
ofH(K+) into H(K P ) is injective, and h(K p ) = h+h~ is a factorization into 
integers. 

Proof : Write L = K p , L+ = K+ and let I be an ideal in R L + such that 
IRl is principal. In view of Proposition 4.46 (i) it_suffices to show that / is 
principal itself. Write IRl = clRl and observe that / = / implies a — ua with 
a suitable unit u of L. By Corollary to Theorem 3.21 we can write u = C^i 
with ui e U(L+), and a root of unity C € E(L). From 

\a\ = \a\ — |C^i«| = l^i^l 

we get |^i | = 1, hence u\ = ±1. Thus a = CJa with (' G E(L). By Corollary 
to Theorem 4.27 we can write (' = ±C™ with a suitable integer m. This gives 
a — ±C™ a - Let s be a solution of the congruence 2s = m (mod p) and put 
b = (°a. Then 

6 = t~ s a = ±(™~ s a = ±C;a = ±6, 
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and IRl = bR L . If 6 = 6 then b G L + and so / is principal. 

It remains to show that the equality 6 = —b is impossible. Let 7r = 1 — ( p . 
By Corollary to Theorem 4.40 tt generates a prime ideal in R L , and so we 
may write b = 7r r c with {cRl^Rl) = 1 and a suitable r > 0. Since by the 
same corollary one has 

P R L = (7rR L f-\ f L/Q (icR L ) = 1, 

we get pR L + = p(P -1 )/ 2 with a suitable prime ideal p. Thus pR L = {kRl) 2 , 
and it follows that r must be even, say, r = 2t. This leads to 

-7T 2t C =-6=6 = 7f 2 *C = 7T%- 2 'C 

and c = — £ 2 *c, and finally c = — c (mod 7r) because of ( p = 1 (mod 7r). This 
congruence is impossible, because if we write 

p-2 

i=o 

with A, G Z, then c = X)?~q ^ 3 =c = -c (mod 7r) and thus 2c = 0 (mod 7r), 
which is excluded by our choice of c. □ 

3. The class-number formula given in Theorem 8.10 contains values of Dirich- 
let's L-functions at s = 1. We express now these values by finite sums of 
elementary functions. 

Proposition 8.12. If m > 3, and x is a primitive character mod m, then 

HI, X ) = - T -^ m fW)( log ( 2 sin - . 

m \ \ m J m J 

If moreover x is odd, then 

X = l 



Proof : For \x\ < 1 define 

z — f n 

n=l 

Since the series defining L(s,x) converges at s = 1 (the sum J2 n <x x( n ) 
being bounded by m and the sequence 1 /n decreasing to zero) , we have 

lim/(aO = L(l, X ). 

x— >1 
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Now 

m-l n m-l oo r+mn 

r=l n=r (mod m) r=l n=0 

Hence 



/'(*) 



x" 

and in view of /(0) =0 we obtain 

; 771-1 , r -l 



/(*) = -/ ExW^i^. 

^ r=l % 1 



The integrand can be written in the form 

m — 1 



where the a/s are complex constants, which can be determined by the fol- 
lowing calculation: 
Write 

m-l m-l m _ 1 

and put £ = C m for — 0, 1, . . . , m — 1. This gives 

m— 1 



r=l 

thus CLk = Tk(x)/ m i where 

m— 1 

r fc (x) = £ • 



r=l 

Finally we get 

^1 m— 1 



A direct computation shows that 



/ 

Jo 



log I 2 sin — — J + iTT I — — — 



t-Ctn \ 171 J \2 m 

thus the first assertion follows from Proposition 6.9 (i) and the following 
lemma: 
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Lemma 8.13. Ifx is a primitive Dirichlet character mod m and (j, ra) > 1, 
then Tj(x) — 0- 

Proof : Write mi = (j, ra), k = m/mi and choose an integer a prime to ra, 
satisfying a = 1 (mod k) and x{°) 7^ 1. If there were no such integer, then 
m — fix) would divide k, thus (j, m) = 1, contrary to our assumption. Now 

m— 1 m—1 

Ti(x) = £ X« j = X(«) £ x(r)C = X(a)r,(x), 

r=l r=l 

because C m is a primitive k-th root of unity, ar = r (mod fc), and thus C^- 7 = 
Finally we see that Tj(x) vanishes, as asserted. □ 

To obtain the second assertion note that if x is °dd then x( m ~ x ) — 
X(~x) = -x(x), thus 

m—1 / 

y]x(i)log ( 2sin — 

= \jl (xU) (2 sin + x(m - j) log (2 sin ! ^^) ) = 0. 

□ 

Corollary 1. (Dirichlet 's class number formula) If K is a quadratic number 
field of discriminant d, w is the number of roots of unity in K, e > 1 is the 
fundamental unit of K in case d > 0, and Xd(n) — {j)> ^en 

h{K ) = i~^ E ^= lXd{j)j ifd< °> 
\-T^-e Eo<j<d/2 XdU) log (sin f ) ifd> 0. 

Proof : For d < 0 Proposition 8.5 shows that Xd is odd. Using Theorem 6.16 
we get 

x \d\ 

L(l,Xd) = Re L(l,Xd) = -Jj^^JXdti), 

and it suffices to apply Corollary 2 to Theorem 8.10. 
For positive d we obtain 

d-i 



L(l, Xd ) =Re L(l, Xd ) = -^ExdO')log (2sin^^) 
--^E^O')log(sin^). 



8.2. The Class-number Formula and the Siegel-Brauer Theorem 429 



Since by Proposition 8.5 Xd is even, we have Xd(d—j) — Xd(j), and it remains 
to apply Corollary 2 to Theorem 8.10. □ 

Our second application of Proposition 8.12 is an upper bound for h~ . 
Corollary 2. If p is an odd prime then 



k (P"l)/4 



Proof : The proposition and Corollary 2 to Theorem 8.10 imply 

,(p+3)/4 „ P^} 



K = 2 (p-3)/2 P -i II I^(x)5Zjx(j)I 

X odd .7 = 1 



X odd j= 

and since Corollary 4 to Proposition 8.7 implies 



JJ |r( X )| = \d(K p )/d(K+)\V 2 , 

X odd 



we get 

p-i 



h p = 



1 

V FJ X odd j=l 



It remains to evaluate the product occurring in the last equality. Since 

!(p—l)/2 if p\mn,m= n (modp), 

-(p-l)/2 if p \ mn, m~-n (modp), 

0 in other cases, 

we get 

p—i p— l 

Yl \ '52xU)j\ 2 = Yj x{x)x(y)xy 

X odd jf=l x odd x,y=l 

p-1 I 

.7 = 1 \x=y=j (mod p) x=—y~j (mod p) 

Applying the inequality between the arithmetic and geometric means we 
arrive finally at 
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Xodd j=l 

and this leads to 

< ( 2p )( p-3)/2 (jj = 2 n24J • 



4. Now we shall be concerned with the asymptotic behaviour of the product 
h(K)R(K) for Abelian extensions K/Q. An upper estimate is provided by 
Corollary 4 to Theorem 7.3, which implies, 

\og(h(K)R(K) 1 
lmSUP lo g | W | ^2 

when if runs over all fields of a fixed degree, arranged according to the 
absolute value of the discriminant. In the sequel we shall always assume 
tacitly that any considered sequence of fields is arranged in this way. 

The Siegel-Brauer theorem, which we now shall prove for Abelian exten- 
sions, states that in this relation limsup can be replaced by lim and the 
inequality by equality. 

Theorem 8.14. If K runs over all Abelian extensions of Q having a fixed 
degree n, then 

log(h(K)R(K)) _ 1 



lim : 



log|d(J0| 2' 



Proof : We start with a lower bound for the residue of Ck(s): 

Lemma 8.15. There is a constant B = B(n) > e~ 1Sn > 0 such that for 
every field K of degree n over the rationals and every so with 0 < sq < 1, the 
inequality (k(so) ^ 0 implies 

h{K)*.{K) > Bs 0 (l - s 0 )\d(K)\ s °-\ 



Proof : Corollary 1 to Theorem 7.3 shows that the inequality (k(sq) < 0 
implies 



V(x)>l 



(f(x)V(x) s ° + /(xM*) 1-80 ) <imj(x) 



< h(K W K) / + _L_ < (8 . 9 ) 

~ K !K '\soy/\d(K)\ 1- 8 0 J ~ S 0 (l- So)' K ' 

where / = Y[ v fv is the function used in the proof of Theorem 7.3. It was 
shown in the proof of that theorem that for v Archimedean we have f v = 
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f v , whereas for v non- Archimedean the function f v is the product of the 
characteristic function of D~ x and N(D V )~ 1/2 , D v = ir™ R v (where ir v is 
a fixed generator of the prime ideal p v of R v ) being the different of the 
corresponding local extension. 

Since / and / are both non-negative, (8.9) leads to 

h(K)n(K) >5 0 (1 - so) [ />)y(x) So dm 7 (x) 
Jv{x)>i 

> s Q (l - s 0 ) [ />)F(x) So dm/(x) 

J U v p * 

= s 0 (l - so) Y[ / fv(x v )v(x v ) a °dfjLl(x) 

V J P v 

= s 0 (l - 8 0 )Y[I„, (8-10) 



where 



o = ( {x v : v(x v ) > 1} if v i 

v ~ \ {x v : 1 <v(x v ) <2} if vi 



is non- Archimedean, 
is Archimedean. 



We estimate now the integrals I v from below. In the non- Archimedean case 
we have 

h=- mm i vWdMx) 
^/N{D V ) JDZ l nPv 

V N ( D v) m=-M J ^ U » 

^ fWTn^ f m < x v) So dlJ,* v (x). 
y/N(D v ) J^ M u v 

This leads to 

I v > —*N(p v ) M '° [ dtf,(x) = N(D v y°~\ 
^N(D V ) Jn- M u v 

If v is real then we get 

I v = [ 2 exp(-irx 2 )x s °— > e" 47r I* — 
Ji x Ji a; 

= e- 47r log2, 

and if v is complex then 

I v =2 J^eM-Mvl + Vl))(vl + ylY°- l dyidy 2 

>2exp(-47r)/ dtp / r 2s °— = 27re- 47r log2, 
JO Ji r 

where S = {( yi ,y 2 ) G M 2 : 1 < y\ + y\ < 2}. 
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This implies 

l[lv>B J] NiDv)"- 1 = B\d{K)\ s °-\ 

where 

B — B{n) = inf {(27r) r2 (e" 47r log 2) ri+r2 } > e~ 13r \ 

ri+2r 2 =n 

and this jointly with (8.10) proves the lemma. □ 

Prom this lemma one can deduce an old result of Hecke, dealing with the 
class-number of imaginary quadratic fields: 

Corollary. To every a G (0,1/2) there corresponds an effective constant 
c(a) > 0 with the property that if K is an imaginary quadratic field of discrim- 
inant d < — 4 such that Ck(s) has no real zeros in the interval [1— a/ log \d\, 1), 
then 

Proof : Put k - \d\. The assumptions imply ( K (l — a/logfe) < 0, so we may 
apply the lemma with s 0 = 1 — a/ log k. This gives 

hK > e -26 L _ a \ a fco/log& > ae-« 



log k J log k 2 log k 



and since n = n/ y/\d(K)\, the assertion follows. □ 

Our next lemma gives an upper bound for the value of Dirichlet L- 
functions at s = 1. 

Lemma 8.16. Ifm>3, and x is a non-principal character mod m, then 
|L(l,x)| < 2 + logra < 31ogm. 

Proof : For N > m we have 
N X{n), 



n=l 



n=l n—l-\-m r=l+m x 7 n=l+m 

^ v-^ 1 m v-^ / 1 1 \ 

< > - + 1:7+ > ra - 

^ n N ^ \r r + 1 / 

n=l r=l+m x 7 

= V - + m , < logra + 2 < 31ogm. □ 
^-f n ra + 1 
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Utilizing the two preceding lemmas we can now give a lower bound for 
the residue h{K)ti(K) of Ck(s). This will be achieved by a suitable choice of 
the parameter so in Lemma 8.15. 

Lemma 8.17. To each positive e there corresponds a positive constant B\ — 
Bi(n, e), such that for every Abelian extension K/Q of degree n one has 

h(K)n(K) >^i|d(K)r e . 

Proof : We may freely assume that 0 < e < 1/2. Suppose first that for all 
Abelian extensions K/Q of degree n we have (k(s) ^ 0 for 1 — e/2n < s < 1. 
Since Corollary 1 to Theorem 7.3 implies that (k(s) is negative in some 
interval (1 — a, 1), the inequality 

( K (l-e/2n)<0 

results for our fields. Applying Lemma 8.15 with so — 1 — e/2n we get 

h{K)*{K) > \d{K)\-*' 2n > \d(K)\~ e , 

and the proof is complete. 

Now assume that there is an Abelian extension Ko/Q of degree n such 
that vanishes at a point so of the interval (1 — e/2n, 1). Fix such sq> let 
K/Q be an arbitrary Abelian extension of degree n, and put L — KKq. 
The field L is obviously Abelian and we have [L : Q] < n 2 . Let if m be 
a cyclotomic field containing L, and let H 0 , Hi and H2 be the subgroups 
of its Galois group corresponding to Ko, K and L, respectively. Finally for 
i = 0, 1, 2 denote by Ai the set of characters mod m which are trivial on Hi, 
and, as before, let x' t> e the primitive character induced by a character 
According to Theorem 8.6 we can write 

n 

Ck 0 (s)= n L(s, X % 

and this together with A2 D Aq implies Cl(^o) = 0. We can now apply Lemma 
8.15, which yields 

h{L)n{L) > B ; 5 0 (l " s 0 )\d(L)\ s °-\ 

with B' = min m<n 2 B(m). 

Corollary 2 to Proposition 6.2 gives 

\d(L)\ < \d(K 0 )d(K)\ n , 



and we obtain 
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h{K)*{K) > B 2 \d(K)\ n ( a °-V > B 3 \d(K)\~ e/2 , 
with JE?2 and B% depending on n, e and so- In view of the equality 

h{K)n{K) = h{L)n{L) JJ L(l, xT 1 

x eA 2 \A ± 

we can write 

h(K)K(K)>\d(K)\-*'* J] L^x')- 1 - 

x eA 2 \A ± 

Lemma 8.16 gives now 

n l(i, X ')<b 4 n io g /(x)<5 5 n m^, 

xeA 2 \Ax X ^A 2 \A 1 x^A 2 \Ax 

and finally we arrive at 

h(K)n(K) > BsW)\- e/2 J] /W" 6/2 ^ B ?\ d (K)\~ e , 

xeA 2 \A ± 

since in view of Proposition 8.7 we have 

IJ f( X ) = \d(L)/d(K)\. □ 

X^A 2 \Ai 

The last lemma shows that 

logh(K)R(K) > log (|d(/0l 1/2_e ) + 0(1), 

and now it suffices to apply Corollary 4 to Theorem 7.3 to obtain the assertion 
of the theorem. □ 

Corollary 1. For imaginary quadratic fields K we have 

logh(K)= Q+o(l))logKJO|, 
for \d(K)\ tending to infinity. 

Proof : In this case we have R{K) = 1. □ 

Corollary 2. There are only finitely many imaginary quadratic fields with 
unique factorization. 

Proof : Apply Theorem 1.45 and the preceding corollary. □ 
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The last corollary is not effective, and does not lead to an explicit bound 
for the largest absolute value of the discriminant of an imaginary quadratic 
field with unique factorization. An effective proof of this corollary will be 
given in the last section of this chapter. 

Corollary 3. When K runs over all complex Abelian fields of a fixed degree 
n, then the ratio h~(K) — h(K)/h(K + ) tends to infinity. More precisely, 

. , log ft- (g) ^ 1 

liminf > -. 

log | d(K) | 4 

Proof : Proposition 3.20 implies that any fundamental system of units of K + 
generates a subgroup of finite index in U(K). This shows that the regulator R! 
of such system, taken in K, is not smaller than R(K), according to Corollary 
2 (hi) to Theorem 3.13. Since obviously R' = 2 r R{K+), with r = n/2 - 1, 
this leads to 

log R(K) < r log 2 + log (8.11) 

and thus 

log /T (JQ > log(h(K)R(K)) -log(h(K + )R(K + )). 

Let now e > 0 be fixed. It follows from the theorem that if |<i(if + )| is 
sufficiently large, say |d(i ; C + )| > T, then 

log(h(K)R(K)) > (1/2 -e) log \d(K) \ > (1 - 2c) log \d{K+)\, 

and 

\og{h{K + )R{K + )) < (l/2-6)log|d(X+)|. 
(We used here the inequality > \d(K + )\ 2 , resulting from Corollary 1 

to Proposition 4.15.) 
Subtracting, we get 

log(h(K+)R(K+)) > (l/2-3e)log|^+)| > (1/4 - 3c/2) log \d(K)\, 

hence it remains to consider those fields K for which |<i(if + )| < T. By Theo- 
rem 2.24 this gives only finitely many possibilities for K + . Thus R(K + ) lies 
between two positive constants, and (8.11) gives R{K) — 0(1). By Theorem 
8.14 we have 

\ogh(K) = (1/2 + o(l) log \d(K)\ - log R(K). 

If R(K) > 1, then log R(K) = 0(1), and if R{K) < 1, then log R(K) is 
negative, thus in both cases we get 

log/i(^)>(l/2 + o(l))log|d(if)|, 
and as in our case 1 < h(K + ) = O(l), we are done. □ 

Corollary 4. There are only finitely many complex Abelian fields with given 
degree and class-number. □ 
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8.3. Class-number of Quadratic Fields 



1. The problem of determining the class-number of quadratic fields goes back 
to Gauss [01], who actually considered the number of equivalence classes of 
binary quadratic forms aX 2 + 2bXY + cY 2 with rational integral coefficients 
a,&, c, satisfying (a, b, c) — 1, and having a fixed determinant b 2 — ac, under 
the action of SI^C^)- Those two class- numbers are intimately connected, 
as we shall see in this subsection. However, in contrast to Gauss, we shall 
consider binary quadratic forms f(X, Y) = aX 2 +bXY + cY 2 with a, 6, c G Z, 
satisfying (a, 6, c) = 1. Such forms are called primitive. The discriminant d(f) 
of / is defined by d(f) = b 2 - Aac. 
A matrix 

'A B 
C D 



M = 



e SL 2 (Z) 



(i.e., a matrix with entries from Z and unit discriminant) acts on / by means 
of 

Mf = g(X, Y) = f(AX + BY, CX + DY). 

Since the forms / and Mf have the same discriminant, and the inverse 
M _1 also lies in SX 2 (Z), we obtain a partition of the set of all primitive 
quadratic forms of the same discriminant into classes, each class consisting of 
equivalent forms, two forms being considered equivalent if there is a matrix 
in SX2(Z) mapping one of them into the other. 

The theorem, which we now prove, establishes a connection between the 
number of equivalence classes of forms and the class number of a quadratic 
number field. 



Theorem 8.18. Let K be a quadratic number field of discriminant d, and 
let I be a non-zero ideal of Rk • Denoting the conjugate of an element c G K 
by c f choose a Z-basis a\,a<i of I in such a way that the number a\o! 2 — 0,2^1 
is either positive, or lies on the upper half of the imaginary axis. With I we 
associate the quadratic form 

ffYv ^_ N K/Q ( ai X + a 2 Y) _ ( ai X + ^Y^X + a' 2 Y) 

N(I) 

We assert: 

(i) The form fj has integral rational coefficients, it is primitive, its dis- 
criminant equals d, and in the case of d < 0 it is positive definite. 

(ii) The map I 1— >• // of the set of all non-zero ideals of Rk into the set 
of all primitive quadratic forms with coefficients in Z and of discriminant d 
(which, in case d < 0, are positive definite) is surjective. 

(Hi) If two ideals /, J lie in the same class of H*(K), then the forms fi 
and fj are equivalent. Conversely, if fi,fj are equivalent forms, then the 
ideals /, J lie in the same class. 



J J- v. 5 ) — 



MI) 
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Proof : Fix the generator Vd of K so that it is either positive, or lies on the 
upper half of the imaginary axis. It follows from Propositions 2.9 (ii) and 2.13 
that if 1, uo form an integral basis of K, and a\ = An + A12W, CL2 — A21 +A22W 
(with Aij G Z), then N(I) = \ det[Aij] |, and an easy computation with the use 
of Theorem 2.18 shows that a\a' 2 —a[a2 = ±N(I)Vd. Changing, if necessary, 
the sign of a\ we can find a basis of / of the required form. Now note that 
the coefficients of // are equal to Nk/q(cli)/N(I), (aia f 2 + a f 1 a,2)/N(I) and 
^K/Q( a 2))/^(I)i respectively. Since a±, CL2 lie in / we get N(I)\NK/Q{o>i), and 
we see that a\a' 2 +a[a2 is a rational integer lying in IV = N(I)Rk, hence it is 
divisible by N(I). This shows that the coefficients of // are rational integers. 
Note also that the discriminant of // equals d, and this implies that our form 
is primitive. Indeed, if there is a prime p such that the form fi/p has integral 
coefficients, then its discriminant D equals d/p 2 , thus p = 2. However, every 
discriminant of a quadratic form is congruent either to 0 or to 1 mod 4, hence 
d(fi) — AD with D = 0, 1 (mod 4), which is obviously impossible. To obtain 
the last part of (i) it suffices to observe that in the case of negative d the 
coefficient of X 2 in // is positive. 

To prove (ii) consider a primitive binary quadratic form F(X, Y) — AX 2 + 
BXY + CY 2 with discriminant d, and assume that F is positive definite in 
case of negative d. Put 



j = f (B + Vd)Z + 2CZ if C > 0, 
\ (B - Vd)Z + 2CZ if C < 0. 



Note that the case C = 0 cannot arise, as then d would be a square. An easy 
check shows now that / is an ideal, satisfying fj — F, and this proves (ii). 

Assume now that the ideals / = aiZ + g^Z and J = b\L + 62 Z lie in the 
same class of H*(K), and let ci,C2 be totally positive elements of Rk such 
that C\I = C2J holds. Then ciai, C\a2 and 02^1,0262 are two bases of the ideal 
Ci/, thus there exists a matrix M — [rriij] G GZ/2(Z) with 

ddi = raiiC2&i + rrii2C2b2 (i = 1, 2). (8.12) 

To the ideal c\I there corresponds, via the basis C\d\, C1G&2, the form 

F(x Y] = N K/Q (c iai X + Cl a 2 Y) 
[ ' } N(I)N K/Q ( Cl ) ' 

and, via the basis 0261,02^2, the form 

NK/qicahX + c 2 b 2 Y) 



G(X,Y) = 



N(J)N K/q (c 2 ) 



Since evidently F — //, G — fj and G = MF, we have fj = Mgi and so it 
suffices to show that det M — 1. Now 
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c 2 bic' 2 b' 2 ~ c 2^i c 2^2 = N(c 2 J)Vd = N(ciI)Vd — c\a\d x o! 2 — d x o! x c\a 2 
= (mnc 2 bi 4- m 1 2C2b 2 )(m2iC 2 b' 1 + m 22 c' 2 b 2 ) 
— (raiicJ^i + mi 2 c 2 b 2 )(m 2 ic 2 bi + m 22 c 2 b 2 ) 
= (c2bic f 2 b f 2 - c 2 b[c 2 b 2 ) det M, 

and this shows that indeed detM = 1. 

Finally we prove that equivalent forms correspond to ideals from the same 
class in H*(K). Let F and G be two forms associated with ideals / = a{L + 
a 2 lj and J = b\ Z+ b^L, respectively, and assume that F and G are equivalent, 
i.e., for a certain matrix M = [rriij] G SL 2 (Z) we have 

G(X, Y) = FimnX + m 12 Y, m 21 X + m 22 Y). 

Comparing the coefficients we see that either b\jb 2 or (bi/b 2 )' equals 

(airan 4- a 2 m 21 ) / (aim 12 4- a 2 m 22 ), 

since these numbers differ only in sign from the solutions of the equation 
G(l,x) = 0. 

Observe that the second case is impossible. Indeed, in this case we would 
have, with a suitable t G Rk, the equalities 

airan + a 2 m 2 i = tb f ± , a\m\2 + a 2 m 22 = tb' 2 , 

and so 

(bib 2 — b\b2)N K /q(t) = —{a\a! 2 - a / 1 a 2 )detM = -(aia 2 — a / 1 a 2 ), 
showing that N K /q(t) is negative. But on the other hand 

N K/Q (tb[X + tb f 2 Y) _ N K/Q (t)N(J)G(X,Y) 



G(X,Y) 



N(I) N(I) 



whence N K /q(t) = N(I)/N(J) must be positive, a contradiction. 

Hence the first case must hold, and so with a suitable t G K we have 

airan + a 2 m 2 i = tbi, a\m\2 + ^2^22 = tb 2 , 

and the preceding argument gives N K /q(t) > 0. Since detM = 1, we see that 
tb{L 4- tb 2 Z = J, thus tJ = J, and so I and J lie in the same class in H*(K), 
because t is either totally positive, or totally negative, and the latter case can 
be avoided by changing the signs of a\ and a 2 , which change does not affect 
the argument. □ 
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2. Using Theorem 8.18, and results concerning the reduction of binary quad- 
ratic forms one can determine the value of h*(K), and obtain upper bounds 
for it (see e.g. Narkiewicz [86, Chap. 5]). However, using Corollary 2 to The- 
orem 8.10 one can obtain in the case of real K much better bounds, and this 
is what we now show. To simplify the notation we shall write h(d) to denote 
h(K), whenever K is the quadratic field of discriminant d. 

Proposition 8.19. For positive d one has h(d) < yfd. 

The proof will be based on a lemma of Hua, which improves in this case 
Lemma 8.16: 

Lemma 8.20. If d> 0, then 

L d (l) <l + ^logd. 



(Let us recall that L d {s) — L(s,Xd), where Xd{n) = (§)•) 
Proof : Consider the function S(n) defined for positive integers n by 

a— 1 m—1 

and put S(— 1) = 5(0) = 0. In view of the identity 

S(n) - 2S(n - 1) + S(n - 2) = X d(n) (n = 1, 2, . . .) 
we may write 

T _^ Xd(n) S(n) 

n - z 2^ n (n + l)(n + 2Y 

n=l n=l v J v J 

Now put A = [Vd] + 1, and split the last sum into two: Si, with n 
ranging from 1 to A — 1, and S 2 , in which n runs from A to infinity. Since 
\S{n)\ < n(n + l)/2, we get 



A-l 

5l l ^ 5Z^7^ <log(l + A)-log2<logv / d. 



To evaluate S 2 we prove first for j > Vd the inequality 

\S(j)\<jVd/2. (8.13) 
In view of Xd(-n) = Xd(n) we obtain 
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a=0 n=l a—0 n= — a 

Theorem 6.16 combined with Proposition 6.14 (i) gives the equality 

d 



Xd(n)Vd = ^2 Xd(x) exp(27rixn/d) 



x=l 

(which holds also in the case (d,n) > 1, both sides being 0), hence 

j a d 

2 



y/dSU)= ^2xd(x)exp(2irixn/d) 

a=0 n=—a x=l 
^ d j a 



x—1 a=0n=—a 

implying 

\JdS(j)\ < jElE E exp(27rixn/d)l- 



x=l a=0 n=—a 

In view of the identity 

3 a 



^ , /sin(t(j + l)/2)V 

EE^W- sin(t/2 j 

a=0n=-l V \ I ) / 

holding for real t ^ 27rra (ra G Z), we get, with denoting the least non- 
negative residue of j mod d, 



cc=l a=0 n=-a x=l v V / / / 

= V f ^W + l)/«0 y = £f V exp(2**m/d) 



x—1 ^ \ I J / x=l a=0 n=— 1 

= E E Eexp^zn/d) = (/ + l)d - 0" + I) 2 - 

a=0 n——a x=l 

This leads to 

\S(j)\ < \(l + j')(Vd - (f + (8.14) 

Now, if Vd < j < d, then j' = j, and \(l+j)y/d— \ (j + l) 2 /Vd does not 
exceed jy/d/2, which implies (8.13) in this case. In the case j > d we obtain 
from (8.14) by trivial estimate the inequality 
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\S(j)\ < \(l + d)Vd<jVd/2, 
which again gives (8.13). Finally 

\S(d)\ = \S(d - 1)| < (d - l)Vd/2. 

Inequality (8.13) being established, we can now conclude the proof. In 
fact, that inequality implies 



and this shows 

|S|<|Si| + |S 2 |<l + logVS, 
as required. □ 

Proof of Proposition 8.19: We use Corollary 2 to Theorem 8.10. The required 
evaluation of 1/^(1) is provided by the lemma just proved, and we need only 
to obtain a convenient estimate of log e from below. For this purpose write e 
in the form 

T + UVd 
e= 2 

with T,U eZ and T 2 - dU 2 = ±4. It is clear that 

T 2 = dU 2 ±4> (d — 4)U 2 , 
whence T >U yfd — 4 and 

hence loge > \og(d — 3)/2. This evaluation suits our purpose, because for 
d > 17 we get 

and it remains to observe that for d < 17 we have h(d) = 1. Indeed, otherwise 
by Lemma 3.8 there would exist a non-principal ideal of norm not exceeding 
y/d/2. However, if d < 17 is a discriminant, then d < 13 and so the only ideal 
in question is the unit ideal, obviously principal. □ 
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3. A lower bound for h(d) is provided for negative d by Theorem 8.14, which 
implies h(d) > d l / 2 ~ 5 for every positive 5 and sufficiently large \d\. No com- 
parable result is known for positive d, and in fact it has been conjectured 
that for infinitely many d > 0 one has h(d) = 1. We shall now give a lower 
bound valid for infinitely many positive discriminants, which is a particular 
case of the Ankeny-Brauer-Chowla theorem: 

Theorem 8.21. For every positive 5 one can find infinitely many real 
quadratic fields Q(Vd) with h{d) > d 1 / 2 ' 5 . 

Proof : Fix 5 > 0 and let e(d) > 1 be the fundamental unit of the field Q(Vd). 
By Theorem 8.14 we have 

d l/2-8 

log e(d) 

for all sufficiently large d. We have thus to bound e(d) from above, and every 
bound of the form loge(d) = O(logd), valid for infinitely many fields, will do. 
We need an elementary result first: 

Lemma 8.22. For infinitely many n the number n 2 + 1 is square-free. 

Proof : Observe first that n 2 + 1 is never divisible by 4. For an odd prime p 
let A P (T) be the number of integers n < T for which n 2 + 1 is divisible by 
p 2 , and observe that the number A(T) of integers n < T for which n 2 + 1 is 
square-free satisfies 

A(T)>T- MT)- 

3<P<T 

Obviously we have 



A V (T) 



1 < 1 + 



n<T 
-1 (mod p 2 ) 



E 



and so 



A(T)>T-2^1-2T J2 - 2 

p<T 3<p<T F 



x mod p 2 
2 = — 1 (mod p 2 ) 



1 - 




~ 2T 
l<2 + -2", 



T + o(T). 



Further, 



p>3 1 



n=l 



7T 



5 <A 
4 - 12' 



and so finally 
proving the lemma. 



A(T)>-+o(T), 



□ 
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Now let D — n 2 + 1 be square- free and consider the field if = Q(\/Z)). Its 
discriminant d equals either D or 4D. The number r\ — n + VVi 2 + 1 > 1 is 
a unit in if, and so if e > 1 is a fundamental unit of if, then rj = e N holds 
with some N > 1. It follows that 

log 77 

loge = < log r? = O(logn) = O(logd), 

and this suffices to our purpose. □ 



The presented argument implies that there are only finitely many square- 
free numbers D = n 2 + 1 such that the field Q(\/D) has a given class-number. 

4. Not much is known about the structure of H(K), or H*(K), in the general 
case. We prove now an old result, going back to Gauss [01], which determines 
the number of even invariants of H*(K) for quadratic fields if. 

Let if be a quadratic field, The factor-group <5(K) = H*(K)/H*(K) 2 is 
called the genus group of if, and cosets mod if* (if) 2 in if* (if) are called 
the genera. Denote by g(K) the cardinality of (3 (if). Obviously all non-unit 
elements of 0(if ) are of order 2, thus g{K) is a power of 2. The structure of 
0(if ) is determined by the following theorem: 

Theorem 8.23. If if is a quadratic number field, and t is the number of 
distinct prime divisors of the discriminant d = d(K), then the group 0(if) 
is the product of t — 1 copies of the group C2 . 

Proof : Write if = Q(y/D) with square-free D. We may assume D ^ —1, —3, 
as in these cases the theorem is trivially true. 

Observe first that (25 (if) is the maximal homomorphical image of if* (if) 
having the form . Therefore it is isomorphic with the maximal subgroup 
V of if* (if) of that form. Obviously V coincides with the set of elements 
of if* (if) having their orders bounded by 2. Observe also that V can be 
considered as a linear space over F2 , and we have thus to show that diniF 2 V = 
t-1. 

Let pi, . . . ,p t be the primes ramified in if. By Theorem 4.39 there exist 
prime ideals pi, . . . , p t such that PiRr — p 2 holds for i — 1, 2, . . . , t. If Xi G 
if* (if) is the class containing p^, then Xf — E, the unit class, thus Xi G V. 

We show first that if X ^ E, X G V, then there exists an ideal I G 
X which is equal to its conjugate V . To obtain this choose an unramified 
prime ideal p G X. Its norm N(p) = p is a rational prime, and we have 
pp ; = pR K G E, implying X' = X' 1 = X. Therefore p ; lies in X, and with 
a suitable totally positive a. G if* we have p ; = ap. Because N K /q(a) is 
positive, we get, in view of 



p = iV(p') = N K/Q (a)N(p) = N K/Q (a)p, 
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the equality N K /q(a) = 1. This implies a = (1 + ot)/{l + a') and we get 

(l + a')p' = (l + a)p, 

showing that the ideal I = (1 + a)p G X is equal to its conjugate. 

Let m > 0 the maximal rational integer satisfying itiRkII, and write 
I = ra J. Then J G X, J 7 = J and J is not divisible by a proper ideal of the 
form uRk with n G Z. We shall now show that J has the form 

J = tl#> 

i=l 

with 6* e {0, 1}. To do that write 

k 

with positive exponents q, and observe that none of the ^'s can be of degree 
2, as in that case we would have tyi = qB,K? with a rational prime hence 
qRx\J, contradiction. So all ^Vs are of degree one, and if one of them, say 
*Pi would be unramified, then the equality J' — J would force the equality 
*Pi = ^ with a suitable j ^ 1, hence N^^Rk = would divide 

J, again a contradiction. We see thus that all prime ideal factors of J are 
ramified, and this implies that X lies in the subgroup Vq of H*(K), generated 
by the classes Xi,...,X t . Therefore V = Vb, and it remains to prove that 
the minimal number s of generators of Vq equals t — 1. 

Now we shall prove the inequality s < t — 1 , and start with the imaginary 
case, which is easier, as every element of K is totally positive. 

If D ^ 3 (mod 4), then D = - Ul=i Pu implying \[DR K = ULi Pu and 
Yll=i Xi = E, leading to s < t — 1 in this case. If, however, D = 3 (mod 4), 
then d(K) = 4D, hence 2 is ramified, so let p t = 2. Then D = —YilZiPii 
hence \/DR K = Pi, and J]J=J x i — E, giving again s <t-l. 

If if is real, then let e > 1 be its fundamental unit. If Nk/q(c) = —1, 
then e^fD is totally positive, and the ideal generated by it is a product of 
some p^s. This leads to a non-trivial relation. If the norm of e is positive, 
then write e = a + by/D with rational and positive a, 6, and observe that 
7 = 1 + e > 0 has positive norm, hence is totally positive. In view of 

V = 1 + e ; = 1 + l/e = 7/c 

we see that the ideal is equal to its conjugate. Therefore we can write 

t 

i=l 
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with certain nonnegative q's. If all q's would be even, then we could write 
^ = me k with suitable m G Z and k > 1. This would imply 

7' 

hence e would be a root of unity, which is absurd. Therefore at least one q 
is odd, and this implies a non-trivial relation between the generators of V\. 
Thus also in the real case we get dim Vi <t — 1. 

It remains to show that there are no other non-trivial multiplicative rela- 
tions between the classes Xi, . . . , X t . Assume thus that with some r < t — 1 
we have YT j=1 X ij = E. Then the product lTj=i Pij is principal, gener- 
ated by some totally positive a G Rk- Putting P = Pi x --Pi r we get 
aa' = N K /q(o) = P and o?R K = Pi x - -Pi r RK- Thus, with a suitable unit u, 
we have 

a 2 — uP = uaa', 

and therefore 

%q(w) - N K/Q {a) 2 /N K/Q (a)N K/q (a') - 1. 

Consider first the imaginary case. The last equality implies o! — ±a. If 
a' — a, then a G Q, its norm is a square, and so P is a square in K, which 
is possible only in the case, considered above. If a' = —a and a = x + y\[d 
with x, y G Q, then x = 0, hence a = yy/d with 2y G Z. But this implies 
4P = 4a 2 = D(2y) 2 , implying D\P, which is possible only if D = P, and this 
shows that our relation coincides with that found before. This establishes the 
theorem for imaginary quadratics. 

Now let K be real, and assume first that the fundamental unit e > 0 of 
K is of negative norm. In this case u = a 2 /P is positive, hence we can write 
u = e 2n with a suitable n G Z. Then 

au -1 ae~ 2n a 



(ey/D) n J {e^y/DY (e" 1 ^) 71 (eV^D)^' 

showing that the number a/(eVD) n is invariant under the Galois group, 
hence rational. Thus a = w{e\fD) n holds with some w G Q, and we obtain 



P = Pi 1 ---Pi r = N K/Q (a) = w 2 (-in-D) n = w 2 D n , 

and so n must be odd, and we obtain that P differs from D by a factor which 
is a rational square. This, however, is possible only in the case considered 
above. 

Finally, let the fundamental unit e > 0 be of positive norm. In this case 
again u > 0, so we may write u = e n with a suitable n G Z. Then 

au~ x ae~ n a 



(l + e) n y (l + e- 1 )™ (l + e" 1 )™ (1 + e) r 
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thus the number w = a/(l + e) n is rational. Therefore P = w 2 (N K /Q(l + e)) n , 
and we see that n is odd, as otherwise P would be a square. Now let P\ = 
Pi' "Pt/P, and consider the ideal 

i= n pi = (>/Pi)ite. 

i<i<t 

,...,i r 

Repeating our argument with Pi in place of a we get 

P 1 =w 2 1 (N K/Q (l + e)) m , 

with rational w\ and odd m. This implies 

pi • • .p* = PPi - (^i) 2 (iV K/Q (l + e))- + -, 

but the right-hand side is a square, whereas on the left-hand side we have a 
square- free integer ^ 1, contradiction. □ 

Corollary 1. IfK/Q is quadratic, then the group H*(K) has uj{d) — 1 even 
invariants, u(N) being the number of distinct prime divisors of an rational 
integer N. 

Proof : If H*(K) = C ni is the factorization of H*{K) with cyclic factors, 
then the canonical map of H*{K) onto <S(K) trivializes every factor with ni 
odd, whereas every factor with ni even becomes a non-trivial cyclic factor of 
<&(K). Thus the number of even n^s equals the number of non-trivial cyclic 
factors of &(K), because for even n^n^, with i ^ j, the images of C Ui and 
C n . cannot coincide. □ 

Corollary 2. The narrow class-number h*(K) of a quadratic number field 
K is odd if and only if the discriminant of K is a prime-power, i.e., d = —4, 
±8, (-l)( p-1 )/ 2 p (with odd prime p. 

Proof : A trivial deduction from the preceding corollary. □ 



As an application of the theorem just proved we present now a quadratic 
field whose class-group H(K) is a direct factor of H*(K), and also a field in 
which this does not hold. 

First let K = Q(>/34). Here d{K) = 2 3 • 17, u{d{K)) - 2, hence H*(K) 
has one even invariant. The fundamental unit has positive norm, because 
the unit 35 + 6y/3A has positive norm, but it is not a square in K, and by 
Corollary 2 to Theorem 3.25 one gets h*{K) = 2h{K). By Lemma 3.8 in 
every ideal class of H{K) there is an ideal with norm not exceeding 5, and 
a routine examination of the ideals involved leads us to h(K) — 2, whence 
H(K) = C 2 . Since h*(K) = 2h{K) - 4 we obtain H*(K) = C 4 , and so H(K) 
is not a direct factor of H*(K). 
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Now let K = Q(\/15). Here d{K) = 2 2 • 3 • 5, u{d{K)) = 3. The norm of 
the fundamental unit is positive, since the equation x 2 — lhy 2 = —1 has no 
solutions, even mod 3. Consequently h*(K) = 2h(K) and the inspection of 
ideals with small norms gives h(K) — 2, thus H*(K) — C 2 x C 2 , and we see 
that in this case H(K) is a direct factor of H*(K). 

We conclude this subsection with an asymptotic result concerning the 
number g{d) of genera for negative d. 

Proposition 8.24. If d tends to — oo then the quotient g{d)/h{d) tends to 
zero. 

Proof : Assume that for an infinite sequence dk of negative quadratic discrim- 
inants we have h(d k ) < Bg(d k ) with some fixed B. Corollary 1 to Theorem 
8.14 implies g(d k ) — >• oo, and so by Theorem 8.23 the number tk — w(d k ) 
tends to infinity with k. Observe now that if p tk is the tfc-th consecutive 
prime, then 

log |dfc| > ]Plogp> ^ logp, 

p\d k P<Pt k 

and by an elementary result of Chebyshev the last sum exceeds C\p tk > 
^tfclogtfc for some positive Ci, C2. Using again Corollary 1 to Theorem 
8.14 we get for large k the inequality 

h(d k ) > |d fc | 1/4 > exp(C 3 tfclog*fc) 

with a suitable C3 > 0, and so finally we arrive at 

exp(C 3 t fc logt fc ) < g{d k ) = 2 tk ~ l = exp((t fc - l)log2), 

which is a clear contradiction for t k large enough. □ 

Corollary. For sufficiently large N there is no imaginary quadratic field 
whose class group is the product of N copies of C2 • 

Proof : If H{K) = C$ ', then H{K) = H*(K) = hence g(K) = h(K), 

and the proposition implies that this can hold only for finitely many imagi- 
nary quadratic fields. □ 

5. It follows from Theorem 8.23 that for any power of 2 there exist infinitely 
many quadratic fields with class-number divisible by it. We present now a 
result of Nagell [22] which asserts that the same holds for any positive integer, 
if we restrict attention to imaginary quadratic fields. 

Theorem 8.25. If n is an arbitrary positive rational integer, then there exist 
infinitely many imaginary quadratic fields with class-number divisible by n. 

The proof of this theorem will be based on the following auxiliary result: 
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Lemma 8.26. Let D > 3 be a square-free rational integer, and q = p a a 
prime power, p being an odd prime. Assume that the equation 

x 2 + Dy 2 = z q 

has a solution x, z with (x, y) = 1, 2 { z, p\x and p 2 \ x. Then for the field 
K = Q(v /I1 ^) we have q\h(K). 

Proof : Our equation may be written in the form 

J J' = N(J)R K = z q R K , 

where J is the principal ideal generated by £ = x -f y^—D, and J' is its 
conjugate. Our assumptions imply (J, J') = 1, hence J must be a g-th power 
of an integral ideal, say J — I q . Assume, contrary to our assertion, that 
p b || h(K) and b < a. Then (q,h(K)) = p 6 , and with suitable i,5€Zwe 
obtain 

Aq + Bh(K)=p b , 

showing that the ideal I pb = J A J Bh (K) [ s principal. Now J is a p-th power 
of a principal ideal, and since the only units in K are ±1, it follows that £ 
is a p-th power of an integer in K. We have now to distinguish between two 
cases: 

(a) D = 1 or 2 (mod 4), 
and 

(b) D ee 3 (mod 4). 

In the case (a) we can write 

x + yV^D = £ = (u + v\f^D) v 

with suitable u,v G Z, which are relatively prime in view of (x,y) — 1. 
Comparing the rational parts on both sides of this equality we get 

x = v? - Q v?~ 2 v 2 D + ■ ■ • + (^ P _ J uve-\-D)<*-W, 

thus 

0 = x = u (mod p), 

and this shows p 2 \u p , thus p 2 |x, giving a contradiction. 
In the case (b) we proceed in a similar way. Write 

/ / v v i \p 

x + yV^D = £= (u+ - + 

with suitable relatively prime rational integers u, v. Putting t — 2u -\- v and 
proceeding as in the previous case we get 
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and from p\x we infer p\t. Hence p 2 \2 p x and p 2 \x, which is a contradiction. 

□ 

Corollary. Let D > 3 be a square-free rational integer, and let n be an odd 
integer. Assume that the equation 

x 2 + Dy 2 = z n 

has a solution x, y, z with (x,y) — 1, 2 { z and (x, n 2 ) equal to n* , the product 
of all distinct primes dividing n. Then the class-number h{K) of the field 
K = Q(\/—D) is divisible by n. 

Proof : Immediate from the lemma. □ 

Proof of the theorem: Let m be a given odd number, and let x be an integer 
satisfying (m,x) = m*. Then the polynomial X 171 — x 2 is irreducible over 
Q, because x 2 is not a rai-th power for any non-trivial divisor m\ of m. 
As we already have seen in the proof of Theorem 4.37 this implies that the 
congruence z 171 = x 2 (mod p) has solutions in z for infinitely many primes p. 
We can even obtain solutions with z 171 = x 2 (mod p 2 ), replacing z, if necessary 
by z + P- By the Chinese remainder theorem we can now obtain, for any 
r, infinitely many sets A = {pi, ... ,p r } of r primes such that with some 
za € Z we have pi \\ z™ — x 2 > 0 (i = 1, 2, . . . , r) and pi \ zax. Write 
z™ — x 2 = P>aV 2 a with square- free Da- Since the product pi • • -p r divides Da, 
hence by Theorem 8.23 the class-number of Ka = Q{V~ Da) is divisible by 
2 r_1 . 

To apply the corollary to the last lemma observe that we can always 
choose za to be odd (replacing za, if necessary, by za + (pi • • - Pr) 2 ), and, 
moreover, that the condition (x,yA) = 1 is also fulfilled. Indeed, if q is a 
prime divisor of (x, yA) and g ^ i, then replacing za by za + u(pi • • -p r ) 2 
with a suitable u G Z, we can obtain (za,q) ~ 1. If a G A, then we have 
— 1 by construction, and it remains to observe that q\(x,yA) implies 

q\z A . 

Thus we may apply the last corollary to get the divisibility of h(K) by m. 
We have obtained thus infinitely many imaginary quadratic fields with class- 
number divisible by 2 r_1 m, where r > 1 is arbitrary and m is an arbitrary 
odd positive integer. This establishes the theorem. □ 

6. Theorem 8.23 implies that if a quadratic field has sufficiently many rami- 
fied primes, then its class-number is larger than any prescribed positive num- 
ber. An analogue of this result for arbitrary normal extensions of a fixed 
degree will be deduced from the following theorem giving a sufficient condi- 
tion for the existence of large subgroups in H(K): 

Theorem 8.27. There exists a function c(n) with the following properties: 
for any prime q and any field K of degree n the class- group H(K) contains 
Cq as a subgroup, with 
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N>t q - c(n), 

where t q = t q (K) denotes the number of rational primes p such that the 
ramification indices of all prime ideals of Rk lying over pZ> are divisible by 

Q- _ 

Moreover, if q ^ 2, r{K) is the unit rank of K, K is the field complex 
conjugated to K, and for any field L we denote by A q (L) the degree of the 
composite of all pure fields Q(a 1 ^ q ) (with a € Q) contained in L, then 

N>t q -a(K), 

where 

ClW \r(K)+ log A q {{KK)+)/ log q if( q ?K. 



Proof : Let be the maximal subgroup of the form Cj of H(K). It equals 
H q /H^ where H q is the g-Sylow subgroup of H(K). Denote by I q the group 
of all non-zero elements of K which generate g-th powers of fractional ideals, 
and put P = U = U{K) and E = E(K). Then H q /H* ~ I q /UP and 

the sequence 

1 — > UP/EP — > I q /EP — > I q /UP — > 1 

is exact. Since all its terms can be regarded as vector spaces over k — ¥ q we 
get 

N = dim k I q /UP = dim k I q /EP - d\m k UP/EP. 
Theorem 3.13 gives 

dim k UP/EP = dim k U/EU q = r(K), 

and so it remains to obtain a good lower bound for dim/- I q /EP. Let t = t q 
and let pi,. . . ,pt be rational primes, whose all prime ideals divisors in K 
have their ramification indices divisible by q. All these primes lie in I q , so 
let X be the subspace of I q /EP generated by their images. If s = dim^X, 
then there are M = t — s independent linear relations between our generators 
of X. This shows that with suitable 0 < < q — 1, Aj G K* and Zj G E 
(i = 1,2, ...,t\j = 1,2, ...,M) we have 

t 

b j =l[Pi ii = z i A ) (i = l,2,...,M), (8.15) 

i=l 

and idLiik k [xij] = M. 

Observe that for any positive integer c and M > M(c, n) at least c + 1 
numbers Zj are equal, say z\ — Z2 = . . . = ^ c +i, thus bj/bi +c — B q - holds 
for j = 1, 2, . . . , c with suitable Bj G K. Hence for j = 1, 2, . . . , c the field K 
contains the field generated by (bjb^l) 1 ^. Observe further that the numbers 
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bjb q c +{ are g-independent in Q. Indeed, otherwise we would have with suitable 
0 < yi, • • . , y c < q, not all vanishing, and an r G Z, the equality 

Thus t 

i=l 

where 

c 

3 = 1 

However 

c 

0 ee ai = 2/j(»*j - z*,c+i) ( mod 9) ? 

and since rank/Ja^- — £i, c +i] = c, all t/^'s must vanish. 

Lemma 7.41 (iii) implies now g c |n, thus c < log nj log g, hence M must 
be bounded. In view of the equality N — t - M — r{K) = t + O(l) this gives 
the first assertion. 

If q is odd, then one obtains a better upper bound for M proceeding 
as follows: take the complex conjugate of both sides of_(8.15), and mul- 
tiply pairwise. This leads to 6? = B) with Bj = AjAj G (KK) + for 
j = 1, 2, . . . , M. Since the bj's are g-independent in Q and q ^ 2, so are 
the 6?'s. Consequently the field (KK)+ contains the composite of all fields 
Q((b 2 j) 1/q ) which is of degree g M , thus q M < A q ({KK)+). If K does not 
contain all 6/s are g-th powers in K, and the same argument leads to 
q M < A q (K). This establishes the last assertion, and we see that one can 
have c(n) =max{ci(K') : [K : <Q>] = n}. □ 

Corollary 1. If p is an odd prime and K/Q is a pure extension of degree p, 
then H(K) has at least t p — p invariants divisible by p. 

Proof : Here A P (K) = p and ( p 0 K, thus a(K) = r(K) + 1 = P- □ 

Corollary 2. If K/Q is either Abelian or totally real, andp is an odd prime, 
then H(K) has at least t p — r(K) invariants divisible by p. 

Proof : In this case A P (K) = A P ((KK+)) = 1. □ 

Note that this corollary fails to hold for p = 2 in the case of imaginary 
quadratic fields, as shown in Theorem 8.23. 
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Corollary 3. If K/Q is cyclic of an odd prime degree p, then H(K) has at 
least uj{d{K)) — p + 1 invariants divisible by p. 

Proof : In this case every ramified prime is counted by t p , thus t p = uj(d(K)) 
and since r(K) = p — 1 the assertion follows from the preceding corollary □ 

Corollary 4. If K\, i^2, • • • is a sequence of normal extensions ofQ of a fixed 
degree n and uj(d(Kj)) tends to infinity, then liirij h(Kj) = oo. 

Proof : Since every prime ramified in Ki/Q is counted by t p (Ki) for a certain 
prime divisor p of n, the number 

max{t p (Ki) : p\n} 

tends to infinity, and we may apply the theorem. □ 

7. Finally we turn to imaginary quadratic fields with class-number one, and 
start with a curious result of Frobenius [12] and Rabinowitsch [13], displaying 
a connection between these fields and the problem of representing primes by 
quadratic polynomials. 

Theorem 8.28. Let K be an imaginary quadratic field with discriminant 
d 7^ —3, —4, —8. Then h(K) — 1 holds if and only if d = 1 (mod 4), and for 
x = 1, 2, . . . , (1 — d)/4 — 1 the polynomial 

F d (X) = X 2 -X + ^ 
attains exclusively prime values. 

Proof : Let K be an imaginary quadratic field with h(K) — 1 and d — d(K) ^ 
—3,-4,-8. Observe first that Corollary 2 to Theorem 8.23 implies that d = 1 
(mod 4). Put uj — (1 + y/d)/2, and recall that 1, uj is an integral basis for K. 
For x e Z we have N k /q(x + uj) = F d (x), and for x = 1, 2, . . . , (1 - d)/4 the 
inequality Nk/q(x + uj) < (l — d) 2 /16 holds. Note that for x in this range the 
numbers x + uj are all irreducible, independently of the assumption h(K) — 1. 
Indeed, from x + uj = ab we infer N K /q(ab) < (1 — <i) 2 /16, and so the norm 
of one of the factors, say of 6, does not exceed (1 — d)/4. But if r + suj is an 
arbitrary irrational element of Rk (i-e., s 7^ 0), then 

N K /®(r + sw) - r 2 - rs + (1 - d)s 2 /4 = (r - s/2) 2 + \d\s 2 /4, 

and this exceeds (1 — c?)/4. Thus 6 must be rational and it suffices to observe 
that x + uj does not have rational integral divisors except ±1, and so is 
irreducible. 

Now we use the assumption h(K) = 1 to infer that the elements x + uj 
generate prime ideals, and so their norms are either primes or squares of 
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primes. The last possibility could arise only if x + uj happened to be rational, 
which is impossible, and so the values of Fd(x) = N k /q(x + uj) are rational 
primes for x = 1,2,... , (1 — d/4) — 1, proving the necessity of the condition 
stated. 

To prove its sufficiency assume that d = 1 (mod 4) (thus \d\ > 7), and 
that for x = 1, 2, . . . , (1 — d/4) - 1 the numbers F d (x) are prime. Assume 
moreover h(K) > 1, and choose a non-principal ideal / with the least norm. 
Obviously it must be a prime ideal and its norm has to be a rational prime, 
say p, not exceeding 2^/|df/7r, in view of Lemma 3.8. 

As the index of uj = (1 + y/d)/2 equals 1, and Fd(X) is its minimal 
polynomial, Theorem 4.33 shows that 

pR K = IJ, I = pRjK + (uj - uji)R k , J = pRk + (^ - uj 2 )Rk, 

where uj\,uj2 are solutions of the congruence Fd(x) = O(modp). We may 
assume that 1 < ui < p — 1 holds for 2 = 1,2. Let £ = w +p — w\. The norm 
N of £ equals F^ (p — uj\ ) , and since 

0<P~UJ 1 <p-l< 2y/\d\/7T < (1 - d)/4 

holds for \d\ > 7, our assumption implies that N is a prime. Now observe 
that £ lies in /, and therefore 

N K /q(0=N= P = N(I), 

leading to ^Rk — 1^ an( i so I is principal, a contradiction. □ 

8. We conclude this section with an upper bound for the absolute value of the 
discriminant of an imaginary quadratic field with class-number one. We follow 
Bundschuh and Hock [69], but use a stronger version of Baker's method. 

Theorem 8.29. If K is an imaginary quadratic field with h(K) = 1, then 
\d{K)\ < 6-10 56 . 

Proof : According to Corollary 2 to Theorem 8.23, if \d(K)\ > 10 and h{K) = 
1, then d(K) = —p, where p = 3 (mod 4) is a prime. We show now that p 
must be congruent to 3 mod 8. 

Lemma 8.30. If d — d(K) = — p < —10 and h(K) = 1, then p is congruent 
to 3 (mod 8). 

Proof : Assume to the contrary that p = 7 (mod 8). Since (p + l)/4 > 2 is 
even we can write (p + l)/4 = 2a with a > 2. Consider the quadratic form 
2X 2 + XY + ay 2 , which is of discriminant d. In view of h(K) = 1 this form 
must be, according to Theorem 8.18, equivalent to every positive definite and 
primitive form of discriminant d, and so, in particular, it must be equivalent 
to the form X 2 + 2aY 2 . Since the latter represents 1, the same must be true 
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for /. This is not possible, because for x G Z we have f(x, 0) = 2x 2 ^ 1, and 
if y is a non-zero rational integer, then for x G Z we have 



The next lemma provides an analytic identity on which the proof of the 
theorem rests. We use the following notation: Q(X, Y) is the quadratic form 
X 2 + \(p— ])Y 2 of discriminant d, x is the primitive character induced 

by the unique non-principal character in X(K), and for prime q ^ 2 we denote 
by Xq the unique primitive real character modg. In what follows we assume 
that |d| exceeds 200. 



Lemma 8.31. If q = 1 (mod 4) is a prime, then for Re s > 1 the following 
identity holds: 

L(s, Xq )L(s,xx g ) = a2s) (l-^j) 

+ I (|) 1/2 - s v^^(g 2 ~ 2s - l)C(2- - l) + R q (s), (8.16) 

1 1/2— 00 <7 — 1 

^ W = a (!) "'E^ 1 " 28 E X<i(Q(n»,»)) J^r fc (m,y,s), 

y=l m=0 fe^O 



T k (m,y,s) =exp I ^ ^ 1 J 2 (ky,s) 

and 

MN ' 8)= L du - 



Proof : We start with the identity 



(mn) s 

m,n=l v 7 



oo 



valid for Re s > 1. 

Comparing the coefficients of the Dirichlet series on both sides of the 
equality (k(s) = ((s)L(s,x), resulting from Theorem 8.6, we see that 
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F(r) = J2x(d) 

d\r 

equals the number of ideals of Rk with norm r. Now every ideal of R K is 
principal, and since K contains only two roots of unity, F(r) equals G(r)/2, 
where G(r) denotes the number of integers of Rk with norm r. Since an 
integral basis of K is formed by 1 and u = (1 + \/d)/2, and N k /q(x + yu) — 
Q(aj, y), we obtain finally that 2F(r) equals the number of representations of 
an integer r by the form Q (This is the only point of the proof where we use 
the assumption h(K) = 1.) 
It follows that 

^,x^xx,)-2^ Q(a . 0) . g(,^ )s • 



The first summand equals 
2 



2 X ^2s ) ~Ys x 2s- C( 2S ) f 1 2s) 

xM x>i \ ^ / 



hence it agrees with the first summand in (8.16). 

The second summand is more complicated, and requires some stronger 
tools. Let us call this summand S and using the equality Q(—x, —y) = 
Q(x,y), write S in the form 



oo oo 



Xg(Q(x,y)) 



S ^ ^ Q(x,y) a 

oo <? — 1 



y=l m=Q X— — QO v 7 

Now we apply Poisson's formula (Theorem VIII of Appendix I) for G = 
and if = Z to get 



Making the substitution m-\- qt -\- y/2 = yu^/p/2 in the inner integral, and 
noting that Q(x,y) = (x + y/2) 2 -f py 2 /4 we obtain 



1 1/2 — s ^ ( 7 — 1 

5 = « (f) " E^ 1_2S X> g (Q(m,?/))G(m, y ), 



y=l m=0 

where 



oo 



G{m,y)= ^ ex P ( m + I)) M k V> s )- 



/c= — oo 



456 8. Abelian Fields 



In the last equality put z — ky, and isolate the term corresponding to 
z = 0, which equals 

7 y=l m=0 

i /p\V2- r( s -i/2) ^ ,_ 2s ^ 
= oU) ^ r(s) ^ y 2s J2x q (Q(m,y)). 

H v ; y=l m=0 

Since g = 1 (mod 4), the character Xq is even, and Proposition 6.14 (i) 
and Theorem 6.16 imply 

nxq) Vq 

Thus 

q-1 ^ q-1 q-1 

X q (Q(m,y)) = -^^XgO') exp(27rijQ(m,y)/g). 

m=0 V ^ j=l m=0 

Put M = (g + l)/2 and observe that 

<3(ra,y) = (ra + My) 2 + pM 2 y 2 (mod g), 
and since by Proposition 6.14 (i) and Theorem 6.16 we have 

q _1 / '\ 

exp(27rijn 2 /g) = ( - ) y/q = X q U)Vq, 

n=0 

we arrive at 

q-1 ^ q-1 q-1 

Y X<z(Q(ra> V)) Y exp(2irijpM 2 y 2 /q) ]T exp(2irijn 2 /q) 

m=0 V " j = i n=0 

9-1 



= ^exp(27rijpM 2 y 2 )/g) = { q _ J 
i=o ^ 



if q\y, 

otherwise. 



This gives 



oo q—1 

E f 1 " 25 E *> ?/)) = E(« - ^y 1 " 28 - E y 1 " 25 

2/=l m=0 y>o y>o 

q\y q\y 

= (q 2 ~ 2s - l)C(2s - 1), 

and we see that So coincides with the second term on the right-hand side of 
(8.16). One realizes immediately that the remaining part of S equals R q (s) 
and so equality (8.16) results. □ 
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The formula for the product of two L- functions, obtained in the last 
lemma, has an advantage over other possible formulas of that type, because 
the remainder term R q (s) is very small at s — 1, and this will enable us 
to apply Baker's method. An evaluation of R q (s) is contained in the next 
lemma: 

Lemma 8.32. The series defining R q (s) converges in a neighbourhood of 
s = 1 to a continuous function, and if q < 13 and p > 200, then 



Proof : The first assertion follows from the estimate 

\J 2 {ky,s)\^{ky)- 2 

holding for k ^ 0 in a neighbourhood of s — 1, which can be obtained from the 
definition of J2 by iterated partial integration. To prove the second assertion 
we have to compute Jiiky, 1)- Write 

A = -irkJp/q and f( z ) = e J^l. 

Let R be a large positive number, and integrate / over the upper half of 
the circle \z\ — R if k is positive, and over the lower half of that circle if k 
is negative. Since these integrals tend to zero when R goes to infinity, the 
residue theorem leads to 

with £ = exp(—TTy/p/q) < 1. This yields 

V 3/>lTO=0fc^0 V S/>1M0 



~^kk vpk 1 -? 

- y/p(i-o ^ v^(i-c) 2 ' 

Using the inequalities p > 200 and q < 13 we get (1 — £)~ 2 < 1.07, and 
our assertion follows in view of 1.07 • 47r < 14. □ 



Letting in (8.16) s tend to 1, which is allowed by the last lemma, we get 
HI, Xg )L(l, XX q ) = y (l - + ^ + R q {l). 
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Putting in this equality first q = 5 and multiplying by 168/169, and then 
putting q = 13 and multiplying by 24/25 we obtain by subtraction 

igL(l,X 5 «l,« 5 )-|£<l,»3«l,XX 1 3) + ^ (gfloiS- §logl3 

Proposition 8.12 shows that 

L(l,X5) = 7r , L(l, Xl3 ) = -^, 

with a = (1 + \/b)/2 and 6 = (3 + \/l3)/2, and we infer from Corollary 2 to 
Theorem 8.10 that 



L(1,XX5) = M*i)/V5j>, i(l,XXi 3 ) = /i(/f 2 )/V13p, 

where ^ = <Q(y/=5p), K 2 = Q(V=W) and taking c = 5 1680 13- 624 we 
obtain 

840/i(ifi)loga-312/i(l<:2)log& + logc= ^(4200^(1) - 4056i?i 3 (l)). 

7T 

Corollary to Theorem 4.10 shows that for p > 10 11 we have 

4 4 
fc(lfi) < -Vplogp and h(if 2 ) < ^Vplogp, 

hence, applying Lemma 8.31 we get 

|£iloga-h£ 2 log&-hlogc| < 36 791exp(-7r v /p/5) < exp(ll - 7Ty/p/5) 

with x\,X2 G Z, |a?i| < 672^/plogp. Denoting by the height of a 

number u, as denned in Appendix III, we have H(a) = 1, H(b) — 3 and 
H(c) < exp(2704). Moreover, x\ log a + X2 log 6 + logc does not vanish, since 
otherwise we would have a Xl b X2 c = 1, implying b X2 G Q(\/5), which is im- 
possible. Observe finally that the field Q(a, 6, c) is of degree 4. Applying 
Baker's theorem in the form given in Appendix III with A\ — e, A<i — 3, 
A 3 = exp(2704), C = 192 600 < exp3155, M = 700y/plogp < p, we get 

log(|ziloga + £ 2 log& + logc|) > -2971e 52 logp. 

Hence 

2971e 52 logp> ^-11, 
5 

implying p < exp(130.67) < 6 • 10 56 , as asserted. □ 
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8.4. Notes to Chapter 8 

1. The results presented at the beginning of this chapter are specializations 
of the class-field theory to the case of the rational ground field, in which 
case they are elementary consequences of the Kronecker- Weber theorem and 
Chebotarev's density theorem. Cf. Carlitz [33]. 

Corollary to Proposition 8.1 is essentially due to Hilbert [97] (see also 
Speiser [16]). An analogue of Corollary to Proposition 8.1 for infinite Abelian 
extension appears in Lundstrom [01]. 

It follows from Theorem 6.16 that the conductor of a quadratic field K 
equals |d(lf)|. Formulas expressing the conductor of cyclic cubic, resp. quartic 
fields K in terms of the coefficients of the minimal polynomial of an integral 
generator of K were given in Huard, Spearman, Williams [94] and Spearman, 
Williams [96c], respectively. 

An analogue of Theorem 8.6 is valid for arbitrary extensions L/K of alge- 
braic number fields, the quotient (l(s)/(k(s) being in this case the product 
of suitable Artin L-functions. In the Abelian case this quotient is a product 
of zeta-functions associated with characters of a suitable group Hj(K). See 
e.g. Cassels, Frohlich [67], Hasse [26c], Lang [70], Neukirch [92]. Ankeny [52a] 
asserted a kind of a converse to Theorem 8.6, stating that if F(s) is a product 
of a finite set of Dirichlet L-functions with at most one factor corresponding 
to a trivial character, and the Dirichlet series of F has non-negative coeffi- 
cients, then F is the Dedekind zet a- function of some Abelian extension of the 
rationals. For a simple proof see Iwasaki [52]. 

2. The formula appearing in Proposition 8.7. is known as the conductor- disc- 
riminant formula. An analogue of it holds for all relative Abelian extensions. 
See Hasse [30c], [34], Tatuzawa [73c], Vassiliou [33]. For the non- Abelian case 
see Artin [31]. 

It seems that Theorem 8.8 has never been explicitly stated, although all 
ingredients of its proof are contained in the paper of Kubota [56a] , on which 
our approach is modelled. Lemma 8.9 is due to Delsarte [48], and the proof 
given by us is that of Wiegandt [59]. A more precise version of Theorem 8.8 
has been obtained by Maki [88], [93]. 

It was shown in Sarbasov [67] that in Corollary 2 to Theorem 8.8 in case 
of p > 5 the remainder term is 0(x a ) for every a > l/(p— 1) — 3/(p + 3). For 
p — 3 one can take here any a > 1/4 (Urazbaev [54]). Asymptotics for the 
number of extensions of Q with Galois group Cp and bounded discriminant 
was determined by Zhang X. [84b,c]. Its main term can be also obtained 
from Corollary 1 to Theorem 8.8. For octic fields with Galois group Cf see 
Baily [81] Several papers by Urazbaev and his collaborators dealt with ana- 
logous problems for various classes of Abelian fields. This research has been 
subsumed in the book of Urazbaev [72]. An elementary proof for cyclic quartic 
fields appears in Ou, Williams [01]. 
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A complete solution of the problem of asymptotics for the number of 
Abelian fields with given Galois group and bounded discriminant was given by 
Maki [85] . The same problem for Abelian extensions of an arbitrary algebraic 
number field has been resolved by Wright [89]. In the case of extensions of 
prime degree his result was made more precise in H.Cohen, Diaz y Diaz, 
Olivier [02a] (cf. H.Cohen [00b]). 

The number of Abelian fields of a given degree, which have prescribed 
ramification indices for a fixed set of primes was evaluated in Travesa [90a] . 
Haberland [74] studied asymptotics of the number of Abelian extensions L/K 
with a given Galois group, with norms of ramified prime ideals bounded by 
x. 

Similar questions for non- Abelian extensions are much harder to handle. 
Cubic extensions of arbitrary algebraic number fields have been treated in 
Datskovsky, Wright [88] (see also Davenport, Heilbronn [69], Roberts [01]. For 
the quartic case see Baily [80], H.Cohen [03], H.Cohen, Diaz y Diaz, Olivier 
[00], [02b]. Frobenius fields were considered in Steckel [83] (a general theory 
of this class of fields was given in Steckel [82b]). For a survey see H.Cohen 
[02]. 

Asymptotics for the number of fields of a fixed degree in which the ideal 
generated by a given rational primes factorizes in a prescribed fashion has 
been considered in Del Corso, Dvornicich [93]. 

3. Corollary 1 to Theorem 8.10 goes back to Kummer [50a], [61], [63]. Other 
special cases of Theorem 8.10 were obtained in Fuchs [66] and Fueter [17], 
and the general case occurs first in Beeger [19], [20] and Gut [29]. A thorough 
study of the class-number formula given in that theorem is accomplished in 
the important book of Hasse [52a] . 

In special cases the formula given in Theorem 8.10 may be brought to a 
simpler form. See Hardy, Hudson, Richman, Williams, Holtz [86], [87] for the 
case of imaginary cyclic quartic fields. 

There exist class- number formulas also for other classes of fields. For pure 
cubic fields such a formula was given by Dedekind [00] . For Abelian extensions 
of imaginary quadratic fields see Fueter [10], Kubert, S.Lang [81, chap. 13], 
Meyer [57], Novikov [62], [67], Ramachandra [64], [69], Robert [73], Schertz 
[77]. 

Hecke [21b] obtained such a formula for the ratio h(L)/h(K) in the case 
when K is totally real, and L = K(^fa) with totally positive a. He conjectured 
that there might exist an elementary formula for that quotient also in the 
case of totally negative a, and this was confirmed by Goldstein [73b] (except 
certain particular cases), and Shintani [76b] (cf. Goldstein, de la Torre [75], 
Reidemeister [22]. 

If K is real Abelian, then one can express h(K) by indices of certain 
subgroups of U(K) (Leopoldt [53b], Schertz [79]). These formulas are partic- 
ularly simple for K = K+ in which case h(K+) equals the index of the group 
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of cyclotomic units in the group of all units of K p (Kummer [50a,b], [51]; cf. 
Iwasawa [76], Segal [68], Washington [82]). 

Deuring [69] utilized a method of Siegel, developed by Ramanathan [59], 
to express h{K) by Bessel functions. Modular forms were used in Kiselev 
[55a] to get a formula for the class-number of cubic fields with negative dis- 
criminant. 

Landau [04] proved that the Dirichlet series of (#-($) /C( 5 ) converges at 
s = l, and this leads to a formula for the product h(K)R(K). 

4. The class-number formulas for quadratic fields (Corollary 2 to Theorem 
8.10 and Corollary 1 to Proposition 8.12) as well as Proposition 8.12 are due 
to Dirichlet [38], [39] (whose result covers only the case A\d(K)) and Kro- 
necker [85]. They both used the language of quadratic forms. The old prob- 
lem of finding an elementary proof of these formulas was solved for negative 
discriminants by Orde [78] (for an exposition see Narkiewicz [86, Chap.V]), 
and in certain special cases earlier by Davis [76] and Venkov [31]. Mordell 
[18] found another analytical proof. See Louboutin [02b] for a simple way to 
compute the class-number of quadratic fields using Dirichlet's formulas. 

For short proofs of the fact that the sum appearing in Dirichlet's formulas 
for d < 0 does not vanish see Metsankyla [77] and Ullom [74b]. 

Several formulas expressing the class-number for various classes of imagi- 
nary quadratic fields by character sums were given in Hudson, Williams [82]. 
See also the book of Urbanowicz, Williams [00]. 

For early results on this topic the reader should consult the third volume 
of Dickson [19]. 

Other results concerning formulas for the class-number see Barkan [75], 
Bergstrom [44], Berndt [73], Berndt, Evans [77], Bitimbaev [68], Boiling [79], 
Eichler [55], Goldstein, Razar [76], Hasse [40], Hecke [25], [30], [39], Lerch 
[05], McQuillan [62], Mordell [60b], [64]. 

Analogues of Proposition 8.12 for zeta- functions of Hecke characters of 
finite order in a quadratic number field were obtained by Siegel [61] (cf. 
Rideout [73]). For other fields see King [68], Shintani [77b]. 

5. Proposition 8.11 is valid for all cyclotomic fields, hence the first factor h~ is 
always an integer. If n is a prime-power, then Kummer asserted that h*(K+) 
divides h*(K n ) = h(K n ), but this fails in general, as the example n = 100 
shows. Tables of h~ were prepared for all n with (p(n) < 256 by Schrutka 
v.Rechtenstamm [64] (cf. Washington [82]), and for primes p < 3000 in Fung, 
Granville, Williams [92] (cf. Jha [95]). A numerical study of h+ for p < 10 4 
appears in Schoof [03]. 

The structure of H(K n ) for all n with h(K n ) < 10 4 was determined in 
Tateyama [82a], where also the structure of the factor group H(K p )/ H(K+) 
was found for primes p < 227, with certain exceptions. 

The group H~(K n ) is defined as {X e H(K n ) : r(X) = X" 1 }, where 
r £ Gal(K n /Q) is the complex conjugation. The structure of H~(K P ), as an 
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Abelian group and as a Galois module was determined for all primes p < 509 
in Schoof [98]. Cf. Jha [95]. 

For all primes p < 10 4 , except p = 7687, the 2-class group of K p is cyclic 
(Cornacchia [01]). 

Corollary 2 to Proposition 8.12 was obtained by Lepisto [69] and Metsan- 
kyla [72], and the proof given by us is due to Metsankyla [74]. Cf. Carlitz 
[61], Masley [78b]. For an improvement see Feng [82b], where a bound for 
h~n was given (cf. Metsankyla [67a]). 

It has been shown in Turnbull [41] and Carlitz, Olson [55] that for odd 
primes p the Maillet's p x p determinant 



(where R(a) denotes the least positive residue of a mod p, and a! is defined by 
ao! = 1 (mod p)) equals p^- 3 ^ 2 h~. See Carlitz [61], Dohmae [94], Endo [96], 
Fuchs [97], Galkin [72], Girstmair [93], Hazama [90], Hirabayashi [98], [99], 
Hyyro [67], Kanemitsu, Kuzumaki [98], Kucera [01], Kiihnova [79], Masley 
[78b], Metsankyla [67a], [84], [97], Sands, W.Schwarz [95], W.Schwarz [93], 
Tateyama [82b], Tsumura [96], [00], K.Wang [84] for various generalizations. 

6. A congruence relating h~ to Bernoulli numbers was given by Vandiver 
[18], and a simpler proof was presented in Slavutskii [69] (cf. Hasse [66], 
Inkeri [55]). Tables of Bernoulli numbers £?2n for n < 62 can be found in 
Washington [82]. For 63 < n < 92 and 91 < n < 110 see Davis [35] and 
Lehmer [36] , respectively. A bibliography on Bernoulli numbers was prepared 
by Skula and Slavutskii [87]. 

Carlitz [68] determined explicitly an integer g{p) (for odd primes p) such 
that 



This implies in particular that p\h+ yields p\h~ , a result of Kummer [50a]. A 
new proof was given by Metsankyla [70a], [73], who also generalized Carlitz's 
congruence, replacing K v by any its subfield, and regained certain congru- 
ences for class-numbers of quadratic fields obtained earlier in Ankeny, Art in, 
Chowla [52] and Kiselev [48]. 

7. It was conjectured by Kummer that h~ equals asymptotically 



det [R(ij')} 



l<i,j<p ' 



9(p)hp=h p (mod]}). 




and it was shown in Ankeny, Chowla [49], [51] that 
\ogh~ = log L(p) + o(logp). 



Cf. Hyyro [67], Lepisto [63], [66], [68], [74], Masley, Montgomery [76], Metsan- 
kyla [67a], [70a], Pajunen [76], Puchta [00], Siegel [64], Tatuzawa [53]. 
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If q runs over all powers of a prime p then 

log ft" = (1/4 + o(l)) (1 - l/p)qlogq, 

as shown by Goldstein [73c]. 

Recently Murty and Petridis [01] proved that for a certain c > 0 and 
almost all primes p one has 

1 V 

c L(p) 

Earlier Granville [90] showed that this inequality is true for every c > 0 
and a positive proportion of primes. In the same paper he proved that if 
Kummer's conjecture is true, then at least one of the following conjectures 
is false: the conjecture of Hardy and Littlewood, stating that the number of 
primes p < x, such that 2p+ 1 is also prime, is ^> xj log 2 x, or the conjecture 
of Elliott-Halberstam, which asserts that for 

E(x,q) = max (?r(x;g,a) - ^~\) 
(<?,a)=l <f){x) 

one has 



J2 \ E ( x ^)\ « 



log" x 

for every positive e and M = 1, 2, 

The result of Ankeny and Chowla implies that the equality ft" = 1 can 
hold only for finitely many primes p. Uchida [71] proved that this implies p < 
19, and Masley and Montgomery [76] determined all integers m ^ 2 (mod 4) 
with ft" = 1 (there are 29 such ra's, the largest being 84). The sequence ft~ 
grows rather quickly, and already for p > 229 one has ft~ > 31 • 10 45 (Lepisto 
[74]; cf. Hoffstein [79]). 

It has been shown by Furtwangler [11] that if p \ ft p , then for all n > 1 
one has p \ h p n . 

Asymptotical behaviour of h p is not known. The upper bound 

h p < 20 (^J 

valid for p > 36 appears in Slavutskii [86]. 

The ratio k(p n ) = h~ n /h~ n _ 1 is always an integer, as shown by Westlund 
[03], and it increases with n for every large fixed prime p (Lepisto [66], [67]). 
Cf. Girstmair [91], Metsankyla [69], [72], Morishima [33], [34], Pollaczek [24], 
Shiratani [67]. 

Kummer [50a] asserted that if p is an odd prime and K C L C Q(Cp)» 
then h*(K) divides ft*(L). His proof was incorrect, and the first correct proof 
of this assertion was given by Furtwangler [08]. It was shown by Herbrand 
[32a] that one can replace here ft* by ft. 
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For other results dealing with divisibility of h(L) by h(K) in case K C 
L see Adachi [73], Frohlich [57], Honda [60a,b], Inaba [37], Iwasawa [55a], 
H.Lang [77], Latimer [33], Yokoi [67], [68b], Yokoyama [67]. 

8. A prime p is called pseudo-regular, if p divides h p , and the p-part of 
H(K P ) is cyclic. Skula [75] proved that for such primes we have p \ h+ . 
Earlier (Skula [72]) he established the first case of Fermat's Last Theorem 
for pseudo-regular exponents. It has been earlier asserted by Vandiver [34] 
that for this already the condition p \ ft+ suffices, but his proof seems to be 
incomplete (see Ribenboim [79], p. 188). Cf. Denes [52b], Vandiver [29a]. 

No prime satisfying p\h+ is known, and a conjecture of Vandiver asserts 
that this never happens. Consequences of this conjecture are discussed in 
Washington [82] (Ch. 10) (cf. Vandiver [39a,b], [41]). Vandiver 's conjecture is 
equivalent to the statement that for all real Abelian fields K with conductor 
equal to p one has p \ h(K). This is true for cyclic fields of degrees 2, 3, 4 and 6 
(C.Moser [81], Moser, Payan [81]). In Jakubec [94a] a sufficient condition for 
the truth of Vandiver 's conjecture is given in terms of Bernoulli numbers. For 
generalizations of Vandiver's conjecture see Shiratani [71], Slavutskii [72b], 
Uehara [75]. 

The hope that always one has ft+ < p was destroyed first in Cornell, 
Washington [85] under the assumption of GRH, and then in Seah, Washing- 
ton, Williams [83] with the example p — 11290018 077. A smaller example, 
p = 641492 was found later (Schoof, Washington [88]). In this case one has 
ft+ = 1566401. 

Another conjecture states that h^n = 1 holds for all n. See H.Cohn [60] 
for numerical results on this question. One has always 2 { h{K2^) (see e.g. 
Hasse [52a], [55]). 

Shokrollah [99] computed h~ (K) for all Abelian imaginary fields of prime 
conductor < 10 4 . 

It has been proved in Kimura, Horie [87] that for every fixed integer N 
one has N\h n for almost all n. The parity of h n in case when (j(n) < 3 can 
be determined in terms of cyclotomic units (Yoshino [98]). 

Divisibility of h + for cyclotomic, and, more generally, Abelian fields, by 
various primes and/or their powers was considered in Cornacchia [97], Estes 
[89], Jakubec [93], [94b,c], [95], [96a], [97], [98], Kubert [86]. 

For other results concerning ft+ see Ankeny, Chowla, Hasse [65], Denes 
[55], Gerth [83a], S.D.Lang [77], Metsankyla [69], Mirimanoff [91], Morishima 
[66] , Vandiver [29b], Yamaguchi [71]. 

9. Primes p with p \ h~ are called regular, and the remaining primes are 
called irregular. Kummer [50a] proved that a prime p is irregular if and only 
if it divides the numerator of a non-zero Bernoulli number with index not 
exceeding p — 3 (cf. Kronecker [56a]), and proved (Kummer [50c]) Fermat's 
Last Theorem for regular primes. 
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A similar criterion for p\h p , p 2 \ h p appears in Kummer [57] (cf. Van- 
diver [20]). For similar results concerning other classes of fields see Adachi 
[73], K.S.Brown [74], Coates, Wiles [77], Greenberg [73a], Kudo [75a], Novikov 
[69], Ribet [76], G.Robert [74], [78], Yager [82]. For a table (withp < 125 000) 
see Selucky, Skula [81]. It is not known whether there exist infinitely many 
regular primes. On the other hand, the number of irregular primes is infinite 
(K.L.Jensen [15]). Small irregular primes have been computed in Wagstaff 
[78] (p < 125 000), Tanner, Wagstaff [87] (125 000 < p < 150000), Ern- 
vall, Metsankyla [91], [92], and Buhler, Crandall, Sompolski [92] (p < 10 6 ), 
Buhler, Crandall, Ernvall, Metsankyla [93] (10 6 < p < 4 • 10 6 ) and Buhler, 
Crandall, Ernvall, Metsankyla, Shokrollah [01] (4 • 10 6 < p < 12 • 10 6 ). These 
computations confirmed the truth of Vandiver's conjecture for primes in the 
considered range. 

One can also consider a generalization of regular primes, using in place 
of Bernoulli numbers their analogues, associated with Dirichlet characters. 
The sets of primes obtained in this way are related to the divisibility of class- 
numbers of cyclotomic fields. See Ernvall [75], [79], Ernvall, Metsankyla [78], 
Gut [51a], Kleboth [55], Slavutskii [72a]. 

Divisibility of h~ by primes ^ p was considered in Metsankyla [67b], 
[68a,b], [71], and divisibility of fo(if m ) and fo+ was studied in Lemmermeyer 
[95a,II]. 

Ribet [76] strengthened Kummer's criterion, relating the divisibility of 
Bernoulli numbers by a prime p to the action of the Galois group on the Sylow 
p-subgroup A p of H(K p ). There is a canonical decomposition A p = 0 % ^4 X , 
with x running over characters mod p. Let X be the unique character mod p 
satisfying for all a ^ 0 (mod p) the congruence X(a) = a (mod pRx)- Ribet's 
theorem states that for even k G [2,_p — 3] the numerator of the k-th Bernoulli 
number is divisible by p if and only if A x i-k is non-zero. The easier part of 
this equivalence was proved already by Herbrand [32a]. For other proofs of 
Ribet's result see Khare [00], Snaith [82]. It has been shown by Soule [99], 
who extended an earlier result of Kurihara [92], that A X v-k vanishes for 
sufficiently large k. Vandiver's conjecture implies that this happens for all 
k. Cf. also Ernvall [89]. It follows from the results of Mazur and Wiles [84] 
that one can express the maximal power of p dividing #A X by generalized 
Bernoulli numbers (cf. Coates [81], S.Lang [82]). Previous work on this topic 
was done in Wiles [80] and S.Yamamoto [72]. Another proofs gave Kolyvagin 
[90], who used Euler systems introduced by him (for an exposition see Rubin 
[91a]), and Harder, Pink [92]. Euler systems, introduced by Kolyvagin and 
their generalizations turned out to be a powerful tool in various problems of 
number theory (see e.g. Rubin [91b], Mazur [93], Nekovar [92], Perrin-Riou 
[98]). The cardinality of A x was studied in Thaine [95]. 

The number d(p) of Bernoulli numbers B 2 k (2 < 2k < p-3) divisible by p 
is called the irregularity index of p. Ribet's theorem implies Cp^ C H(K p ). 
One has d(p) < p/4, and the value of d(p) can be determined by solving a 
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certain system of congruences (Skula [80]). The largest known irregularity 
index equals 7, and is attained by the prime p = 3 238481 (Buhler, Crandall, 
Ernvall, Metsankyla, Shokrollah [93]). 

10. The Iwasawa theory of Z p -extensions, developed by Iwasawa in a cycle 
of papers (Iwasawa [58], [59a,b,c,d], [73a]) brought new life into the theory 
of cyclotomic fields. For its exposition the reader is referred to the book of 
Washington [82], or the survey of R.Greenberg [01], and here we point out 
only certain of its highlights. 

Let p be a rational prime. An extension L/K of an algebraic number field 
K is called a Z p - extension, if it is an infinite normal extension with Gal(L/K) 
topologically isomorphic to the additive group Z+ of p-adic integers. Here 
one treats Gal(L/K) as a topological group with Krull topology, a basis of 
open sets being given by the family {Gal(L/k) : [k : K] finite}. Such an 
extension is called a cyclotomic Z p - extension, if L is the fixed field of the 
torsion subgroup of Gal(M/K), where M is obtained by adjoining to K all 
p n -th roots of unity (n = 1, 2, . . .). If p is odd and K = K pi then its cyclotomic 
Zp-extension coincides with U^=i ^v n • 

Iwasawa proved that if L/K is a Z p -extension, L n is the unique subfield 
of L of degree p n over K, and p &n is the exact power of p dividing h(L n ), 
then the equality 

e n = An + np n + v (8.17) 

holds for sufficiently large n, with constants A, //, v depending on L/K and 
P- 

These constants are still subject to intensive investigation and their be- 
haviour is not yet completely understood. If K/Q is Abelian, and L/K is a 
cyclotomic Z p -extension, then the corresponding constant A vanishes (Fer- 
rero, Washington [79]. For other proofs see Barsky [83], Sinnott [84]). It has 
been shown in Babaitsev [80], [81] that for fixed K the coefficient fi is bounded 
by a value not depending on p or L (cf. Gerth [79a], Greenberg [73b]). On 
the other hand there exist cyclotomic Z p -extensions, having ji arbitrary large 
(Iwasawa [73b]). 

R.Greenberg [76] conjectured that both A and ji vanish for cyclotomic 
Zp-extensions of totally real fields. It is known that for every p = 3 (mod 4) 
there are infinitely many such fields of degree p — 1 (Byeon [99b]). For con- 
structions of fields with vanishing A see Byeon [01b], Fukuda, Komatsu [00], 
Ichimura, Sumida [97], Kim, Oh [00]. Komatsu [98], [99], Kraft [96], Kubotera 
[00], Nakagawa, Horie [88], Oh [98], Ozaki, Yamamoto [01], Ozaki, Taya [95], 
Tang [96] , Taya [99] . For particular values of p such constructions were given 
in Ozaki, Taya [97]. All Abelian fields for which one has A = ji — v = 0 
were determined by G.Yamamoto [00]. His results imply that Greenberg's 
conjecture holds for all Abelian fields of prime power degree. 

For other results on Iwasawa coefficients see Bloom [79], Candiotti [74], 
Carroll, Kisilevsky [81], Cuoco [80], Kraft, Schoof [95], Ferrero [77], [78], [80], 
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Gerth [79b], Gillard [76], Gold [74a], [76b], Greenberg [75], [78], Jehne [59], 
Kida [80], [82], Kraft [89], Metsankyla [74], [75a,b], [78], [83], Shiratani [64], 
Washington [76b]. 

Washington [75], [78] studied divisibility of h(L n ) by primes q ^ p in a 
cyclotomic Z p -extension, and showed that for sufficiently large n the maximal 
power of q dividing h(L n ) remains constant, and another proof appears in 
Sinnott [87]. This need not be the case for non-cyclotomic Z p -extensions. For 
a generalization see Kisilevsky [97]. 

For analogues of (8.17) for composites of Z p -extensions see Bloom, Gerth 
[81], Cuoco [82], [84], Cuoco, Monsky [81], Friedman [82a,b], Monsky [83]. 

11. Theorem 8.14 was proved by Siegel [36] for quadratic fields, and by 
Brauer [47a] for all extension of a fixed degree, not necessarily Abelian or 
normal. In the second part of his paper Brauer obtained the same assertion 
for any sequence {Km} of fields, satisfying [K m : Q] = o(log |d(if m )|). A sim- 
ple proof of the Siegel-Brauer theorem was found by Pintz [76d]. For other 
proofs of Siegel's theorem see S.Chowla [50], Chudakov [42], Estermann [48], 
Goldfeld [74], Heilbronn [38b], Knapowski [68], Linnik [43], [50], Pintz [74], 
[76c], [77b], Ramachandra [80], Rodosskii [56], Tatuzawa [51]. 

As observed by Walfisz [36], Siegel's theorem is equivalent to the non- 
vanishing of L(s, x) i n the interval (1 — c(e)/D e , 1) for every e > 0 and every 
real character x, with D being the conductor of x- Unfortunately, all known 
proofs of the Siegel-Brauer theorem are ineffective, and so is the constant 
c(e) for e < 1/2. In the case e = 1/2 one can get effective results, as shown in 
Goldfeld, Schinzel [75], Haneke [73], Pintz [76b], [77b]. Stark [74] proved that 
the Siegel-Brauer theorem can be made effective for a large class of fields, 
including all fields of a bounded degree which do not have a quadratic subfield 
(cf. Stark [75c]). 

The error term in Theorem 8.14 (and, more generally, in the Siegel-Brauer 
theorem) can be improved by taking into account the possible real zeros of 
Ck(s)- This was shown by Vinogradov [62], [63a], who proved that if ck 
denotes the largest real zero of Ck( 5 )? then for all fields K of a fixed degree 
we have 

\ogh(K)R(K) = i log \d(K)\ + log(l - c K ) + 0(loglog \d{K)\). 

See also Goldfeld [75], Vinogradov [63b]. 

In the Abelian case Theorem 8.14 was made more precise by Lepisto [70]. 

12. Corollary 1 to Theorem 8.14 shows that for imaginary quadratic fields 
K the class-number h(K) tends to infinity with |d(if)|. This has been con- 
jectured essentially by Gauss [01], and the first step towards it was made by 
Hecke. Hecke's proof appeared in Landau [18c]), who deduced it from the Ex- 
tended Riemann Hypothesis (see Corollary to Lemma 8.15). Essentially the 
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same result is contained implicitly in Gronwall [13] (see also Chowla, Fried- 
lander [76b], Grosswald [66], Landau [19b], [27b], Mahler [34], Pintz [76a], 
[77b]). Next Deuring [33] deduced Corollary 2 to Theorem 8.14 from the 
falsehood of Riemann Hypothesis, and under the same assumption Mordell 
[34] obtained h(K) — > oo. Chowla [34a] and Landau [18b, c] showed that 
if there are infinitely many imaginary quadratic fields with a given class- 
number, then they must be very rare, and finally Heilbronn [34] established 
the limit relation h{K) — > oo (cf. Chowla [34d]). 

13. All imaginary quadratic fields with even discriminant and class-number 
one were determined by Landau [03c] , and another proof was given by Lerch 
[03]. The first important step towards the determination of all such fields 
in the general case was done by Heilbronn and Linfoot [34], who proved 
that apart of those listed in Proposition 4.44 there can be at most one such 
field (for another proof see R.G.Ayoub [67]). This follows also from a result 
of Tatuzawa [51], stating that if \d(K)\ exceeds 2100m 2 log 2 (3m), then one 
has h(K) > m with at most one exception (cf. Chowla, Friedlander [76b], 
Landau [36], Pintz [77b], Ramachandra [75]). Evaluations of the possible 
tenth discriminant with h — 1 (Lehmer [33b], Stark [66]) strengthened the 
belief that there is no such field, especially in view of the fact that this is 
implied by GRH. 

The expected proof was finally found by Baker [66] and Stark [67a,b] (cf. 
Baker [71a], Stark [69b]). Baker's paper indicated only the method, which 
was later applied successfully by Bundschuh and Hock [69] . We adopted this 
approach in the proof of Theorem 8.29. 

One should note that an earlier proof of Heegner [52] was known. It was 
for a long time regarded as erroneous, until Deuring [68] and Stark [69a] 
provided the needed clarifications (see also Birch [69], Meyer [70], Schertz 
[76]). 

For other proofs of Theorem 8.29 see Cherubini, Wallisser [87], Chowla 
[70a], Chudakov [69], Feldman, Chudakov [72], Siegel [68b]. 

14. An effective way of finding all quadratic imaginary fields with class- 
number 2 was given by Baker [71b] and Stark [71] (cf. Baker, Stark [71]). 
In the last paper it is shown that for such fields K one has < 10 1030 , 
and fields in that range have been dealt with in Montgomery, Weinberger 
[74] and Stark [75b]. It turned out that there are 18 such fields, and they 
all satisfy < 427. The case of even discriminants was settled earlier 
by Weinberger [69] (cf. Baker [69], Ellison et al. [71], Kenku [70]). For an 
approach based on Heegner 's method see Abrashkin [74], Antoniadis [83] and 
Meyer [75]. 

The more general question of finding an effective method to determine all 
imaginary quadratic fields with a given class-number was reduced by Goldfeld 
[76], [77] to a problem in the theory of elliptic curves, which in turn was solved 
by Gross and Zagier [83], [86] (for an exposition see Coates [86]). This result 
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implies the evaluation 



h(K) > log 1 -^ 



for every e > 0 with an effective constant C(e). An exposition was given by 
Oesterle [85]. There one can find the explicit lower bound 



where D = Pmax(D) denotes the maximal prime divisor of D, and 

C equals 1/55 if D is not divisible by the prime 5077, and C = 1/7000 
otherwise (later Buhler, Gross, Zagier [85] provided numerical evidence for the 
superfluity of the condition on D, and Mestre [85a] eliminated this condition). 
For a survey see Oesterle [88]. 

Using this result all imaginary quadratic fields with h = 3 were determined 
by Oesterle [85] (the maximal value of being 907 in this case), these 

with h = 4 by Arno [92] (here < 1555), and the cases h = 5,6 and 

7 were resolved by Wagner [96] (with bounds being 2683, 3763 and 5923, 
respectively). All such fields with odd h < 23 were determined in Arno, 
Robinson, Wheeler [98], and recently Watkins [04b] succeeded to cover the 
range h < 100. There are over 40 000 such fields K, with the largest 
being equal to 2 383 747. The maximal number (3283) of fields with a given 
class-number in this range is attained for h — 96. 

Buell [99] computed h(-d) for d < 2.2 • 10 9 . 

Granville and Stark [00] proved that a form of the ABC- conjecture for 
number fields implies the inequality 



where the sum is taken over all reduced binary quadratic forms aX 2 -\-bXY ' + 
cY 2 with b 2 — Aac — — d. Such form is called reduced, if |6| < a < c, and if 
|6| = a, or a = c, then b is non- negative. See also Conrey, Iwaniec [02] and 
Sarnak, Zaharescu [02]. 

15. Corollary 4 to Theorem 8.14 shows that there can be only finitely many 
complex Abelian fields of given degree and class-number. A much stronger 
result was proved by Uchida ([71], [72]) who removed the restriction on the 
degree, and provided the bound 2 • 10 10 for the conductor of such fields with 
h = 1. This lead to a complete determination of all complex Abelian fields 
with class-number one by Yamamura [92], who showed that there are 172 
such fields. Among them 49 are cyclic and the largest occurring conductor is 
equal to 10921 = 67 • 163, attained by the field Q(y/^67, V^T63). 

For several classes of complex Abelian fields with h = 1 full lists were 
provided earlier. So Uchida [71 II,III] proved that if p > 19 is a prime, 



h{K) > ClogD Yl 



p\D 
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then the class-number of the p-th cyclotomic field exceeds 1 , and Masley and 
Montgomery [76] determined all cyclotomic fields with h = 1 (a proof may be 
found in Washington [82], Ch.XI). There are 29 such fields, with conductors 
bounded by 84. Cf. Hoffstein [79], Lepisto [74], Masley [75], [76], [77], [78a], 
[79] , Metsankyla [70b] . Complex Abelian quartic fields with h — 1 were found 
in Setzer [80a] (cf. Brown,Parry [74], Goldstein [71b]), and complex Abelian 
fields of 2-power degree with h = 1 in Uchida [88] . For other particular cases 
see Uchida [72]. 

There are only finitely many complex Abelian fields with relative class 
number h~(K) — 1 (Uchida [71,1]), and all 300 such fields were determined 
in Chang, Kwon [00a]. For sextic fields this has been done earlier in Louboutin 
[92a]. Later K.Horie [89], [93b] proved that there are only finitely many com- 
plex Abelian fields with a given odd part of h~(K), and listed all cyclotomic 
fields for which h~ is a power of 2. In Uchida [71,11] it has been observed 
that it is possible to obtain an explicit upper bound for the conductors of 
complex Abelian fields K with a given value of h~(K), with the exception of 
imaginary quadratic fields and complex biquadratic fields. The structure of 
H~{K) for all complex Abelian fields of conductor < 100 was determined in 
Horie, Ogura [95]. 

There are only six cyclotomic fields for which the class-group is a non- 
trivial 2-group (K.Horie [93b]), and two of them, namely K^g and K$q have 
class-number two (Masley [75]). All 15 cyclotomic fields with h < 10 were 
listed in Masley [76], who also described the structure of their class-groups, 
except for K m with m = 57, 68, 96 and 120. In the case m = 68 F.Gerth III 
[80] showed that the group is cyclic. 

A list of all imaginary biquadratic fields with h = 2 was given in Buell, 
Williams, Williams [77], with h — 3 in Jung, Kwon [98], and with h = 4 in 
McCall, Parry, Ranalli [97]. 

All eight imaginary cyclic quartic fields with h = 2 were determined in 
Hardy, Hudson, Richman, Williams [89], and Louboutin [92b] found all cyclic 
quartic fields whose class group is of exponent < 2. There are 33 such fields, 
and the 2-rank of their class-groups is bounded by 3. Cyclic non-quadratic 
imaginary fields K with Gal(K/Q) being a 2-group and h~(K) < 20 were 
listed in Park, Kwon [98] (there are 169 such fields, their degrees are bounded 
by 16 and the conductors by 1789). 

Lists of all imaginary cyclic fields of degree 2 n with n > 2, whose class- 
groups are of the form and C 2 at, respectively, were given in Louboutin 
[95a], [97a]. One has H(K) ~ Cf (with some N) for 38 such fields, with 33 
quartic, four octic and one of degree 16. Cyclic class-groups have 22 fields, 
and among them there are ten with h — 1, nine with h — 2 and three with 
h = 4. The finiteness of this set of fields was proved earlier in Horie, Horie 
[90a,b], where also an upper bound for their conductors was given. 

Imaginary cyclic fields with h < 4 were determined in Chang, Kwon [98]. 
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All imaginary Abelian sextic fields with h < 11 were found in Park, Kwon 
[97]. There are 124 such fields. 

16. Similar methods can be applied to study CM-fields with a given class- 
number. It was shown in Uchida [71,1] that the relative class number of a non- 
Abelian normal CM-field K goes to infinity, when the ratio [K : Q]/log |d(if)| 
tends to zero. This result was made explicit in Uchida [73], and later Stark 
[74] and Odlyzko [75] showed that there can be only finitely many normal 
CM-fields having a given class-number. Lower bounds for h~~{K) for CM- 
fields were given in Louboutin [94c]. 

HoflE stein [79] proved that all normal CM-fields with h = 1 have their 
degrees bounded by 436, and this bound has been reduced by Bessassi [03] to 
266, and to 164 under GRH. The following classes of CM-fields with h — 1 
have been completely determined: 

(i) Non-normal quartic (11 fields) and dihedral octic fields (Louboutin, 
Okazaki [94]) (earlier Louboutin [94a] gave an upper bound for the discrimi- 
nants of these fields), 

(ii) Normal octic with quaternion Galois group (Louboutin [93a]), 

(iii) Dihedral (Lefeuvre, [00], Lefeuvre, Louboutin [00], Louboutin, Oka- 
zaki, Olivier [97], Louboutin, Okazaki [98]), 

(iv) Normal non- Abelian of degree 16 (Louboutin [97b]), 

(v) Normal non- Abelian of degree 24 (Lemmermeyer, Louboutin, Okazaki 
[99], Louboutin [Ola], Park [02]), 

(vi) Normal non- Abelian of degree 36 (Chang, Kwon [02]), 

(viii) Normal non- Abelian of degree 48, having a normal CM-subfield of 
degree 16. There is only one such field (Chang, Kwon [03]), 

(ix) Non-normal sextic (Boutteaux, Louboutin [02a,b]). 

There is only one octic CM-field with quaternion Galois group and h — 
namely Q(i(2 + \/2) 1/2 (3 + \/6) 1/2 ) (Louboutin [96a]), and it is not difficult to 
show that there are no octic quaternion CM-fields with an odd class-number. 
There is one more octic CM-field with quaternion Galois group for which 
the exponent of H{K) equals 2 (Louboutin, Okazaki [99]). All non-normal 
quartic and octic dihedral CM-fields with relative class- number equal 2 have 
been determined in Yang, Kwon [99]. It was shown in Louboutin [99a] that 
there are no dicyclic 5 CM-fields of degree 4p (with p being an odd prime) 
of relative class-number one, and in Louboutin, Park [00] all dicyclic CM- 
fields of degree Ap with h < 4 were found (there are three such fields, all 
with p = 3) . A necessary condition for the exponent of the class-group of a 
CM-field to be < 2 was given in Louboutin [97c]. 

5 A group is called dicyclic, if it has generators a, b satisfying a 2p = 1, a v = b 2 , 
b^ab^a- 1 . 
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It has been shown in Priedlander [76] that if K is a CM -field with the 
property that the Dedekind zeta- function of its maximal real subfield vanishes 
at s — 1/2, then for every e > 0 one has 



All imaginary normal octic fields with h — 1 which are not CM- fields 
have been found by Yamamura [98] (there are 67 such fields). 

17. Write, for shortness, h(d) for the class-number of the quadratic field 
Q(Vd). The old question of Gauss [01], whether h(d) = 1 holds for infinitely 
many positive d, is still open. The computer search seems to confirm it. See 
Takhtayan, Vinogradov [82] for a heuristical approach to this problem. 

Using Corollary 2 to Theorem 8.14 and bounds for L(l,Xd) (Tatuzawa 
[51], Hoffstein [80]) one can find all real quadratic fields of the Richaud- 
Degert type (R-D fields) with a given small class-number, with at most one 
exception (which disappears under GRH). Recall that a field Q(VD) is called 
an R-D field if D > 0 is a square- free integer of the form D = n 2 + r, where 
—n<r<n and r\An. If one removes the condition —n<r<n then one 
gets the Extended R-D fields (ERD fields) . 

Assuming GRH one can list all ERD fields with class-number one (Mollin, 
Williams [88a,b]). See also Chowla, Friedlander [76b], Kim, Leu, Ono [87], 
Lachaud [87], Levesque, Lu [96], Mollin [88], Zhang M.Y. [95]. 

In certain cases one can eliminate the assumption of GRH. It has been 
conjectured by Yokoi [86] that if d = n 2 + 4 is square- free and n > 1861, 
then h(d) > 1. This has been recently proved unconditionally by Biro [03a]. 
A similar conjecture of Chowla (see Chowla, Friedlander [76a]), stating that 
if p = n 2 + 1 > 677 is a prime, then h(p) > 1 was also established by Biro 



Lower bounds for h(d) in the case of R-D fields gave Halter-Koch [90a], 
Mollin [90], Mollin, Williams [91b], Mollin, Zhang , Kemp [94]. 

In Louboutin, Mollin, Williams [93] a list of 228 ERD fields having class- 
group of the form C 2 was presented, and it has been shown that there can 
be at most one more such field, whose existence would contradict GRH. See 
also Dohmae [93]. 

Real quadratic fields Q(y^) with prime p = 1 (mod 4), h = 1, and 
small fundamental units e were considered in Yokoi [90], who proved that 
the inequality e < 2p can happen for at most 31 such fields (cf. Katayama, 
Katayama [94]). 

For results relating the class-number of real quadratic fields to continued 
fractions of the square-root of their discriminants see Dubois, Levesque [91], 
Louboutin [88], Louboutin, Mollin, Williams [92], Mollin, Williams [89a,b], 
[90], [91a], [92]. See also the book of Mollin [96d], and the papers quoted 
there. 



All real biquadratic fields Q(y/d[, y/dfe) with di, d 2 of the form n 2 + 1 or 
n 2 + 4, and h < 2 were listed in Katayama, Katayama [92], assuming GRH, 



W»log 2 - £ (|«l)- 



[03b]. 
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18. Theorem 8.18 is classical (see Dedekind [71]). The proof given by us fol- 
lows Hecke [23]. For other proofs see Jones [49], Konig [13], Mitchell [26] (cf. 
also Butts, Pall [68], Lubelski [36]). Essentially the same argument leads to 
a correspondence between classes of binary quadratic forms of arbitrary dis- 
criminant, and classes of ideals of an appropriate order in a suitable quadratic 
field. For a good exposition of main properties and applications of orders 
see Borevich, Shafarevich [64]. The literature on the class-number of binary 
quadratic forms is quite formidable, and has been reviewed, up to 1922, in 
the third volume of Dickson [19] by Cresse. 

19. Proposition 8.19 appears in Slavutskii [65a,b], and Lemma 8.20, on which 
its proof rests, is due to Hua [42] (see also Kanemitsu [77]). For prime d the 
bound in Lemma 8.20 can be improved. In fact, for sufficiently large primes 
p one has 

L p (l) < 0.19674 log p, 

as shown in Stephens [72]. For another proof see Pintz [77a]. Bounds for 
|L(l,x)| for Dirichlet characters % were given in a series of papers of 
Louboutin [93b], and in case of Artin L- functions of Abelian extensions in 
Louboutin [98a]. 

The bound in Proposition 8.19 was improved to h(d) < Vd/2 in Le [94]. 

It is conjectured that with a positive constant C one has Ld(l) > Cj log d. 
Corollary to Lemma 8.15 can be used to deduce this inequality from GRH. 
This has been first shown by Hecke (see Landau [18c], Mahler [34]). The best 
known unconditional result is 

holding for every d and e > 0 with a certain positive C(e). This is a conse- 
quence of Siegel's theorem. Hoffstein [80] proved that if 0 < e < 0.0723, then 
for all d with at most one exception (which satisfies d > exp(l/e))) we have 

r . f 0.125 2.865el 

Ld(1)>mm te~r 

Cf. Gelfond [53], Metsankyla [70b], Pintz [77b], Tatuzawa [51]. 

Littlewood [28] showed that under GRH each of the inequalities 

L d (l) < Clog log d 

and 

Mi) > Cl 



log log d 

holds for infinitely many d with suitable positive C, C\ . Later Chowla [34c] 
proved the first result unconditionally, and the second was established by Lin- 
nik [42] and Walfisz [42] . The first of these inequalities cannot be essentially 
improved, as for infinitely many d one has Ld(l) ^> log log d (Montgomery, 
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Weinberger [77], cf. Katayama [97]). For large values of L(l,%d) see also 
Montgomery, Vaughan [99]. It has been shown in Conrey, Iwaniec [02] that 
certain, yet unproved, assumptions about the spacing of zeros of £(s) imply 



L d (l)>C(logd) 



-90 



with an computable constant C > 0. Sarnak and Zaharescu [02] proved that 
if Dirichlet's L- function have no non- trivial non-real zeros, then for every 
e > 0 one has 

and if Xd{— 37) = — 1, then for every rj > 2/5 one has 
with an effective constant c(rj) > 0. 

20. Let H(d) denote the class-number of primitive binary positive definite 
quadratic forms of discriminant d. Gauss conjectured that 

= - >+°(* 8/2 ), 

and this was established by Mertens [74] . The best known evaluation of the er- 
ror term is 0(N C ) with c = 21/32 (Chamizo, Iwaniec [98]). These results give 
the mean value of class-numbers in orders of imaginary quadratic fields. The 
first result giving the mean value for d ranging over negative discrimi- 

nants of quadratic fields, was obtained by Datskovsky [93], who established 

J2H-d) = (c + o(l))xV 2 , 

d<x 

where 

c= ^n( i -^2-^3 + ^)- 

In the case of positive discriminants the situation is more complicated. 
Hooley [84] conjectured that one has 

S(X) = J2 W =(^2 + °W) X ^ X > 

0<d<x ^ ' 

and showed that S(x) exceeds (4/7r 2 )x logx. For positive discriminants of 
quadratic forms asymptotics was obtained in Siegel [44]. 

Mean values of H k (—d) and h k (—d) have been considered in Barban [62], 
[67], Barban, Gordover [66], Fainleib, Saparniyazov [75], Jutila [73], Lavrik 
[59], [71a,b], Saparniyazov [65], Stankus [76], Warlimont [71], Wolke [69], [71]. 
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21. Theorem 8.21 is a particular case of the result of Ankeny, Brauer, Chowla 
[56], who proved that for every e > 0 there exist infinitely many fields K 
of given signature, satisfying h{K) > \d(K)\ l / 2 ~ e . This was strengthened in 
Sprindzhuk [74b] , where it was shown that this inequality holds for almost all 
fields of a given degree (see also Sprindzhuk [82]). The result of Montgomery 
and Weinberger [77] , which we already quoted, implies that for real quadratic 
K the inequality 

h(K) > Vd}^ 
logd 

holds for infinitely many d = d(K), and if one believes in GRH, then this 
is best possible (see also Mallik [81b], Nagell [38]). In another direction 
Y.Yamamoto [71] obtained h(K) <C cyfdj log 2 d for infinitely many d = d(K). 
For a similar result for cubic extensions see Watabe [83]. 

22. Theorem 8.23 is due to Gauss [01]. See also Arndt [58a], Gogia, Luthar 
[79], Kronecker [64], Mertens [05], Nemenzo, Wada [92], Reiner [45], Shyr 
[79] . A deduction of it from the analytical class-number formula was given in 
Fox, Urbanowicz, Williams [99]. 

A class-field interpretation of the group &(K) of genera of a quadratic 
field K was given in Hasse [51b], who showed that the maximal unramified 
extension of which is Abelian over Q, coincides with that extension of K 
which, according to class-field theory, corresponds to <5(K). This was gener- 
alized to cyclic extensions K/Q in Iyanaga, Tamagawa [51], and to Abelian 
extensions in Leopoldt [53a] (cf. Gold [75], [76a], Halter-Koch [71c], Hasse 
[69a], Zhang X. [85]). In this generalization the role of the principal genus is 
played by 

{X 1 -* : X £ H*(K),a eGal(K/Q)}. 

For non- Abelian extensions of the rationals a theory of genera was con- 
structed by Frohlich [59], [83b]. The genus field of K is defined in this case 
as the maximal extension of K of the form KL with L/Q Abelian, which is 
unramified at finite primes. One can also demand that the genus field is un- 
ramified at infinity, which leads to a parallel theory (see Halter-Koch [78b], 
Horie [83], Stark [76b]). The interested reader should consult the book of 
M.Ishida [76], as well as the corresponding chapter in G.Gras [03]. 

23. Using class-field theory one can obtain an analogue of Corollary 1 to 
Theorem 8.23 for the group H(K) of quadratic K: the group H(K) has 
u)(d) — 1 even invariants, except in the case when K is real and at least 
one prime p = 3 (mod 4) is ramified. In this case H(K) has u(d) - 2 even 
invariants (see e.g. Herz [66]). 

A simple proof of Corollary 2 to Theorem 8.23 was supplied by Takaku 
[75]. 

Let e p {H),e p {H*) be the number of invariants of H(K), resp. H*(K), di- 
visible by the prime p. A simple formula for e 4 = e 4 (iF), in case of quadratic 
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K, was given in Redei, Reichardt [34]: let F(d) be the number of factoriza- 
tions d = did,2, where di,d 2 are discriminants of quadratic fields, for which 



holds for all primes p, q, satisfying p\di and g|cZ 2 - Then F(d(K)) = 2 e4 . Cf. 
Hurrelbrink [94], Kisilevsky [82], Lagarias [80c], Redei [34a,bj. 

For a similar description of e 2 k(H*) for k > 3 see Reichardt [34] (cf. 
Morton [79], [82a,b], [83]). An interesting conjecture concerning the struc- 
ture of of the 2-part of H* was proposed in H.Cohn, Lagarias [83] (see also 
H.Cohn [85]). In certain cases this conjecture was proved by Morton [90] and 
Stevenhagen [89]. 

Certain conjectures, concerning the distribution of imaginary quadratic 
fields with certain types of class-group were presented in H.Cohen [83], 
H.Cohen, Lenstra [84], and H.Cohen, Martinet [87], [90], where also a heuris- 
tic support was given. On these conjectures see also H.Cohen, Martinet [94], 
Greither [00], Jacobson, Lukes, Williams [95], Lee [02], Stephens, Williams 
[88], Washington [86], Washington, Zhang X. [97]. 

For other results concerning the 2-part of H*(K) for quadratic K see 
H.Bauer [71], [72], Costa [93], Endo [73a], Halter-Koch [84a], Hasse [69b,c], 
[70a,b], Kaplan [72], [73a,b], [74], [76], [77b], Lagarias [80a], Moine [72], Oriat 
[77], [78], Redei [34c], [36], [38], Reichardt [70], Scholz [35], Waterhouse [73]. 

Far less is known about e p (H) for odd p. It is even not known, whether 
the set of possible values of e p (H) is unbounded, when K ranges over all 
quadratic fields, and p over all odd primes. 

If pi, . . . ,pk are given primes, then there exist infinitely many imaginary 
quadratic fields K with e Pi (H(K)) > 2 for i = 1, 2, . . . , k (Y.Yamamoto 
[70], Nakano [84]). Moreover e 3 (H) > 4 holds infinitely often both for imagi- 
nary (Craig [77]) and real (Diaz y Diaz [78]) quadratic fields. Examples are 
known of imaginary quadratic fields with e 3 {H) > 6, and real quadratics with 
e 3 (H) > 5 (Quer [87]; cf. Llorente, Quer [88a]). One has also e b (H) > 3 for 
infinitely many quadratic fields of both signatures (Mestre [92]), and there 
are examples of imaginary quadratic fields with e$(H) > 4 (Schoof [83]; cf. 
Solderitsch [92]). 

The mean value of e 3 (il) for quadratic fields was studied in Belabas [99]. 

24. Invariants of H(K) for arbitrary fields were studied in Redei [44]. For 
the case of cyclic fields of prime degree see Inaba [40], [41], and for cyclic 
fields of prime-power degree see Frohlich [54b]. An analogue of Corollary 2 
to Theorem 8.14 for cyclic fields of prime degree obtained Leopoldt [53a] (cf. 
Frohlich [54c], Kuroda [64b], Moriya [30]). 
In Armitage, Frohlich [67] the inequality 




e 2 {H) > 2 r ~° - 
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was established, with r = r\{K) and s being the number of signatures of 
units of K. 

A formula for e 3 (iJ) for cubic fields was given in Gerth [76c]. Pure cubic 
fields were treated earlier in Gerth [73], [75a] and Kobayashi [77]. This was 
generalized by G.Gras [74b] to fields of prime degree p, whose Galois closure 
has a dihedral Galois group. Cf. Kobayashi [74]. 

Invariants of the class-group for other classes of fields were treated in 
Azizi, Mouhib [01], Cornell [83a], Gerth [76a,d], Gras, Moser, Payan [73], 
Halter-Koch [78c], Kuroda [70], Moriya [30], Oriat [76], Shanks [74], Taylor 
[75]. 

25. If K/Q is Abelian of conductor / and G is its Galois group, then for 
oG[l,/-l],(o,/) = l denote by g a the restriction to K of the automorphism 
of Q(C/)? mapping Q to £/• Define an element a of the group-ring Z[G] by 



and call the ideal S = Z[G] n aZ\G\ of Z[G) the Stickelberger ideal. It has 
been proved by Stickelberger [90] in the case K — Q(Cp) that S annihilates 
the class-group of K, and the same is true for arbitrary Abelian fields (see 
e.g. Coates [77], Frohlich [77b], Washington [89]). If K = Q(C P -) with odd 
prime p, and r G G = Gal(K/Q) is the complex conjugation, then the index 
of the ideal S fl (1 — r)Z[G] in Z[G] equals h~(K), as shown by Iwasawa 
[62]. Later Sinnott [78] generalized this to all cyclotomic K, in which case 
this index is of the form 2 a h~(K), with a depending on the cj(d(K)). A 
further generalization to arbitrary Abelian fields appears in Sinnott [80] . Here 
additional factors appear, which were studied in Dohmae [97], Kimura, Horie 
[87]. See Yin [02] for another definition of the Stickelberger ideal. Cf. also 
C.G.Schmidt [82], [84]. 

An analogue of Stickelberger 's theorem for totally real fields was conjec- 
tured by Brumer and proved by Wiles [90b]. 

Let K/Q be real Abelian of degree n, let G be its Galois group, and let 
p be a prime not dividing n. Denote by C(K) the group of cyclotomic units 
of K, and let 0 e Z[G] annihilate the p-part of U(K)/C(K). It follows from 
Mazur, Wiles [84] that the p-part of H(K) is annihilated by 20 (for another 
proof see Thaine [88]). Note that the definition of cyclotomic units used by 
Thaine was formally distinct from that given in Sinnott [80], however it has 
been shown in Lettl [90b] and Nobrega [90] that these definition agree. 

Annihilators of the class group of Abelian extensions of imaginary quadra- 
tic fields, using elliptic units, were constructed in Rubin [87]. 

26. Proposition 8.24 is due to Chowla [34b]. It implies in particular that 
the equality h(d) = g(d) can hold only for finitely many negative discrimi- 
nants d. Such discriminants are intimately connected with idoneal numbers, 
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considered already by Euler (see Grosswald [63], Grube [74], Steinig [66]). 
The smallest known discriminant with h(d) — g(d) equals —1848, and there 
can be only one more. Moreover it follows from GRH (actually it suffices to 
have L(53/54, %) > 0 for real characters %) that the existing list is complete 
(Chowla, Briggs [54]). For other results on this topic see Hall [37], [39], Hendy 
[74a], Moller [76a], Swift [48]. 

Every genus of an imaginary quadratic field contains an ideal of norm not 
exceeding B(e)\d(K)\ 1 ^ 4+e for every e > 0 (Heath-Brown [79]). Previously 
Baker, Schinzel [71] had the exponent 3/8 + e. 

The number of imaginary Abelian fields with genus number equal to the 
class number was shown to be finite in Hamamura [81] and Louboutin [96b]. 
All non-quadratic fields with this property are known, due to Louboutin [98c], 
[99b], Miyada [95] and Chang, Kwon [98], [00b]. 

A quadratic discriminant d is called regular (Gauss [01]), if the principal 
genus in Q(Vd) is cyclic. Apparently it is not known, whether there exist 
infinitely many regular discriminants. See Lippmann [63]. 

Denote by m{d) the exponent of the group H*(K) for K — Q(\/d), i.e., the 
order of its biggest cyclic subgroup. Corollary 8 to Proposition 8.24 implies 
that for negative d the equality m(d) = 2 can hold only in finitely many cases. 
The same applies to discriminants d with m(d) = 3 (Boyd, Kisilevsky [72], 
Weinberger [73a]), m{d) = 4 (Earnest, Estes [81]) and m(d) = 2 k for k > 3 
(Earnest, Korner [82]). If one assumes GRH, then, as shown in Weinberger 
[73a], and Boyd, Kisilevsky [72], one has 

m(d)» l0g|(i| 



log log|d| 

for negative d. It has been shown unconditionally in Pappalardi [95] that this 
holds for almost all d. 

Similar questions have been posed also for fields of higher degrees. For 
certain classes of cubic fields see Louboutin [95b], [97c], [01b], [02a], and for 
certain quartic fields see Louboutin [94b] . In Louboutin, Okazaki [03] it has 
been deduced from GRH that there are only finitely many CM-fields with 
bounded exponent of the class-group. In the Abelian case this was conjectured 
by Earnest [87]. 



27. Theorem 8.25 is due to Nagell [22], whose proof we reproduced. Other 
proofs were given in Ankeny, Chowla [55], Humbert [40] and Kuroda [64a]. 
The proof of Kuroda shows that one can also demand d(K) to be divisible 
by any given integer. Cf. Cowles [80]. 

The analogue of Theorem 8.25 for real quadratic fields was established 
by Y.Yamamoto [70], and Frohlich [57] obtained the same assertion for cy- 
clotomic fields (cf. Osada [87], Weinberger [73b]). For cyclic cubic fields the 
same assertion was proved in Uchida [74] , and for pure cubics in Nakano [83a] . 
Madan [70] proved the existence of infinitely many normal fields of a given 
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degree, with h(K) divisible by a given N, and it has been proved in Nakano 
[84] , [85] that there exist infinitely many fields of given degree and signature 
with N\h(K). For fields with r 2 > 1 this was done in Azuhata, Ichimura [84]. 

Divisibility of the class-number of quadratic fields by powers of 2 is closely 
connected with representations of certain divisors of the discriminant by 
quadratic forms. The oldest result of this type is contained in a letter of 
Gauss [28] to Dirichlet, where it is shown that if p = 1 (mod 8) is a prime 
and p = x 2 + y 2 , then h(—Ap) is divisible by 8 if and only if x + y = ±1 
(mod 8). On this topic see Barrucand, H.Cohn [69], H.Bauer [72], E.Brown 
[72], [73], [74a,b], [75], [81], [83], Brown,Parry [73], Costa [93], Hasse [69b,c], 
[70a,b], Kaplan [72], [73a], Kaplan, Williams, Hardy [86], Koch, Zink [72], 
Leonard, Williams [82], Pall [69], Reichardt [70], K.S.Williams [76]. 

Congruences modulo powers of 2 for linear combinations of class-numbers 
of quadratic fields were treated in the book of Urbanowicz and Williams [00] 
(cf. G.Gras [89]). There is a large literature about congruences involving 
class-numbers of quadratic fields. See Carlitz [53a,b], [55], P.Chowla [68], 
P.Chowla, S.Chowla [68], H.Cohn, Cooke [76], Desnoux [88], Gut, Stiinzi [66], 
Hayashi [77], Hurwitz [95d], Kaplan [77a], [81], Kaplan, Williams [82a,b], [84], 
Kimura [79b], Kiselev [55b], [59], Kiselev, Slavutskii [59], [62], [64], H.Lang 
[85a], H.Lang, Schertz [76], Lerch [05], Pizer [76], Pumpkin [65], [68], Redei 
[28], Schertz [73], Slavutskii [60], [61], [66], K.S.Williams [79], [81a,b,c], [82], 
Williams, Currie [82]. 

Similar congruences for class-numbers of other classes of fields have been 
considered in Carlitz [54], Kudo [75b], Slavutskii [72a]. 

For divisibility of h(K) by 3 see Belabas, Fouvry [99], Kishi, Miyake [00], 
Nakagawa, Horie [88], Satge [79a]. 

Asymptotical behaviour of the number of imaginary quadratic fields K 
with 1^(^)1 < x and p \ h(K), with a prime p > 5, was studied in Byeon 
[99a], Kohnen, Ono [99]. For every prime p there are ^> p real quadratic 

fields K = Q(y/d) with d < x such that p \ h{K) (Ono [99] under certain 
additional assumptions, Byeon [01b] unconditionally). A lower bound for the 
number of d < x such that the class- group of Q(\/— d) contains an element of 
a given order q was obtained by M.R.Murty [99], who also proved a similar 
result in the case of odd q for real quadratic fields. See Soundararajan [00] 
for an improvement. For a survey of this topic see Kohnen [01]. 

Densities of sets of quadratic fields (real and/or imaginary) with various 
restrictions on class- numbers and class-groups were obtained in Gerth [84]. 
For similar questions for fields of larger degree see Costa, Gerth [95] , Gerth 
[82], [83b,c,d], [86], [87a,b], [89a,b,c], [90], [91]. 

For other results concerning the divisibility of the class-number of quadra- 
tic fields see Chowla, Hartung [74a], Daniel, Fouvry [99], Endo [73b], Fouvry 
[99], Glaisher [03], Hartung [74a,b], Hayashi [77], Honda [68], Komatsu [01], 
[02], Oriat [78], Parry [77b], Queen [76], Sase [98], Slavutskii [75], Yamamoto 
[84]. 
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Similar questions for fields of larger degrees were considered in Barru- 
cand, H.Cohn [70], Callahan [76], H.Cohn [56a], Cornell, Rosen [84], Endo 
[76], Feng [82c], Frey, Geyer [72], Frohlich [54a,d], [59], [62c], Furuta [72], 
Furuya [71], Gerth [76b], Godwin [86], Gold, Madan [78], G.Gras [75], Gras, 
Gras [75], Greither, Hachami, Kucera [01], Gut [51b], [54], [73], Hayashi [88], 
Holzer [50], Honda [71], Iimura [71], [79a], Ishida [69], [70], [71], [73], [74], 
S.Kobayashi [79], [80], Koshi [01], Madan [70], Mollin [83], Montouchet [71], 
Moriya [30], Morton [83], Nakano [83b], [88], Neumann [73], Ohta [72], [81], 
Parry [75b,c,d], [78], [80], Parry, Walter [76], Satge [79a,b], Schertz [78b], 
[81], Stevenhagen [94a], Uchida [74], [76b], Uehara [82], Wada [70], Walter 
[80], Washington [87], Watabe [78], [83], Yokoyama [67], Yoshino [97]. 

28. Theorem 8.27 is due to Brumer [65]. It was strengthened in Roquette, 
Zassenhaus [69], who gave an elementary proof. Further improvement was 
done in Connell, Sussman [70]. Corollary 1 to Theorem 8.27 occurs in Frohlich 
[62c], and Corollary 4 was proved in Brumer, Rosen [63] (cf. Halter-Koch [81], 
S.Kobayashi [71], Schmithals [80b]). 

Infinitely many fields of any given degree and signature with C]^ 7 " 2 C 
H(K) were constructed in Nakano [84], [85] (cf. Azuhata, Ichimura [84], 
Ichimura [82], Iimura [79b], Ishida [75], Iwasawa [66], Madan [72], Nakano 
[86a,b]). 

29. Relations between 3-ranks of the class-groups of Q(\/m) and Q(^/—3m) 
were obtained by Scholz [32]. For other proofs see Martinet, Payan [67], Oriat 
[76], [77] (cf. Shanks [72]). Oriat's proof is based on the reflection theorem 
proved by Leopoldt [58], which generalizes previous work of Hecke [10], Pol- 
laczek [24] and Takagi [27] (see G.Gras [03]). For other applications of the re- 
flection theorem see G.Gras [72c], [77b], Kudo [72], Oriat [78]. A far-reaching 
generalization of the reflection theorem gave G.Gras [98]. 

Relations between 4-ranks of class-groups of quadratic fields were con- 
sidered in Damey, Payan [70], Gerth [01], Halter-Koch [84a], Sueyoshi [97], 
Taussky [77b]. For 8-ranks see Bouvier [71], and for 3-ranks for other fields 
see Callahan [74], Kishi [00]. 

30. The first result connecting class-numbers of distinct fields is due to 
Dirichlet [42], who showed that if k\ — Q(y/m), k 2 = Q(V~~ m ) an d K = &i&2, 
then 

h(K) = ah(k 1 )h(k 2 ), 

where a = 1 or 1/2. See Kubota [56b] for the case of arbitrary biquadratic 
fields (cf. Halter-Koch [72b]). 

Analogues for composites of extensions of prime degree have been proved 
in Kuroda [50] , Litver [49] , Pollaczek [29] . For similar results in other classes 
of fields see Berger [92], Halter-Koch, Moser [78], Inaba [35], N.Moser [79a], 
Parry [77a], Schertz [74a,b], Schertz, Stender [79], Scholz [30], [33], Varmon 
[30]. 
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It has been established by Lemmermeyer [95a] that if K C L are both 
CM-fields and 2 \ [L : K], then ft^ divides ft£. The same holds if K = 
Q(Cm) CL = Q(Cn) (Masley, Montgomery [76]). If [L : K) is even, then this 
is no more true (there are examples of ft^ \ 2ft^ in K.Horie [92]), but one 
has always /i^|4/i^- (Okazaki [00]). 

Relations between the class-groups of a field and its subfields have been 
studied in Castela [78], G.Gras [74b], Halter-Koch [77], N.Moser [75], Oriat, 
Satge [79], Sime [95]. 

Brauer [51] obtained very general relations between the class-numbers 
of subfields of a given field. For later development see Jaulent [81d], [82], 
Jehne [77a], Kuroda [50], Lemmermeyer [94b], Nakagoshi [81], [84], Rehm, 
Happle [74], Shyr [75], de Smit [01], Walter [77], [79a,b]. For a computational 
approach see Bosma, de Smit [01]. 

31. Theorem 8.28 is due to Frobenius [12] and Rabinowitsch [13]. For other 
proofs see Ayoub, Chowla [81], Connell [62] and Szekeres [74] (cf. Byeon, 
Dubois, Farhane [99], Stark [02]). Various generalizations of this theorem, giv- 
ing relations between class-numbers and prime-producing polynomials were 
given in Byeon, Kim [97], Granville, Mollin [00], Halter-Koch [91], Haneke 
[69], Hendy [74b], Kim, Hwang [00], Kutsuna [80], Louboutin [89], [90], [91], 
Louboutin, Mollin, Williams [88], Moller [76b], Mollin [87], [88], [96a,b,c], 
[97], [98a,b,c], [01], Mollin, Williams [88b], Papkov [44], Sasaki [88], [90], 
Srinivasan [99]. See also the book of R.A.Mollin [96d]. 

There are several other conditions related to ft = 1 in quadratic fields. 
See Behrbohm, Redei [36], S.Chowla [61b], [70b], Ennola [58], Lu [79], Mallik 
[81a], Mitchell [26], Nagell [22], Redei [60], Zaupper [90]. 

There are only finitely many polynomials f m (X) — X 2 + X + m with 
m < 0 with the property that for x = 0, 1, . . . , [^/|m|] — 1 the number |/ m (x)| 
is either prime or equal to 1 (Byeon, Stark [02]. 

Let K = QiV^) with square-free D > 3, let f D (X) = X 2 +X+(D+l)/4 
if D = 1 (mod 4) and fo(X) — X 2 + D otherwise, and define the Ono number 
PD by 

p D = max{J?(/ D (x)) : 0 < x < d(K)}, 

Q(n) denoting the number of prime factors of n, counted with their mul- 
tiplicities. One can show that ft^> = 1 is equivalent to = 1, and it has 
been established in Sasaki [86] that one has p& < h(K), with equality in the 
case h(K) = 2 (cf. also Moller [76b]) The number has been also studied 
in Ishibashi [93], Sairaiji, Shimizu [01], [02]. An analogue for real quadratic 
fields was considered in Sasaki [88]. 

Interesting relations between the class-number of Q(y / ~p) an d the ele- 
ments of the period of the continued fraction expansion of ^Jp were for prime 
p obtained by Hirzebruch [76], and Zagier [75a,b], [81, sect. 14]. For related 
results and conjectures see Chowla, Chowla [72], [73], H.Lang [76], Schinzel 
[74]. 
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EXERCISES 



1. Let K/Q be Abelian, and let X(K) be the associated group of characters. 

(i) For a prime p denote by a(p) the number of characters, whose conductor is a 
power of p, and which appear in the canonical factorization of at least one character 
of X(K). Prove that a(p) is equal to the ramification index of a prime ideal lying 
over p in Rk . 

(ii) Determine the decomposition groups and inertia groups of prime ideals of 
Rk in terms of X(K). 

2. For a given k > 3 determine all prime powers p N for which there exist 
primitive characters mod p N of order k, and find the number of such characters. 

3. Characterize integers which are discriminants of cyclic cubic extensions of 

Q. 

4. Find the form of discriminants of Abelian quartic extensions of Q. 

5. Determine all subfields of the cyclotomic field Kn, find their discriminants, 
conductors and generators, with iV being your favorite number. 

6. (i) Prove that if If is a CM-field, then the index q(K) of E{K)U{K + ) in 
U(K) equals either 1 or 2. 

(ii) Show that if iV ^ 2 (mod 4), then q(K N ) equals 1 if and only if N is a prime 
power. 

7. Prove Proposition 8.11 for all cyclotomic fields. 

8. (Dirichlet [39], Honda [75], Mordell [61]) Let p > 3 be a prime congruent to 
3 mod 4. 

(i) Prove that for K = Q(v c= p) one has 



b 

h(K) 



where 



(ii) Prove that if u p = ±1 satisfies 
'p-1 



! = Up (mod p), 

then Up = (—1)^, where iV is the number of quadratic non-residues mod p in the 
interval [1, (p - l)/2]. 

(hi) Deduce Jacobi's conjecture 6 : 

h(K) = —Up (mod 4). 

9. Let f(X, Y) be a quadratic form of discriminant d < 0, lying in the class of 
forms corresponding to a class A of ideals in Q(\/5). 

(i) Prove that the set of rational integers represented by / coincides with the 
set of norms of integral ideals belonging to A -1 . 

6 Jacobi [32]. 
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(ii) Show that if d < —4, then the number of representations of an integer m by 
the form / equals the double of the number of integral ideals in A -1 having norm 
m. 

10. Find a bound for the function c(n), appearing in Theorem 8.27 in the case 
q = 2. 

11. Let / be a quadratic polynomial with rational integral coefficients, let D 
be its discriminant, and assume that / represents primes at T consecutive integers. 
Prove that there exists a constant c such that either the roots of / generate a 
quadratic field with class- number 1, or T < cy/\D\. 



9. Factorizations 



9.1. Elementary Approach 

1. We know already that the condition h{K) = 1 is both necessary and suf- 
ficient for the uniqueness of factorization in Rk- This shows that fields with 
trivial class-group can be characterized arithmetically in terms of factoriza- 
tion properties. The discovery made by Carlitz that one can similarly char- 
acterize in a simple way fields with class-number 2 gave rise to the thought 
that it might be possible to obtain a similar description of fields with a given 
class-number, or class-group. We start with Carlitz's result. To be able to 
state it we need a simple definition: if a G Rk is neither zero nor a unit, and 
a — ol\ - - - ak is a factorization of a into irreducible elements of Rk, then k 
is called the length of this factorization. 

Theorem 9.1. If K is an algebraic number field with h{K) ^ 1, then for 
every non-zero and non-unit element a G Rk all factorizations of a have the 
same length if and only if h(K) = 2. 

Proof : Let h(K) = 2, a G R K , a ^ 0 and a 0 U{K). Write 

aR K =p?-..p? (9.1) 

with distinct prime ideals p^, and assume that pi,...,p s are principal, 
whereas p s +i, • • • ,pt are not. Then every factorization of a into irreducibles 
must be of the form 

a = cl x •••c a s s d 1 ---d u , 

where CiRk = Pi for i = 1, 2, . . . , s, and every di generates an ideal of the 
form pkpi with fc, / > s. The length of such a factorization equals 

oi H h a s + u = oi H h a s + (a s+ i H h a t )/2, 

hence depends only on a, as asserted. 

To get the converse implication assume that h(K) > 3. We have to show 
the existence of an integer in K with factorizations of distinct lengths. First 
consider the case when H{K) has an element X of order g > 3. Corollary 
7 to Proposition 7.16 shows that there exist prime ideals p G X, q G X~ x . 
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The ideals p^, q 9 , pq are principal, and their corresponding generators a, 6, c 
are irreducible. Since with a certain unit u we have ab — uc 9 , the number ab 
has factorizations of lengths g > 3 and 2. If H(K) is of the form and 
N > 2, then there are distinct classes I,7G H(K) of order 2. Choose prime 
ideals pi G X, p 2 G F and p 3 G XY", and observe that the ideals P1P2P3 and 
pf (i — 1,2,3) are principal, generated by irreducible elements a, &i,&2j&3? 
respectively. Since with a unit u we have a 2 = ub^bs, the number a 2 has 
factorizations of lengths 2 and 3. □ 

2. Now we prove a purely arithmetic characterization of the class-group, due 
to Kaczorowski [84a]. To state it we have to introduce certain definitions. If 
a G Rk is irreducible, i.e., it cannot be written as a product of two non- 
unit elements, and all its powers have unique factorization, then a is called 
absolutely irreducible. For every such element a define its order ord a as the 
maximal rational integer m with the property that with a suitable b G Rk 
we have a|6 m , a\b rn ~ 1 . 

Theorem 9.2. J/ai,a2, . . . ,a r are non- associated absolutely irreducible ele- 
ments of Rk such that their product has unique factorization, and the sum 

ord ai + ord a\ + • • • + ord a r 

is maximal, then 

r 

H(K)~l[C ni , 

i = l 

where m = ord a* . 

Proof : We start with a lemma, which translates the definition of an abso- 
lutely irreducible element and its order into ideal-theoretical language: 

Lemma 9.3. An element a G Rk is absolutely irreducible if and only if 
clRk = p m holds for a certain prime ideal p, lying in a class of order m 
in H(K). If this condition is satisfied, then ord a = m. In particular, the 
element a generates a prime ideal if and only if it is absolutely irreducible of 
order 1. 

Proof : If aR K = p m holds with a prime ideal p, whose class is of order m, 
then a is irreducible, and obviously every power of a has unique factorization, 
since it cannot be divisible by irreducible elements not associated with a. To 
show that orda = m choose b G p \ p 2 , and note that a|6 m , a { 6 m_1 , hence 
ord a > m. If now n > m and c G Rk has the property a|c n , a\ c n_1 , then 
define s by p s \\ cR K , and observe that p m |c n ifo, p rn \c n - 1 R K , thus 

(n — l)s < m < ns. 

This implies s > 1 and we get 
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n — 1 < (n — l)s <m — 1 < n - 1, 

a contradiction. Thus or da = m. 

Now let a be absolutely irreducible, and let (9.1) be the factorization of 
clRk into prime ideals. Assume t > 2 and let g be the order of the class 
containing pi. Then pf is principal and generated by b, say. Since b divides 
a 9 , and the ratio a 9 /b is not a unit, we may factorize it into irreducibles, 
say a 9 /b — c\ • • • c r . But then a 9 — bc\ • • • c t = a • • • a are two factorizations, 
which are distinct, since at least one of the q's lies in p2- This contradicts 
the absolute irreducibility of a, and therefore we must have t — 1. But then 
clRk — p™ with a certain m > 1, and the irreducibility of a implies m — g. 

□ 



Lemma 9.4. There exists a constant B(K) with the following property: 

If ai, a2, . . . , a r are non- associated absolutely irreducible elements of Rx 
such that their product has unique factorization, and their orders ord all 
exceed 1, then 

r 

^orda* < B(K), 
and the class-group H(K) contains a subgroup isomorphic to 

r 

U C ^ ( 9 - 2 ) 

i=l 

with rii = ord . 

Conversely, if H(K) contains a subgroup of the form (9.2), Xi is a gen- 
erator of C ni , pi £ Xi is a prime ideal, and 

= ai R K (i = l,2,...,r), 

then ai, a2, . . . , a r are non- associated absolutely irreducible integers, and their 
product has unique factorization. 

Proof : To obtain the first assertion we use the preceding lemma, which im- 
plies ai — p™* {i = 1, 2, . . . , r) with suitable prime ideals p^. Denote by Xi 
the class of p^, and observe that the product YYi=\ (with 0 < c; < rii) 
can be equal to the principal class only if all exponents vanish, due to the 
unique factorization of a\ • • • a r . Therefore the classes Xi, . . . ,X r generate a 
subgroup of H(K) of the form (9.2). Moreover, we get 

r r r 

^orda^ = ^^rii < JJn^ < h(K). 

i=l i—1 i=l 

To get the second assertion it suffices, in view of Lemma 9.3, to show 
that the product ai • • • a r has unique factorization. But this follows from the 
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observation that if c is an irreducible factor of ai • • • a r , non-associated with 
ai, . . . , a r , then 

holds with 0 < bi < n^, and for at least one index i we have 0 < bi < n^. If 

f0 if i 
\ 6i otl 



now 

i w bi = Tti, 

7 ~~ 7 otherwise, 



then 



Xf 1 • • • X? r = E, 

which is impossible. □ 



The theorem results now immediately. □ 

Corollary. The class-group of K is cyclic of N elements if and only if there 
exists in Rk on absolutely irreducible element of order N , and for arbitrary 
non- associated absolutely irreducible elements ai, a2, . . . , a r , whose product 
has unique factorization, one has 

r 

^orda*<iV. □ 

2=1 



3. Several factorization properties in Rk can be expressed by using elemen- 
tary combinatorics in finite Abelian groups. We shall show this on the exam- 
ple of irreducibility. 

Let A be a finite Abelian group written additively. A non-empty finite 
system b = #2> • • • > <7n) of elements of A is called a block, if J27=i 9i — 0- 
The number n is called the length of b. Two blocks differing only in the 
ordering are regarded as identical. In the set %$(A) of all such blocks one 
defines multiplication by juxtaposition, i.e., 

(#1, 02, • • ^9m)(h U h 2l . . . , h n ) = (#1, 02, • • • , 9m, ^1, ^2, • • • , K) . 

This gives %$(A) a structure of a commutative semigroup. 

A block b is called irreducible, if it cannot be written as a product of two 
blocks. The relevance of this notion to irreducibility of integers in Rk is made 
clear in the following easy proposition: 

Proposition 9.5. Let a G Rk be non-zero and non-unit, and let 

aR K = pi • • - p s , 

where pi, . . . ,p s are prime ideals, not necessarily distinct, lying in the classes 
of H(K). The element a is irreducible if and only if the block 
formed by the classes Xi is irreducible. 
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Proof : It suffices to observe that every factorization of a, say a = a\a 2 , with 

cl\Rk — Pi!'" Pi k , o>2Rk = Pji • • ' Pji 
induces a factorization of the corresponding block 

(Xl, . . . ,X S ) = (X h • • •Xi k )(Xj 1 • • -Xj,), 
and conversely. □ 

The Davenport's constant D(A) of a finite Abelian group A, written ad- 
ditively, is defined as the smallest integer m with the property that from any 
sequence of m elements of A one can extract a subsequence with zero sum. 
This constant is finite and does not exceed the cardinality N of A. Indeed, if 
flij • • • ?°>n £ A, then either all elements 

ai,ai + a 2 , • • • ,ai + «2 H h cln 

are distinct, and since there are N of them, one must be zero, or two of 
them are equal, and by subtraction we obtain a non-empty subsequence with 
vanishing sum. 

Proposition 9.6. The maximal length of an irreducible block in *B(A) equals 
D(A). 

Proof : Clearly no irreducible block can have its length greater than D(A), so 
assume that the maximal length of such block is n < D(A). Let ai, a^, . . . , a n 
be a sequence in A without a subsequence with vanishing sum, and put 
a = — (ai + a 2 H h a n ). Then 

b= (ai,...,a n ,a) 

is a block of length n + 1, hence it cannot be irreducible. Thus b = b\b 2 with 
certain blocks bi, b 2 , but one of the b^s must be of the form (a^, . . . ,c^ r ), 
and thus + • • • + ai r =0, which is not possible. □ 

Corollary. (Davenport) The maximal number of prime ideal factors of an 
irreducible element of Rk equals D(H(K)). 

Proof : Apply Propositions 9.5 and 9.6. □ 

4. An explicit formula for the value of D(A) is in the general case unknown. 
Such a formula for p-groups was established by Olson [69] and Schanuel [74] : 

Theorem 9.7. If p is a prime and 
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where Pi — p Ui , then 

t 

D(A) = l + y £(P i -l). 

1=1 

Proof : The theorem will result from the following lemma concerning group- 
rings of finite Abelian p- groups: 

Lemma 9.8. If A is a finite p-group written multiplicatively (with unit el- 
ement e), which is a product of cyclic groups of orders Pi,...,P t , and if 
9i j • • • j 9k ctre elements of A with 

t 

k>l + J2( p i - !)> 

1=1 

then the element 

(e - #i)(e - g 2 ) ■ ■ • (e - g k ) = ^ c g g 

g£A 

of the group-ring Z[A] has all its coefficients c g divisible by p. 

Proof : We may assume that gi ^ e for i = 1,2, as otherwise the 

assertion is evident. If Xi is a fixed generator of Cp., then write every g G A 
in the form 

t 

g = Y[ x< j 3 ? with 0 < a 3 < Pj , 
j'=i 

and define F(g) — a\ -f V a t . 

Now we prove by induction in maxj F(gj) that by taking suitable hj G A 
and nonnegative integers M, satisfying «Aj = k, we get 

fc M 

If maxj F(gj) = 1, then for j = 1, 2, . . . , k we have #j = Xi j with suitable 
ij, and the assertion holds with M = /ii = = 1. In the general case we 
can, for j = 1, 2, . . . , fe, write gj = x^tj with suitable ij and tj G ^4, satisfying 
F(^) = F(gj) — 1. In view of the identity 

e - ^ = (e - Ei, ) 4- a^. (e - t 3 ) 

we get 

fc k 

ri( e ~ = n (( e ~ ^) + ~ ^)) > 

3=1 j=l 
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and we see that the last product is a sum of terms of the form 

k 

tJJ(e-Ui), 



i=l 

where t,Ui e A and max^ F(ui) < maxj F(gj). 

We can thus apply the inductive assumption, except when some of the 
iti's are equal to the unit element, but in this case we can just omit the 
corresponding term. 

The equality (9.3) being established, the lemma follows now easily. Indeed, 
by the assumption imposed on fc, for every j at least one exponent fij in (9.3) 
satisfies fij > Pi. Since 

(e - Xi ) Pi = * + E ( ) + ^ = E 

*=i V 7 j=i 

with p\sj, we infer that (1 — Xi)^ ij has all its coefficients divisible by p. In 
view of (9.3) the same applies to the product (e — g{) ■ ■ • (e — gu)- □ 

Now observe that (e — 31) • • • (e - gk) = YlgeA c g9> w i* n 
c 9= E 1_ E 1+e *' 

2|r 2fr 
9i 1 ---9i r =9 9i 1 ---9i r =9 

where . . . f 

e = / 1 if £ = e, 

9 1 0 otherwise. 

The lemma implies p\ci, and if no subsequence of #1, . . . has the unit 

product, then ci = 1, a contradiction. Since the g^s were arbitrary, we get 



D(A)<l + Y J (Pi-^)- 



i=l 



To obtain the converse inequality it suffices to consider the sequence of 

Pi H \-P t — t elements, in which a fixed generator xi of Cp i appears Pi — 1 

times. □ 



5. It is also possible to obtain a combinatorial interpretation of the unique 
factorization. Consider a block b = (#i, . . . ,#&) G 53(A), and fix the ordering 
of its elements. If a : b = 6i • • • b t is a factorization of 6, then we can associate 
with it a surjective map 

<2> a : {1,2,. ..,k}—>{l,2,. ..,*}, 

by putting = j, if ^ appears in the block j. (From a formal point of 

view one should consider here rather the sequence of pairs {g^i) instead of the 
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gi's, but we will not adhere to this pedantic formulation). Two factorizations 
a, (3 of b will be called equivalent if they have the same number t of factors, 
and there is a permutation a of {1,2, ... ,t} such that the sets 

{i : $ a (i) = j}, and {i : = j} 

coincide for j — 1, 2, . . . , t. A block b is said to have a unique factorization 
if all its factorizations into irreducible blocks are equivalent. Note that this 
property is independent of the ordering of elements of b. 

Proposition 9.9. // (X 1 , . . . ,X k ) is a block in *B(H(K)) which has unique 
factorization, then for every choice of prime ideals pi e Xi (i — 1, 2, . . . , k) 
any generator of the principal ideal pip 2 • -pk has unique factorization in 
Rk- 

Moreover, if a £ Rk has unique factorization, and clRk — pi • • - pk with 
distinct prime ideals pi, then the block in *B(H(K)) formed by the classes of 
pi 's has unique factorization. 

Proof : If aRx — pi • • • pk with p; £ Xi, then every factorization of the block 
b — (Xi, . . . ,X k ) induces a factorization of a. In fact, if a is a factorization 
of b, then a = a\ • • • a r with 

C 3 

CLjR K = JJpm(j», 
s=l 

where c\ + h c r = k, and for every j we have 

{m(j, s) : l<s< Cj } = {i : $ a {i) = j}. 

One sees that every factorization of a into irreducibles is induced in this 
way by a factorization of b, and different factorizations of a are induced 
by inequivalent factorizations of b. If all prime ideals p; are distinct, then, 
conversely, inequivalent factorizations of b induce distinct factorizations of 
a. □ 

Note that the second assertion of Proposition 9.9 may fail to hold if clRk 
is not a product of distinct prime ideals. For instance, if H{K) = C 2 , and 
b = (ai, a 2 , a 3 , a 4 ), where a\ = a 2 = a 3 = a 4 is the non-unit element of 
H{K), then the factorizations b = (aia 2 )(a 3 a 4 ) and b — (aia 3 )(a 2 a 4 ) are 
inequivalent. However, if p is a non-principal prime ideal in R K , and clRk = 
p 2 , then the element b — o? has unique factorization. 

Denote by a\{A) the maximal length of a block in 95(A) which has unique 
factorization, and does not contain the unit element. Note that if the group 
A is non-trivial, then a\{A) is finite, because if b = b\ • • • b s is a unique 
factorization of b into irreducible blocks, then no element of A can appear 
in two distinct ft^s. Thus s < #A, and since the length of each ^ does not 
exceed D(A) by Proposition 9.6, we get a\{A) < D(A) • #A. 
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For non-zero a G Rr denote by s(a) the number of distinct non-principal 
prime ideals dividing ciRk- 

Corollary. // H(K) is non-trivial, then for every element a G Rk having 
unique factorization we have s(a) < ai(H(K)), and there is an element a 
with unique factorization, for which equality holds. 

Proof : The second part of the assertion results from the proposition, as 
well as the first part in the particular case when the ideal clRk is square- 
free, i.e., is a product of distinct prime ideals. It remains to show that the 
inequality s(a) < a\{H{K)) holds also for these a with unique factorization 
which generate a non-square-free ideal. 

Let a be such an element, and let (9.1) be the factorization of aRx into 
prime ideals. We may assume that all ideals p^ are non-principal, i.e., t = s(o). 
Assume that the ideals p°j J are principal for j = 1, 2, . . . , r and non-principal 
for j > 1 + and denote by Xj the class of H{K) containing pj (if j < r), 
resp. p a - 3 (if j > 1 + r). Thus all classes Xi are non-principal. Choose prime 
ideals q^ G Xi for i = 1,2,..., £, and Qi G X^ 1 for i = 1, 2, . . . , r, so that 
they are all distinct, and observe that the ideal qi • • • qt0i • • • 0 r is principal. 
Let b be one of its generators. To prove our assertion it suffices to show that 
b has unique factorization, since the ideal generated by b is square-free, and 
as the assertion has been already proved in this particular case, we get 

s(a) = t < t + r = s(b) < a^H^K)). 

If the order of Xi equals m^, and 7Ti is, for i = 1, 2, . . . , r, a generator of 
p^S then rrii divides a^. If we put A\ = ai/rrii, then the number 

2 = 1 

has unique factorization, being a divisor of a, and this implies that the classes 
Xi, . . . ,X r generate independent cyclic subgroups of H(K). Indeed, if with 
suitable 0 < < rrii we would have 

r 
i=l 

then the product Ilj=i ^ would be principal, equal to \Rk, say, and A 
would have unique factorization, being a divisor of c. This is, however, im- 
possible, as 7Tj \ A for j — 1, 2, . . . , r, and A| Ilj=i n j- 

Denote by G the subgroup of H(K), generated by Xi , . . . , X r , and observe 
that no product Y = X ix • • • X ik ^ E with r + 1 < n < i 2 < . . . < ik < t 
can lie in G. Indeed, if this were the case, then with suitable 0 < b j < rrij 
(j — 1, 2, . . . , r) we would have Y = Y\ r i=1 X\\ and thus the ideal 
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Pi 'Pr Pi 1 -'-ri k 

would be principal. Its generator, being a divisor of a, would have unique 
factorization, and this would lead to rrij \bj and bj = 0 for j = 1, 2, . . . , r. 
It follows now immediately that b has unique factorization. □ 

6. Now we shall present another combinatorial constant, related to the ques- 
tion of unique factorization of rational integers in quadratic fields. 

Let A be a finite Abelian group written multiplicatively. Denote by M(A) 
the maximal cardinality of a subset {ai, . . . , a n } of A with the property that 
all products 

n 

J]a^' ( Ci =0,l;j = l,2,...,n) 

3 = 1 

are distinct. 

To establish a link between M(A) and factorizations consider a quadratic 
number field K, and observe that if X G H(K), then the orbit of X under 
the action of the Galois group of K/Q equals (X, X -1 ). Indeed, if p G X is a 
prime ideal of first degree, and p' is its conjugate, then by Theorems 4.6 and 
4.39 we have p' G X~ l . From each orbit ^ (E,E) (with E being the unit 
class) choose one class, let X — {Xi, . . . ,X t } be the set of classes obtained 
in this way, and let Oi be the orbit (X^X" 1 ). If p is a rational prime such 
that pRx = P1P2, with pi G Xi, p2 G X" 1 , then we shall say that p belongs 
to the orbit Oi, and write p h 0{. 

Proposition 9.10. Suppose that O^, . . . ,Oi g are distinct orbits ^ (E,E) 
and let pj h Oj for j = 1, 2, . . . , s. Then the number m = YV i=1 Pi has unique 
factorization in K if and only if all products 

li*;: (9-4) 

3 = 1 

with €j G {0, 1} are distinct. 

Proof : By Proposition 9.9 the number m has unique factorization if and 
only if the block b = (X h , X~\ ...,X ig , Xr 1 ) has unique factorization in 
*B(H(K)). Since all blocks (X^X^ 1 ) are irreducible, this happens if and 
only if b has no irreducible factor of length exceeding 2. Observe now that if 

(X kl ,...,X kl ,X-\...,X-2) (9.5) 

with . . . , ki, ri, . . . , r m } C {ii, 22 • • • , i s } is such a factor, then for alH ^ u 
we have k t ^ k u , and 



Xk x ' ' ' Xk t — X ri - • • X Trri , 



(9.6) 
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showing that not all products (9.4) are distinct. Conversely, if two products 
of the form (9.4) are equal, then after suitable cancellation we arrive at an 
equality of the form (9.6), showing that the block in (9.5) does not have an 
irreducible factor of length 2, i.e., of the form (X, X -1 ) □ 

Corollary. If m is a square- free rational integer having unique factorization 
in a quadratic number field K, then m can have at most M = M(H(K)) 
prime factors which do not generate prime ideals, and do not split into prin- 
cipal factors in K. 

Moreover, there exist integers m, for which this bound is attained. 

Proof : Observe first that if m = pi • • • p s has unique factorization in K, 
and the primes pi are distinct, then they must belong to different orbits. 
Indeed, if, for example, pi and P2 belong to the same orbit (X, X -1 ), then by 
Proposition 9.9 their product cannot have unique factorization. We may thus 
apply the last proposition to get s < M. To show that this bound is attained, 
observe that if Yi, . . . , Ym are classes in H{K) such that all products 

M 

i=i 

with €j = 0 or 1 are distinct, then for i ^ j we have YiYj ^ E. Thus all orbits 
(Yi , Yr 1 ) are distinct. If now p { h (Y; , Y- -1 ) for % = 1, 2, . . . , M, then it follows 
from the proposition that the product pi • • • pm has unique factorization in 
K. □ 



Our next result gives certain information about the size of M(A). 



Proposition 9.11. If A is a direct product of the cyclic groups C ni , . . . , C Ur , 

then 



E 

i=i 



log rij 
Jog 2 . 



< M(A) < 



log *A 
log 2 ' 



Proof : The upper bound results from the fact that number of zero-one se- 
quences of length M equals 2 M . The lower bound is obtained by considering 
for j = 1, 2, . . . , r the elements 

where Xj is a generator of C n . , and kj is the largest integer satisfying 
l + 2 + 2 2 + --- + 2^" <nj. □ 



Corollary. // A is either cyclic, or a 2- group, then 
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V ; log2 



7. Elasticity of factorizations p(R) in a domain R is denned as the least 
number c such that for every non-zero and non-unit element x G R if 

x = ai • • • a m = 6i • • • b n 

with irreducible factors, then n/m < c. In the case of algebraic number fields 
this constant is related to the Davenport's constant of the class-group. 

Proposition 9.12. One has p{R K ) = D{H{K))/2, 

Proof : Put D = D(H(K), and let X u . . . , X D G H(K) be classes, forming 
an irreducible block of maximal length. For i = 1,2, ...,D choose prime 
ideals pi, q^ Glj, and observe that with certain a, (3, 71, . . . , 7^ we have 

pi • • • Pd = aifo, qi • • • c\d = (3R K iPiC\i = hRk> 

The resulting equality a (3 = e^i • • • 7^ (with a unit e) leads now to 
p(ite) > D/2. 

On the other hand, assume that with certain k > I we have an equality 
ol\ • • • OLk — Pi • • • A where c^,/3j G are irreducible elements, none of 
which generates a prime ideal. By Corollary to Proposition 9.6 the number 
of prime ideal factors of the right-hand side of this equality does not exceed 
ID, and that of the left-hand side is at least equal to 2k. Therefore we get 
2k > ID, thus k/l < D/2, and p(R K ) < D/2. □ 



9.2. Quantitative Results 

1. In this section we shall consider counting functions of irreducible integers 
and integers with unique factorization, and start with an auxiliary result 
concerning the distribution of ideals having a prescribed number of prime 
ideal divisors in a given class of H(K). 

Let X be a given set of ideals. We shall denote by co x (I) the number of 
distinct prime ideals belonging to X which divide the ideal /, and by f2x(I) 
the number of these prime ideals, counted with their multiplicities. In other 
words, we put 

o (*rn\ f rn if p G X, 
Qx(p ) = \0 otherwise, 

and extend fi x to all ideals / by additivity, i.e., 
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Theorem 9.13. Let X±, . . . , X m be given classes in H(K), and let Ci, . . . , c m 

be given non-negative integers. We assume that in the case m = h(K) not 
all Ci vanish. For i = 1,2, ... , ra let the function fi be equal to either ux t or 
Qxa and denote by $(x) = $(x\ /i, . . . , / m ; ci, . . . , c m ) the number of ideals 
I of Rk, satisfying N(I) < x and fi(I) — Ci for i — 1, 2, . . . , ra. Finally, let 
<p Y (x) = $y { x '-> fi, • • • 5 fm \ c i, • • • , c m ; Y) be the number of such ideals lying 
in a given class Y of a certain group (K) . Then, for x tending to infinity, 
we have 

^ (x)= Uc^o(l))xlog-^ h x(log\ogx) T ifm<h, 
V } \ (Ci -ho(l))xlog" 1 x(loglogx) T - 1 ifm = h, 

where h = h(K), T = c\ H h c m , and C, C\ are positive constants, defined 

by 

C- 1 = 7 ci!---c m !h T r (l-^), 

and 

h T 

G x 1 =7Ci!---c m ! — , 

where 7 > 0 depends only on X\ , . . . , X m . 
Moreover, if m < h/2, then 

$ Y {x) = (^(K)" 1 + o(l))${x). 



Note that the constants C, Ci do not depend on the choice of the functions 

u 

Proof : Let % be a character of (K) , and consider the function 

H x (s; z u . . . ,z m ) = 2^ N J ^ I)s , (9.7) 

defined for Re s > 1 and \zi\ < 1 (i = 1, 2, . . . ,ra). By Lemma 7.1 we can 
write, using the expansion of the logarithm, 



00 / m 



H x (a; z u . . . , z m ) = J] 1 + £ m z{^ 3) X (p) j N(p) 



p \ j=l \i=l J 
00 / m 



= exp [ ^ log I (1 + II^ (PJ) x(p) j N(p)-i s ) ] = ABC, 
P \ j=i \i=i J 



where 
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A=ex P [ 1 £[f[4 ipj) )x(p)(py 



P V=i 



\ P j>2 \i=l J 

and 



C = exp 



y P k>2 \j=l \i=l / y y 



Write, for shortness, X' = \J™ Xj, Jf f * = Hj{K) and /i f * = h%(K). Since 
/j(p) = 1 for p G X?, and fj(p) = 0 otherwise, Corollary 6 to Proposition 
7.16 implies 

= F E ^)|EK^^)-iK + i)iog^ 

+ £ x (s;zi,...,z m ), 

where 



0 otherwise, 



and # x is a function regular in Re 5 > 1. Observe that g x does not depend on 
the choice of the functions and, in particular, a = g Xo (l; 0, . . . , 0) (where 
Xo is the principal character) depends only on the classes Xi, . . . , X m . 
Now put 

d j(x) = ^ E X(Z)a(Z,Xj), 



n f zeH; 

and for non-principal x put R(x) = Y%Lidj(x)i observe that d(xo) = 
l/h(K), and note that the product BC is a function regular in Re s > 1 
for \ Zj \ < 1. 

With these notations we obtain 

-^Xo ( 5 5 ^1 ? • • • •> z m) 

= IT ex P ( J lo S ) ( s - 1 ) m/h/ *xo (s;z u ...,z m ), (9.8) 

j = l ^ ' 

with h Xo regular for Re 5 > 1 and \zj\ < 1. Similarly, for non-principal x we 
get the equality 
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H x (s;z 1 ,...,Zm) 

= J] exp ( Zj d 3 {x) log j—^ I {a - l) RM h x (s; z u . . . , z m ). (9.9) 

Observe now that for x — Xo the product AB attains at s = 1, z\ = . . . = 
z m = 0a non-zero value, and therefore we get 7 = /i Xo (l; 0, . . . , 0) ^ 0. Note 
also that this value does not depend on the choice of /1, . . . , / m . 

Expanding the right-hand sides of (9.8) and (9.9) into power series in 
and comparing coefficients in (9.7) we arrive at the following 
equalities, valid for Re s > 1: 

E w 

(i,f)=i 

/ i (I)=c i> i = l,...,m 

1 m 1 

= (a-ir/fc-i ^ ^^^n^O^^^+G^^), (9.10) 



i = l,...,Ti 



and 

E *(wr 



(i,f)=i 

/ i (I)=c i> i = l > .. 



mm -j 

( S _l)*(x) £ 4x) iPm ]^^ (x) JJ 0 ^)-ii O gJ__ + G x ( s ) > 



i = l , . . . ,m 



where J = ji + • • • + j m , G x are regular for Re 5 > 1, and the functions 
^r^...,r m are defined by 



Note that ^ Xo) 0 = 7. 

Applying to the equality (9.10) Theorem I of Appendix II in the case 
j = R Ky we get the first two assertions of the theorem. 

To obtain the last assertion we again use (9.10). Write for Re s > 1 

E jv(jr = ^E^) £ N(i)->xw(ir' 

/ i (I)=c i> i = l,...,m / i (I) = c i ,i = l,...,m 

= (s _ i r A-ip 0 (i og _L_) + E ( s - i)**)^ ( lo s jri) + 

where Po,P x are polynomials with coefficients regular in Re 5 > 1, and g 

regular in that half-plane. The degree of P 0 equals cH K c m = T, and its 

leading coefficient does not vanish at s — 1. Finally, we have 
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Re (-R( X )) = -Re x(Z)a(Z,X i ) 
\ n f i=i zeh; , 

1 m 

^ /^E E a(Z,Xi)=m/h<l-m/h, 
and we may again apply Theorem I of Appendix II. □ 



Note that in the last part of the theorem one cannot omit the condition 
m < ft/2. Indeed, if ft = 2, f = R K , Y = E and X t ^ E, then for f x = Q Xl 
and odd c\ we get Fy(x) — 0 for all x. 

Corollary 1. If A(x,n), B(x,n) denote the number of ideals I with N(I) < 
x, which have n prime ideal divisors, resp. n prime ideal factors counted 
according to their multiplicities, then with a certain positive constant C one 
has 

A(x, n) = (C + o l V 6 6 ; 

logx 

and 

B{x,n) = (1 + o{l))A(x,n). 



\n—l 



Proof : Observe that if H(K) = {Xi, . . . , Xh}, then for m — h(K) and 
fi = , resp. fi = Qxi the sum 

^2 $(x\cu...,c h ) 

Cl ,...,c h 

equals A(x,n), resp. B(x,n) and apply the theorem. □ 

Corollary 2. For the number of principal ideals I with N(I) < x, which 
have n prime ideal factors counted with their multiplicities one has 

(Gi + o(l)) , 

log x 

with certain C\ > 0. 

Proof : If X\, . . . ,Xh are all classes in H(K), then the number in question 
equals 

$(x;a,...,c h ), 

c lH } r c h= n 

1 h 

where in the definition of ^ only the functions f?x { are involved. Now it 
suffices to apply the theorem. □ 
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Corollary 3. Let Xi, . . . , Xh be all classes in H(K), and let ci, . . . , Ch be 

given, not all vanishing. Then the number of ideals I G Xj with N(I) < x 
and fixi {I) — Ci for i — 1, 2, . . . , h, equals 

(C 2 + o(l)) x{l0g '° gx)T ~\ 
logx 

ive C2, and T — c\ + • • • + ( 

otherwise. 



with positive C2, and T — c\ + • • • + Ch, if fliLi — Xj, and T = 0 



Proof : Observe that if nf=i ^-V — Xj, then every ideal / satisfying Qxi {I) — 
Ci for i = 1, 2, . . . , m lies in Xi, and apply the theorem. □ 



Note finally that the same method as used in the proof of Theorem 9.13 
leads to the proof of the following result: 

Proposition 9.14. Let i7i, . . . ,il m be disjoint regular sets of prime ideals 
having positive densities ai, . . . , a m . Let for each i — 1, 2, . . . , m a function 
fi be given, which equals either uJUi or Qu^ • Further, let c\ , . . . , c m be given 
non-negative integers with non-vanishing sum T, and let F(x\ ci, . . . , c m ) be 
the number of ideals I with N(I) < x, and fi(I) = c% for i — 1,2, ... ,m. 
Then 

F{x\ ci , . . . , m) = (C + o(l))z (log x log x) M log" a x, 

where 

j=i v 

anc? C is a positive number, not depending on the choice of the functions fi . 
We leave the needed modifications to the reader. 



2. Our next application of Theorem 9.13 concerns irreducible integers: 

Theorem 9.15. Let F(x) be the number of pairwise non- associated irre- 
ducible integers in K whose norms do not exceed x in absolute value. Then 

F(x) = (C + o(l)) a;(l0g ^ loga;)P " 1 

logx 

with a suitable C > 0 and D = D(H(K)). 

Proof : If / = pi • • -p s is a principal ideal, pi are prime ideals, not nec- 
essarily distinct, and Xi is the class of pi in H(K), then let b(I) be the 
block (Xi,X 2 , ...,X S ) in *B(H(K)). Let 61, . . . , b r be all irreducible blocks 
in *B(H(K)). By Proposition 9.5 we have 
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j = l IeE,N(I)<x 



Now, if for a class X we denote by Cj(X) the number of appearances 
of X in bj, then 6(7) = bj holds if and only if for every class X we have 
fix{I) — c jP0- This shows that in view of Corollary 3 to Theorem 9.13 we 
have, in the notation of Theorem 9.13, 



J2 1 =*E(x;{ Cj (X): X £ H(K)}) 
a; (log logx)^ -1 



lEE,N(I)<x 
b(I) = bj 



= (C + o(l))- 



logx 



with tj = ^2xeH(K) c j(X) being the length of the block bj. An application 
of Proposition 9.6 leads now to the assertion. □ 



One can also ask for rational primes which remain irreducible in K. Such 
primes exist rather seldom, as the following easy result shows: 

Proposition 9.16. Let K/Q be normal, and assume that there are rational 
primes which do not ramify in K/Q, and which remain irreducible in K. Then 
the Galois group of Kj Q contains a cyclic subgroup of index not exceeding 
D(H(K)). 

Proof : If p does not ramify in K/Q, then we have pRx = Pi • • • Ps with 
distinct prime ideals p^. If Xi is the class of p^ in H(K), then by Proposition 
9.5 the block (Xi, . . . ,X S ) is irreducible and so, by Proposition 9.6, we have 
s < D(H(K)). However, by Corollary to Proposition 6.8, s is the index of the 
decomposition group of pi in Gal(K/Q), and since the decomposition group 
is cyclic, the result follows. □ 



Corollary 2 to Theorem 7.29 shows that if K/Q is cyclic of degree N, then 
infinitely many rational primes generate prime ideals in Rk, and Theorem 
7.30 implies that the density of the set of all these primes equals cp(N)/N, 
because a cyclic group of order N has <p(N) generators. There may be also 
other primes which remain irreducible. In the special case of cyclic extensions 
of prime degree we shall now prove a formula expressing the asymptotic 
behaviour of their counting function: 

Proposition 9.17. Let K/Q be cyclic of prime degree q, and denote by P(x) 
the number of rational primes p < x which remain irreducible in K. Then 



P (af ) = (c + 0 (1))_ , 
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where 



A denotes the set of all irreducible blocks in %$(H(K)), which are invariant 
under the action of G — Gal(K/Q), and for every such block the number r(b) 
is defined by 

_ 1 1/(7 if (dl classes in b coincide, 



otherwise. 



Proof : As in the proof of Theorem 9.15, we have 

w = E E i+ E !• 

b(pR K ) = b P R K is P rirne 

In order to evaluate the inner sum in the first term observe that if & — 
(Xi, . . . ,X r ) and X\ — X 2 , then necessarily X\ — X 2 = . . . = X r , as G 
is cyclic of prime degree. Thus the classes in b are either all distinct, or all 
equal. Using Corollary 4 to Proposition 7.17 we get in the first case 

b( P R K ) = b N(p)<x 

and in the second case 

^ 9 p f£ V<?W 7 log^ logs 

b( P R K ) = b N(p)<x 

Adding these equalities, and noting that in virtue of Corollary 5 to Propo- 
sition 7.16 one has 

S 1 = ( 1 -i +o(1, )ii' 

pRj£ is prime 

we obtain our assertion. □ 



3. Now we turn to numbers with unique factorization. In this subsection 
F(x) denotes the number of non- associated integers a G K with |iV(a)| < x 
having unique factorization. We shall determine the right order of magnitude 
of F(x), however, we will not prove the corresponding asymptotic equality, 
whose available proof is rather technical. 

Theorem 9.18. Let K be an algebraic number field with h — h(K) > 2. 
Then 



x(loglogx) a (logx) 1/ ' 1 - 1 < F(x) < a(logloga) a (loga) 1//l - 1 , 



504 9. Factorizations 



with a = a\{H{K)), as defined in Subsect. 5 of the preceding section. 

Proof : Let A — {&i, . . . , bk} be the set of all blocks in *B(H(K)) which have 
unique factorization, and do not contain the unit class E. Since the length of 
a block in A does not exceed a, the set A is finite. If now Xi, . . . , X^-i are 
the non-unit classes of H(K), and Cj(Xi) denotes, as in the proof of Theorem 
9.15, the number of occurrences of Xi in the block bj, then by Proposition 
9.9 and Theorem 9.13 we get 

k 

f(x) > e E 1 

j = l lEE,N(I)<x 

f2 x .(I)=c j (X i ),i = l,...,h-l 

= (Ci +o(l))x(loglogx) a (logx) 1 ^- 1 , 

with a suitable positive C\. This proves the first part of the assertion. To 
prove the second, we utilize Corollary to Proposition 9.9, from which we 
obtain immediately 

m< E E ^ E E 1 

c 1 ,...,c h _ 1 IeE,N(I)<x c l.---' c h-l N(I)<x 

= (C 2 + o(l))x(loglogx) a (logx)^ h -\ 

with a certain C2, the final inequality being a consequence of Theorem 9.12. 

□ 



This theorem shows that the class-number measures in some sense the 
deviation of the ring Rk from a ring with unique factorization, since it shows 
that the asymptotic order of the counting function of non-associated integers 
with unique factorization diminishes with the growth of the class-number. 

A set X of element of Rk consisting of full classes of associated integers 
is said to contain almost all integers of K, if its counting function 

X(x) = #{a G X : a pairwise non- associated, |iV(a)| < x} 

satisfies 

r X{x) 1 

llm TTT = 
x-+oo l(x) 

where I(x) denotes the number of pairwise non-associated integers a with 
|iV(a)| < x. Clearly I(x) equals the number of principal ideals of Rk with 
norms not exceeding x, and thus by Theorem 7.18 we have I(x) = kx + o(x), 
with k defined by (6.8). Thus X contains almost all integers if and only if 
T(x)/x tends to when x tends to infinity. Similarly, we say that X contains 
almost no integers if X(x) = o(x). Using this terminology we can state a 
simple corollary: 
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Corollary. // h{K) > 2, then almost no integer of K has unique factoriza- 



4. It is possible to obtain a similar result for the number Fq(x) of positive 
rational integers n < x, having unique factorization in a given field K. The 
proof in the general case relies on class-field theory, and so we treat here only 
the simplest case of cyclic extensions of prime degree. 

Theorem 9.19. Let K/Q be cyclic of prime degree q, and let h = h(K) > 2. 
Then with a certain positive constant C one has 



where M is a non-negative integer depending on the action of the Galois 
group of K/Q on H(K), and not exceeding the number of orbits distinct 
from (E, E, . . . , E). If q = 2, then M = M(H(K)), as defined in Subsect.6 
of the preceding section. 

Proof : Let Oi , . . . , O r be all orbits ^ (E,E, . . . ,E) of H(K) under the action 
of the Galois group of K/Q. With every orbit Oi — (Xi, . . . , X q ) we associate 
the set tyi consisting of all rational primes p for which pRx = Pi * • • P g holds 
with prime ideals pi G Xi. Note that every rational prime, which does not 
generate a prime ideal in K, lies in one of the sets tyi. If the orbits Oi, . . . , O t 
have the form (X, X, . . . , X), and the remaining r — t orbits consist of dis- 
tinct classes, then Corollary 6 to Proposition 7.16 shows that the sets ^ are 
regular, and their density equals 



We need the following simple observation: 

Lemma 9.20. // a rational integer n has unique factorization in K, then n 
cannot have two distinct prime divisors belonging to the same set tyi. 

Proof : Let n be a rational integer having two divisors Pi,P2 £ ^Pi 5 we see 
that 



holds with suitable prime ideals pi, p[ G Xj, and thus p±p2 has two factoriza- 
tions arising from 



tion. 



□ 



F 0 (x) = (C + o(l))a;(logloga;) Af (loga;)( 1 - ,l )/ ,l «, 




PiRk^YI^' P2Rk 



P1P2RK = (Pl • • • P 9 )(pi • • • pg) = (Pip2 • • • P q )(plp' 2 • • • Pg). □ 
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Let now A be the set of all sequences (c&i, . . . , a r ) with the property that 
there exists a square- free rational integer n with unique factorization in K, 
for which wvp^ri) = a* holds for i — 1,2, . . . , r. Lemma 9.20 shows that 
a* G {0, 1}, and therefore the number 

r 

M = max{^ dj : (ai, . . . ,a r ) E A} 
i=i 

does not exceed r. 

Finally, note that if n satisfies Q^^ri) — a* for i — 1,2, ...,r, and 
(ai, . . . ,a r ) G *4, then, owing to Proposition 9.9, n has unique factorization 
in If. This leads to 

E E i^o(*)< E E i. 

(ai,...,a r )G-4 (ai,...,a r )e>A , n<sc 

. (n) = a i ,i = l,...,r (n) = a i ,z = l , . . . ,r 

and an application of Proposition 9.14 gives the assertion. If q = 2, then 
Corollary 2 to Proposition 9.10 implies M = M(H(K)). □ 

In the general case we prove only the following simple result: 

Proposition 9.21. If K/Q is normal of degree N and h = h(K) > 2, then 
with a suitable B > 0 we have 

F 0 (x) « ^(loglog^^aogx)^"^/^. 



Proof : Let *P be the set of all rational primes which do not ramify in K/Q, 
and which have a non-principal ideal factor of degree 1 in Rk- In view of 

E^7=4 E J^y (Res>l), 

/i<r/Q(P) ==e i<r/Q(P) = 1 

we infer by Corollary 6 to Proposition 7.16 that *P is regular and has density 
(h — l)/hN . Now assume that n G Z has unique factorization in K. Lemma 
9.20 shows that n cannot be divisible by two primes, each of which has a 
prime ideal divisor in the same class of H(K), and this implies that o;$p(n) 
does not exceed the number of distinct orbits ^ (E, . . . , E) of H(K) under the 
Galois group of K/Q. Denoting this number by B, and applying Proposition 
9.14 we get our assertion. □ 
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9.3. Notes to Chapter 9 

1. Theorem 9.1 is due to Carlitz [60]. It is not true for arbitrary Dedekind 
domains, as suitable counterexamples can be constructed using the results of 
Claborn [68]. Domains in which Theorem 9.1 holds are called half-factorial 
domains (HFD). Half-factorial domains and related semigroups were studied 
first by Skula [76] and Zaks [76], [80]. In Coykendall [99] it has been proved 
that if an order in an algebraic number field is HFD, so is its integral clo- 
sure. Note that a localization of a Dedekind HFD domain may be not HFD, 
as an example given in Anderson, Chapman, Smith [94] shows. Orders in 
quadratic number fields which are HFD's were described by Halter-Koch [83] 
and Coykendall [01]. There is a large literature concerning HFD, and a sur- 
vey was given in Chapman, Coykendall [00]. For some variants of HFD see 
Chapman, Smith [90a], [92a,b]. 

Other characterizations of algebraic number fields with particular class- 
groups have been given in Chapman, Smith [90b], Czogala [81], Di Franco, 
Pace [85], Feng [85], Geroldinger [90d,I], Kaczorowski [81a], Krause [84]. 
Salce, Zanardo [82]. 

Theorem 9.2 is due to Kaczorowski [84a]. A variant of it was given in 
Halter-Koch [83], where also another elementary description of H(K) was 
presented (cf. Halter-Koch [90b]). Yet another description appears in Rush 
[83]. For a unified treatment see Geroldinger [90d,II]. 

Absolutely irreducible elements were studied in Kaczorowski [81b], [84b]. 

2. Theorem 9.7 was proved by Olson [69] and Schanuel [74]. For further 
results concerning Davenport's constant D(A) see Baayen [69], Baayen, Emde 
Boas, Kruyswijk [69], Chapman [95], Delorme, Ordaz, Quiroz [01], Emde Boas 
[69], Emde Boas, Kruyswijk [67], Gao [00], Geroldinger, Schneider [92]. 

The constant M(A) appears, in the special case A = C%, already in 
Shannon [56]. It is easy to see that M{C^) = n, and in Mead, Narkiewicz 
[82] the equality M(C£) = 2n has been established, and the value of M(C^) 
was found for certain integers m. The bound given in Proposition 9.11 was 
for A = CI improved by S.K.Stein [77]. 

Combinatorial constants occurring in Sect.l have been considered in Nar- 
kiewicz [79] and Narkiewicz, Sliwa [82]. For these and other combinato- 
rial constants related to factorizations see Chapman [95], Gao [97], Gao, 
Geroldinger [98], Geroldinger [97a,b], [98], Geroldinger, Kaczorowski [92], 
Geroldinger, Lettl [90], Halter-Koch [92a], Hassler [03], Krause, Zahlten [91], 
W.A.Schmid [03a], Skula [76], Sliwa [76a], [82b]. For a more general approach 
to block semigroups see Geroldinger [94], Halter-Koch [92c, d], W.A.Schmid 
[03b]. 

3. Proposition 9.12 appears in Steffan [86]. Elasticity in various classes of 
domains has been studied in Anderson, Anderson [92], Anderson, Anderson, 
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Chapman, Smith [95], Anderson, Chapman [00], Cahen, Chabert [95], Chap- 
man, Smith [90a], [93b], Gonzalez [99], Valenza [90]. It can be considered also 
in certain semigroups (Halter-Koch [95]). 

4. Theorems 9.13 and 9.15 are due to Remond [66] (cf. Lardon [71]). An 
evaluation of the error term in Theorem 9.4 and an asymptotical expansion 
was given in Kaczorowski [83] , where also one finds corresponding expansions 
for counting functions considered in Theorems 9.15 and 9.19. An extension 
of Theorem 9.13 appears in Sliwa [76a]. Corollary 1 to that theorem is due 
to Nakamura [59]. It has been shown in Halter-Koch, Miiller [91] that the 
constant in Theorem 9.15 depends only on the class-group of the field. 

The condition given in Proposition 9.16 for the existence of unramified 
primes which remain irreducible in K is necessary, but, in general, not suf- 
ficient. In the case of normal extensions a necessary and sufficient condition 
was given in Sliwa [77] . For the case of a cyclic extension of prime degree see 
Wegner [32b]. 

4. The first result dealing with asymptotics of functions related to factor- 
izations is due to Fogels [43], who established Corollary to Theorem 9.18 
for the field Q(V r ~5)- In 1962 Turan asked me, whether one can obtain the 
same assertion in the general case, and this has been done in Narkiewicz 
[64]. In Theorem 9.19 one has in fact C\ = C2, hence there is an asymptotic 
equality (Narkiewicz [72]). Theorem 9.19 was proved in the case q — 2 in 
Narkiewicz [66], and Odoni [76] obtained asymptotics for Fq(x) for arbitrary, 
not necessarily normal, fields in the form 

(a W + 0(l/loglo g ,))^gffil, 

log cW X 

where a(K) > 0, 0 < b(K) < 1 and c(K) < h(K). An analogous result 
for the counting function of rational integers with at most m factorizations 
was obtained by Sliwa [76b]. Asymptotics for the number of elements of Rk 
with at most k factorizations was studied in Halter-Koch, Miiller [91], and 
Geroldinger, Halter-Koch [92a] (see also Halter-Koch [93b]). 

Another approach to the count of irreducible integers and integers with 
at most m factorizations was presented by Helmut Weber [84], who used a 
method of Siegel. 

If h(K) > 3, then almost all integers of K have factorizations of dis- 
tinct lengths, and the same applies to rational integers (Narkiewicz [66]). 
Asymptotics for the counting function of numbers with at most k factoriza- 
tion lengths was obtained in both cases in Sliwa [76a] (cf. Geroldinger [90a], 
[91], Halter-Koch, Miiller [91], Sliwa [82b]). 

Rosihski and Sliwa [76] settled in the negative a question of Turan, who 
asked whether the function fx (n) , counting factorizations of a rational inte- 
ger n in a given field K with h(K) > 2 can have a non-decreasing normal 
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order. (Recall that a function F(n) is called a normal order for /, if the 
inequality 

\f(n) - F(n)\ < eF(n) 

holds for every positive e and almost all n). The function log/#(n) has a 
nondecreasing normal order, equal to c(K ) log log n log log log n with a cer- 
tain c(K) > 0 (Narkiewicz [80]). Similarly, the function c\ (K ) log log n (with 
C\ (K) > 0) serves as a normal order for the number of factorizations of n in 
K with distinct lengths, provided h(K) > 3. This was proved independently 
in Allen, Pleasants [80], and Narkiewicz, Sliwa [78]. 

Asymptotics for X}n<cc/^( n ) was f° un d by Remond [66]. A formula for 
the number of distinct factorizations in the case of class-number 2 was derived 
(in a more general setting of Krull monoids) in Chapman, Herr, Rooney [99] , 
and the number of factorizations of distinct lengths was determined in the 
case D{H{K)) < 4 in McCoy, Parry [90]. 

Asymptotics for several counting functions related to factorization prop- 
erties in orders of global fields was obtained in Geroldinger, Halter-Koch, 
Kaczorowski [95]. A more general approach, covering also algebraic function 
fields, was developed in Halter-Koch, Miiller [91]. 

5. It has been proved by Geroldinger [88] that the set of all lengths of fac- 
torizations of a given element is essentially a union of finite arithmetical 
progressions, and for almost all elements it forms a finite arithmetic progres- 
sion (cf. Geroldinger [90c]). The same holds also, more generally, in a class of 
Krull domains (Geroldinger [97c]), and in certain monoids (Geroldinger [98]). 
Cf. Preiman, Geroldinger [00], Gao, Geroldinger [00], Halter-Koch [93a]. El- 
ements for which the set of factorization lengths forms a finite arithmetic 
progression was studied in Geroldinger [89]. For lengths of factorizations see 
also Geroldinger, Halter-Koch [92b] and Halter-Koch [92e]. 

Lengths of factorizations in other domains were dealt with in Chapman, 
Geroldinger [97]. 

For other results concerning factorizations, irreducible integers, and re- 
lated questions see D.F.Anderson, Pruis [91], Bumby [67], Bumby, Dade [67], 
Butts, Pall [67], Chapman, Smith [93a], [98], Halter-Koch [93c], Lettl [87], 
Pall [45]. 

An abstract approach to factorization problems was presented in Halter- 
Koch [92b]. 

EXERCISES 

1. Let n > 1 be an integer. An algebraic number field K satisfies the condition 
Vn, if any equality of the form a±a2 = &i • • • 6fc, with ai, bj being irreducible integers 
in K, can hold only if k < n. Moreover, K satisfies the condition W n if such an 
equality with a\ = a,2 implies k = 2. 

(i) (Czogala [81]) Prove that h(K) — 3 holds if and only if K satisfies the 
condition W3, but not V2, and h(K) = 4 holds if and only if K satisfies either W4 
or V3, but does not satisfy W3. 
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(ii) (Feng [85]) Prove that K satisfies V n if and only if D(H(K)) < n. 

2. (Krause [84] If A is a finite Abelian group, then the cross-number k(A) of A 
is defined as the maximal value of the function 



(where o(a) denotes the order of a) in the set of all irreducible blocks b G *B(A). 
(i) Prove that if A is a direct sum of cyclic groups of orders m, . . . , n s > 2, then 



where e = e(A) is the exponent of A, i.e., e = LCM(ni, . . . , n s ). 

(ii) Prove that if k(A) = 1, then A is either cyclic, or its order is a prime power. 

(iii) Establish the converse of (ii). 

(iv) Show that H(K) is either cyclic, or of a prime-power order if and only if 
there exists an integer N > 1 such that the AT-th power of every irreducible integer 
of K is a product of at most N absolutely irreducible elements. 

3. (Halter-Koch [84b]). Show that if e is the exponent of H(K), then for every 
n = 2, 3, . . . , e one can find non-associated integers ao, ai, . . . , a n G K with ao — 
ai • • • a n . 

4. (Halter-Koch [83]). Prove that an irreducible integer c G K is absolutely 
irreducible if and only if for every a, b G Rk the condition c\ab implies either c|a 2 , 
or c\b 2 . 

5. Prove that M(CJ) - n and M(C?) - 2rc. 

6. Prove that if h(K) > 2, then for any given positive N almost all integers of 
K have at least N distinct factorization into irreducibles. 

7. Prove that if h(K) > 3, then almost all integers of K have factorizations into 
irreducibles of distinct lengths. 

8. Prove that if K/Q is normal and h(K) > 3, then almost all rational integers 
have in K factorizations of distinct lengths. 
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Locally Compact Abelian Groups 

1. In this appendix we collect definitions and results from the theory of locally 
compact Abelian groups used in this book. Several theorems will be quoted 
without proofs, which can be found e.g. in Hewitt, Ross [63], or Rudin [62]. 

A locally compact Abelian group (LCA) is an Abelian group with a Haus- 
dorff topology in which G is a locally compact topological space. Moreover it 
is required that the map G x G — > G denned by [x,y] x - y is continuous 
in this topology. 

Every such group is a homogeneous space, since for every fixed a G G the 
map x i-> ax is a homeomorphism. Moreover, to ensure local compactness of 
G it suffices to have an open neighbourhood of the zero element which has a 
compact closure. 

A continuous homomorphism of G into T, the group of complex numbers 
with unit absolute value with the usual topology of the circle, is called a char- 
acter of G. The set G of characters has a group structure with multiplication 
given by (/ • g)(x) = f{x)g{x) G G, z G G). The family 

U(e,X) = {f G G : \f(x) - 1| < c for all x G X}, 

where e > 0, and X is a compact subset of G, defines a topology in G under 
which it becomes a locally compact Abelian group, the group of characters, 
or the dual group of G. 

Every element g of G induces a character on the dual group, namely 

g(f) = f(g) (/ g G), and this defines a map t : G — > G. 

Theorem I. (Duality theorem) The map t is a topological isomorphism of 
G onto G. 

Theorem II. The dual group of a discrete group is compact, and the dual 
group of a compact group is discrete. 

Theorem III. The dual group of the direct sum G\ 0 G2 is isomorphic to 
Gi0G 2 - 
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Theorem IV. Let Gi, G2, ... be a sequence of compact Abelian groups, and 
for i = 2,3, ... let Gi — > Gi-\ be a continuous surjective homomorphism. 
Then the group G = lim inv Gi is compact, and the dual groups Gi form in a 
natural way a direct system of groups, whose limit is topologically isomorphic 
toG. 

Proof : The group G is compact, since every projective limit of compact 
groups is compact. For i > j let a map : Gi — > Gj be defined by 

fij =/j+i°/i+20""o/i. 

If Xj is a character of Gj, then Xj o is a character of Gi, and if we define 
for i > j the map gij : Gj — > Gi by 

9ij Xj h-> Xj o fy, 

then {Gi\gij) will be a direct system. Moreover, all maps g^ are injective, 
hence the direct limit of this system may be identified with the union (J. G;, 
if we cease to distinguish between Xj and gij(Xi). No topological questions 
arise, since by Theorem II all groups involved are discrete. Now, every element 
of this direct limit defines a character Xi of Gi for i large enough, and if 
x = [xi,X2, . . .] G G (xi G Gi), then 

X(x) — Xi{xi) (i large enough) 

defines unambiguously a character of G. Conversely, one sees easily that in 
this way one obtains every character of G, and it remains to observe that this 
correspondence preserves multiplication. □ 

Theorem V. Let G be a compact Abelian group and 

G = G 0 D Gi d G 2 D . . . 

let be an infinite sequence of open subgroups ofG, having only the unit element 
in common. If one defines for j > i the maps fij : G/Gi — > G/Gj by 
fij(xGi) = xGj, then the inverse limit of the resulting system is topologically 
isomorphic with G. 

Proof : Put H = lim inv G/Gi. Since all G^'s are open and G is compact, the 
quotients G/Gi are finite, hence H is compact. Let / : G — > H be given by 
f(a) — [aGi]i. This map is obviously continuous, and it is also injective since 
f(a) = e implies a G f\ Gi = {e}. Thus / is a topological isomorphism of G 
onto a closed subgroup of iJ, and it remains to show that f{G) is dense in 
H. Let y — [xiGi]i G H. For j < i we have 

Xi Gi — Xj Gj Hi = Xj Gi , 

hence for — f(x]\f) we obtain 



Locally Compact Abelian Groups 513 



Vn = [xNGi\i = [x\Gi, . . . ,xn-iGn-i,xnGn,%nGn+i, • • •]> 
and so y^ tends to y. □ 

2. We will also need the concept of quasicharacters of a locally compact 
Abelian group G, i.e., its continuous homomorphisms into C*, the multi- 
plicative group of complex numbers. In the same way as for characters one 
introduces group structure and a locally compact topology into the set G of 
all quasicharacters of G. We prove now some simple facts about quasicharac- 
ters, and present a few examples. 

Theorem VI. Let G be a locally compact Abelian group. 

(i) The group G is topologically isomorphic with the direct product of G 
and the group H of positive quasicharacters of G, 

(ii) Every bounded quasicharacter is a character, 

(Hi) If G is compact, or if every element of G is of finite order, then every 
quasicharacter of G is necessarily a character. 

Proof : (i) Only the trivial character is positive, hence Gf)H = {e}. Moreover, 
if q is a quasicharacter, then q(x)/\q(x)\ is a character, and \q(x) \ is a positive 
quasicharacter, thus GH = G. The topologies of G and G x H coincide, 
because each of them is the topology of uniform convergence on compact 
sets. 

(ii) Obvious. 

(iii) If G is compact, then every quasicharacter of it is bounded, and we 
can apply (ii). If every element of G has finite order, then for x G G and a 
certain positive integer n(x) we have x n ^ = e, thus for every quasicharacter 
q we have 

1 = q (x n ^) = q(x)< x \ 
whence \q(x)\ = 1, and q is a character. □ 

Note also that just as in the case of characters one can prove that the 
group of quasicharacters of G\ x G<i is topologically isomorphic with G\ x G 2 - 

3. Now we present some examples. First, let G be the infinite cyclic group 
with discrete topology. In this case the group G is topologically isomorphic 
with C*, the isomorphism given by the map q i— >> c/(a), where a is a fixed 
generator of G. 

Now let G be the additive group of real numbers with the usual 
topology. As G is self-dual, it suffices to find its positive quasicharacters, hence 
to solve the functional equation q(x + y) = q(x)q(y) under the conditions 
that q is continuous and its values are positive. It is easily seen that with a 
suitable real a we have q(x) — e ax , and so ]R + is topologically isomorphic 
with R + x R + , thus every quasicharacter has the form q(x) = e zx with z G C. 
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Similarly one sees that for the additive group C + of complex numbers 
one has C + ~ C + xC + , and every quasicharacter has the form exp(ziRe x + 
Z2lm x) with complex zi, 22- 

The last example shows that the analogue of Theorem I does not hold for 
quasicharacters, since the group of quasicharacters of C + equals (C + ) 4 . 

The next two examples concern multiplicative groups of the real and 
complex field. First let G = M* with the usual topology. Since M* ~ C 2 x M + , 
hence R* ~ C2 x C + , and every quasicharacter has the form 

q(x) = (sgnx)'^^, 

where e G {0, 1} and z eC. 

Finally, the multiplicative group C* of complex numbers is isomorphic to 
TxR + , thus C* ~ T x 1 + ~ Cqo x C + , and every quasicharacter is of the 
form 

q(x) — exp (in frig x)\x\ z , 

with n G Z and z G C. 

Note that in the last two examples one can write the quasicharacters in 
a uniform way: 

q{x) = (w\) 

4. We will also use the Haar measure and Haar integral in locally compact 
Abelian groups. By a Haar measure on G we understand any Borel measure 
\i on G which is translation invariant, i.e. for every x G G and every Borel 
set E C G one has fi(E + x) = /jl(E), and which is positive on every open 
and non-void subset of G. In every LCA there is such a measure, and it is 
essentially unique, i.e., if \x and [i\ are two Haar measures on (7, then the 
equality n(E) = cfii(E) holds for every Borel set E C (7, with a constant c 
independent of E. It is convenient to choose the Haar measure in a compact 
group G so that /x(G) = 1, and in a discrete group so that every one-element 
set has unit measure. 

The Haar integral is the integral taken with respect to a Haar measure. 
For a thorough study of its properties see Hewitt, Ross [63]. 

The linear space of measurable complex- valued functions on G, whose 
absolute value has a finite Haar integral, will be denoted, as usual, by Li(G). 
For / G L\(G) one can define its Fourier transform by 

f(X) = [ f(x)X(-x)d»(x), (X G G) 

JG 

which is a continuous function on the dual group of G. 

In a similar way one defines the Mellin transform on G. If / is a complex- 
valued measurable function on G, and q G G, then the integral 

/(<?) = / f(x)q(x)dfj,(x) 
JG 



Locally Compact Abelian Groups 515 

may happen to be finite. In this case we speak about the value of the Mellin 
transform at q. 

We present now some examples of the Mellin transform: 

(a) G — Coo with discrete topology. Here 

oo 

/(«) = /(*) = E 

n— — oo 

since every quasicharacter corresponds to an element z G C*. 

(b) G — M + with the usual topology. Here quasicharacters correspond to 
elements of C + , and we have 

/oo 
f(x)e™dx = 2niL(f;-z), 
-OO 

where L(f;w) is the classical Laplace transform. 

(c) G — C + with the usual topology. Here 

/oo /»oo 
/ f{x + iy)e^ x+ ™dxdy. 
-oo J — oo 

(d) G = M* with the usual topology. Here the Haar measure /xr is denned 

MA)= Lw\' 



by 



and we obtain 



f(q) = /(e, *)= f {*gnxY\x\ z - l f{x)dx. 

J\x\>0 



>\x\>0 

(e) G — C* with the usual topology. For the Haar measure /ic we may 
take r a a 

( A\ f dxdy 

and we obtain 

f(q) = f(n, z) = j J exp(inarg(x + iy))\x 2 + y 2 \ zl2 ~ x f{x + iy)dxdy, 

the integral being taken over the set of all y) ^ (0, 0). 
We shall also use the following result: 

Inversion Theorem. If G is a LCA and ji is its Haar measure, then 
there exist a unique Haar measure jl on the dual group G such that for every 
continuous and integrable function f on G, whose Fourier transform f is also 
integrable, the following formula holds: 



fix) = f f(X)X(x)d[i(x) =/(-*)• 
Jg 
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In particular, if G is self-dual, then one can choose the Haar measure so 
that the inversion formula holds with the same measure on G and G. In the 
case of G = M + the usual Lebesgue measure will have this property, and for 
G = C + it will be the double of the Lebesgue plane measure, provided we 
establish the following correspondence between the elements of C + and its 
dual: if G = R+, then aeG <-> X a (t) = exp(-2iriat) , and if G = C+, then 
a £ G <-> X a (t) = exp(— 47rRe (ax)). This assertion results immediately from 
the following easily verifiable equalities: 

/oo 
e -*'+**iv*dx = VZe-*' v ', 
-OO 

/OO "i 
e -* 2 y 2 -2*ivx dy= _± =e -y 2 i 
-oo V 71 " 

/ / e-^-^ 2+4 ^ 1 -^ 1 )^-7re- 47r2 ^ +2/1 ) 2 , 
J Jm 2 

J JR2 

5. We prove now the analogue of Theorem 5.46 for the fields R and C: 



Theorem VII. (J.Tate [50]) Let K be either the real, or the complex field, 
let 

v(x) -f\*\ if K = R, 

Let f be a complex-valued function defined on K, which is continuous and 
integrable with respect to the Haar measure /x in K + . Assume, moreover, 
that its Fourier transform is also integrable, and that for all t > 0 the 
functions f(x)v(x) t and f(y)v(yY lie in L 1 (K*). For every quasicharacter 
q(x) = X(x)v(x) s of K* (where X(x) = (sgnx) e ; e G {0, 1} for K real, and 
X(x) — (xl\x\) n with n e Z for K complex) define a quasicharacter q by 
q(x) = v(x)/q(x). Then for the zeta-function 

Z(f,Q) = / f(x)q(x)dfi(x) 
Jk* 

the functional equation 

Z(f,q)=p(q)Z(f,q) 
holds for 0 < Re s < 1, where for K — R we have 

da) = { * {1 - s)/2 r(s/2)/* s/2 r((l - s)/2) ife = 0, 

and for K = C 

P(q) ~ [ %) (27r)T(l- a +|n|/2)- 
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Moreover, for a fixed equivalence 1 class of quasicharacters the zeta- 
function is a regular function of s in the half-plane Re s > 0, and can be 
continued to a meromorphic function in the plane. 

Proof : We proceed in the same way as in the proof of Theorem 5.46. However, 
we have to make an appropriate choice of the auxiliary function g, occurring 
in that proof. If K — R and e — 0, then we put g(x) — e~ 7tx , in which case 
we get g = g, and Z(g,q) = 7r~ s / 2 r(s/2), thus 

Z(g,q)=n-^/ 2 r((l-s)/2). 

If K — R and e = 1, then put g(x) = xe'™ 2 . In this case g(y) = ig(y), 
and to compute the zeta-functions write 

/0 poo 
xe'^lx^dx- / xe'^lx^dx 
-oo Jo 
poo 

= 2 e~™ 2 x s dx = 7r-^ +1 )/ 2 r((s + l)/2), 
Jo 

and similarly 

z(M) = r M/2 r((2- s )/2). 

If K = C, then put 

, x , x _ J^ n exp(-27r|^| 2 ) ifn>0, 
g{x) - g n {x) - | x _ n exp (_ 27r \ x ^ if n < o. 

In this case for n = 0 and £ = # + we obtain 

poo poo 

go(x) —2 1 / exp(— 2tt(u 2 +v 2 — 2i(xu — yv)))dudv 

J — ooJ — oo 

/oo poo 
exp(— 2tt{u 2 + v 2 — 2ixu))du I exp(— 2itv 2 — kmyv)dv 
-oo J —oo 

= exp(-27r(> 2 + y 2 )) = go{x). 

For non-zero n we assert that g n {x) = i^g- n (x). This being true for 
n — 0, let us assume that it holds for a certain n > 0. Writing this down 
explicitly, and applying the operator 

— (— +i— ^ 
Airi \dx dy J ' 

we immediately obtain the truth of our assertion for n -hi. Having established 
this for non-negative n, we obtain it also for negative n with the use of the 
inversion theorem. 

For the zeta-functions one gets now without difficulties the equalities 



1 Recall, that two quasicharacters Xv s and X±v s are called equivalent if X = X±. 
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Z(g n ,q) = (2n) 1 - s+ ^ 2 r( S +\n\/2), 

and 

Z(g n , q) = zH(27r) s+ H/ 2 r(l - 2s + \n\/2). 

Once this is done, one proceeds in the same way as in the proof of Theorem 
5.46, and arrive safely at our assertion. □ 

6. In this section we state and prove the Poisson formula, but only in a 
special case, needed in Chap. 6. Let G be a locally compact Abelian group, 
H its discrete subgroup, and assume that the factor group G/H is compact in 
the quotient topology. The dual group of G/H will be denoted by 0. Note that 
(3 can be identified with the subgroup of G, consisting of characters which 
are trivial on H. Assume, moreover, that there exists an open set D C G such 
that every g G G can be written uniquely in the form g = hd, with h G H, 
d G D. This assumption allows us to consider the map / : G/H — > D 
denned by f(A) = x, where x G D is a representative of the coset A. This 
map is continuous, and thus D is compact. If we choose in G a Haar measure 
m with m(D) — 1, then it induces a Haar measure \i in G/H, via /jl(E) = 
m(f(E)) 1 under which G/H acquires the unit measure. Finally, let v be the 
Haar measure on if, giving the unit measure to every one-element set. Note 
that with this choice of measures we have for / G L\ (G) the equality 

/ f(x)dm(x)= [ [ f(x + h)dm(x)dis(h)=Y" [ f{x + h)dm(x). 

JG JHJG heH^ D 

Under these assumptions we now prove Poisson's formula: 

Theorem VIII. Let f be a continuous function in L\(G), and assume that 

(i) the series ^2 heH f(x + h) converges uniformly for x G D, 

and 

(ii) the series J2 y e<3 I/O/) I converges. 
Then we have 

E/w = E -to 

heH y£® 



Proof : Put 



(x) = / ^2 heH if * e A 
\0 otherwise, 



and let x £ ®- We may assume that x is a character of G, trivializing on H. 
Then 
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9U)= [ ^/(^ + %H^)= Yl [ f(x + h) X (-x)dm(x) 
^ D heH heH jD 

= Yl / f( x )x(h ~ x)dm(x) = V x(h) / f(x)x(-x)dm(x) 

heH Jh+D heH Jh+D 

= ^2 f(x)x(-x)dm(x)= / f(x)x(-x)dm(x) = f(x)' 

heH Jh+D JG 

We can regard g as a function on G/H, owing to the biunique correspon- 
dence between G/H and D. One sees easily that the Fourier transform of 
this function coincides with g, and by the inversion formula we get 

9(x) = Y 9(x)x(x) for x G D, 
xe<3 

hence 

heH 

and putting x = 0 in the last equality we obtain our assertion. □ 

7. In this subsection we develop the main properties of the restricted direct 
product of topological Abelian groups, which are needed in Chap. 6. We start 
with the definition: 

Let {G v } v be a family of locally compact Abelian groups, indexed by el- 
ements v of a set V, and assume that for almost every v (i.e. for all except 
finitely many) a compact and open subgroup H v of G v is selected. The re- 
stricted product G of the G v 's with respect to the H v 's is the subgroup of 
the product Y[ v G v , consisting of all elements (g v ) v such that for almost all 
v one has g v G H v . In G we define a topology by taking for the fundamental 
system of neighbourhoods of the unity the system of all such neighbourhoods 
in the product topology in the groups 

G s = l[G v x l[H v , 

ves vgs 

where S is an arbitrarily fixed finite set of indices containing every index v 
for which H v is left undefined. One sees without difficulty that this topology 
does not depend on the particular choice of S, and that all groups G v are 
open in G. It is also easy to see that the family {[\ v U v }, where U v is a 
neighbourhood of unity in G v , and for almost all v's we have U v — H v , can 
also serve as a fundamental system of neighbourhoods of unity in G. 

Lemma 1. The restricted product G is a LCA. 

Proof : The continuity of the operations is immediate, and the local com- 
pactness follows from the observation that for finite S the group Gs is locally 
compact, and open in G. □ 
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The following theorem describes characters and quasicharacters in re- 
stricted products: 

Theorem IX. (i) The character group G is topologically isomorphic with the 
restricted product of the groups G v with respect to the subgroups A v C G v , 
annihilating H v (i.e. consisting of characters trivial on H v ). Moreover, for 
X G G we have 

X((9v)) = Y[xv(9v), 

V 

where Xv is the restriction of x to G v , considered as a subgroup of G via the 
embedding g v H> (h w ) we v G G, with 

h = f 9v ifw = v, 
w \e w otherwise, 

where e w is the unit element of the group G w . 

(ii) The same assertion holds for the group of quasicharacters. However, 
this time the isomorphism is only algebraical, not necessarily topological. 

Proof : Let q be a quasicharacter of G, and let q v be its restriction to G v . 
We show that for almost all u's we have q v (H v ) = 1. In fact, if U is a 
neighbourhood of unity in C*, not containing nontrivial subgroups, and O = 
Yl v O v is a neighbourhood of unity in G, satisfying q(0) C U, then q is trivial 
on every subgroup of O. However, for almost all v's we have O v = H v C O, 
thus q is trivial on any such H v . Let S be the set of those v G V for which 
either H v is undefined, or q is non-trivial on H v . Let also g — (g v ) G G be 
arbitrary, and put T = {v £ S : g v £ H v } and Si = {v £ S U T : H v = O v }. 
Write 

ves veT veSx 

with g 0 eUv°v> Then 

V(9) = IJ q(9v)q(9o) = JJ q(g v ) = Y[q(9v), 

vESUTUSx veSUTUS! v 

because for v outside S U T U 5i we have q(g v ) — 1. 

Now note that if for every v we have a quasicharacter q v of G v , and for 
almost all v this quasicharacter is trivial on H v , then the formula q((x v ) v ) = 
Yl v Qv(x v ) defines a quasicharacter of G. The multiplicative property of q is 
evident, and to obtain its continuity denote by S the set of indices v, for 
which q v is non-trivial on H v , and let N — #5. For every neighbourhood U 
of 1 in the complex plane choose a neighbourhood V\ with dU.Ii now 
the open sets U v C G v are chosen so that X V (U V ) C U\ holds for v G 5, and 
E/y = iZly holds for v 0 5, then the quasicharacter g maps the product ]J V U v 
into C/, and so is continuous. 
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Consider now the map 

<P • (Qv)v *-*Y[Qv 

V 

of the restricted product A of the groups G v with respect to their subgroups 
annihilating H v into G. It is obviously injective, and the preceding argument 
shows that it is also surjective. This proves part (ii) of the theorem. 

Observe now that (p maps A onto the group G. Therefore these two groups 
are algebraically isomorphic. We prove now that (f is a topological isomor- 
phism. 

A set C C G has a compact closure if and only if it lies in ]J V C v , where 
C v C G v is compact, and for almost all v we have C v — H v . Indeed, every 
such set has a compact closure, and on the other hand, if C is compact, then 
for a certain finite S C V we have C C Gs, because C C G = |J 5 Gs, and 
so a finite system of open subgroups Gs covers S. It remains to observe that 
a finite union of sets Gs also has this form. 

Let U be a neighbourhood of unity in G, having the form 

u = {x- |x(*)-i|<c forteJIC,}, 

V 

with 0 < e < 1/2 and finite S = {v : C v ^ H v }. If X G U, then for t v G C 
we have \Xv(t v ) — 1| < e, and for v outside S we have Xv(t v ) = 1? because 
then C v = H v is a group, and Xv(H v ) lies in the disc {z : \z — 1| < 1/2}. 
If 

U v = {qeG v : |g(*)-l|<c for teC v }, 

then x G E/ implies % v G C/" v for v in 5, and Xv{H v ) = 1 for v 0 5. Conversely, 
if satisfies the two last conditions, then for t in Y\ veS x 11^05 ^ we 
have \x(t) — 1| < e 7 for suitable e 7 , depending on e. □ 

8. Now we turn to the Haar measure in a group G, which is the restricted 
product of GVs with respect to H v 's. We retain all notation from the pre- 
ceding subsection. Choose in every G v a Haar measure giving the unit 
measure to the groups H v in the case, when they are defined. It is also possi- 
ble to allow finitely many exception to this condition. For every finite S CV 
denote by fi s the product measure in the compact group Yl v ^ s H v . Then 

ves 

is a Haar measure in the group Gs- 

If / is a continuous function with compact support i on G, then for 
suitable S we have A C Gs, and so the linear functional 

F(f) = [ f{x)dii s {x) 
Jg s 
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is well defined and independent of the choice of S. This functional induces, 
in a well-known way, an invariant integral on G. Thus there exists a Haar 
measure /x on G for which 



This measure depends on the choice of Haar measures in those groups 
G v , for which H v is not defined. However, in all our applications there will 
be a standard choice for those measures. The next two lemmas are useful for 
performing effective integration on G, and for finding Fourier transforms: 

Lemma 2. Assume that for every v G V a complex-valued, continuous and 
integrable function f v on G v is given, whose restriction to H v equals 1 for 
almost all v ; s. Let f be the function on G defined by 



Then f is continuous, and for every finite set S C V containing all v 's 
for which either H v is not defined, or f v is non-trivial on H v , we have 



Proof : The continuity of / results from the observation that the groups Gs 
are open and cover G, and on each of them / is continuous. The asserted 
equality is a consequence of 




V 





and the definition of dfis(x). 



Corollary. Under the assumptions of the lemma, if 




then f is integrable on G, and 




□ 



Denote by h v the characteristic function of H v for all v, for which H v is 
defined. Moreover, let iJ* be the subgroup of G v , annihilating H v . 
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Lemma 3. (i) The Fourier transform ofh v equals the characteristic function 
of HI. 

(ii) For every v eV let f v be a complex-valued, continuous and integrable 
function on G v . Assume that for almost all v, one has f v = h v . 

If f = Y\ v fv is the induced function on G, then its Fourier transform f 
satisfies 

f(x) = Hfv(Xv), 

V 

where x — Yl v Xv is a character of G in the form given by Theorem IX. 
Proof : (i) We have 

h v (Xv) = / h v (x)xv(x~ 1 )dfj JV (x) = / Xv(x~ 1 )djn v (x) 

J G v J H v 

— / Ih dn v {x) = 1 if Xv is trivial on H v , 
\ 0 otherwise, 

thus h v is equal to the characteristic function of iJ*, as asserted. 

(ii) It follows from (i) that for almost all v for any character x = Yi v Xv 
we have h v (x v ) — 1- Moreover, for almost all v we have 

/ \fv(x v )xv(x~ l )\d^ v (x) = 1, 

and so it is possible to apply the corollary to the preceding lemma, yielding 

fix) = / fi^xix'^dfiix) = II / fv(x v )xv{x- l )dii v (x) = \[f v (xv)^ 

JG v J G v v 



The next lemma describes the Haar measure in the character group G, 
dual to the Haar measure in G used above. Recall, that one says that the 
Haar measure jl on G is dual to the Haar measure \i on G if the inversion 
theorem, as stated above, holds for them. 

Lemma 4. For every v let (l v be the Haar measure on G v , dual to the measure 
fi v . Then the group H* has unit measure, and the measure fi defined in G, 
using the measures (l v in the same way, as fi was defined with the use of \i v , 
is dual to ii. 

Proof. We have 

K(y) = hyiy' 1 ) = / h v (x v )y(x~ l )dji v , 

J G v 



and 
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h v (y) = / x v (y)dfjb v (x). 
Putting y equal to the unit element of G, we obtain 

/ dfi v (x) = 1. 

Therefore we can apply the process of constructing the Haar measure in 
G. The check that the resulting measure is dual to ji does not present any 
difficulties. □ 

Corollary. // / satisfies the conditions of Lemma 3, and, moreover, for all 
v the Fourier transform of f v is integrable, then the Fourier transform of f 
is also integrable. 

Proof : If we put So = {v : f v ^ h v }, then by Lemma 3 (ii) we get 
/(£) = II fv(x v ) Yl h v (x v ). 

veS 0 v£S 0 

Lemma 4 and Lemma 3 (i) imply now that for v outside So we have 

/ \h v \djl v = l, 

and therefore 



oo. 



supJJ / \f v (x v )\dfjL v < Yl I \fv(x v )\dfJL v < 
s ves^v veSo Jg v 

It remains to apply Lemma 3 (ii). □ 
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Function Theory 

1. We collect here certain results of the theory of complex functions, used in 
this book. The proofs are omitted. 
A series of the form 

oo 

^a n rT s , (1) 

n=l 

where a n are complex coefficients, and s — a + it is a complex variable, is 
called a Dirichlet series. 

Proposition 1. If the series (1) converges at so, then it converges also in the 
open half-plane a > 1 + Re so , the convergence being uniform in every angle 
arg(s — so) < c < 7r/2. Thus (1) defines a function regular in the half-plane 
a > Re so- If at s± the convergence is absolute, then (1) converges absolutely 
and uniformly in the half-plane a > Re s± . 

This proposition allows us to speak about the half-planes of convergence 
and absolute convergence of (1). 

We are mainly interested in the asymptotic behaviour of the coefficient 
sum S(x) — Yla n <x °f (-0* A very general result regarding this question is 
the theorem of Delange-Ikehara 2 , of which the following theorem is a special 
case: 

Theorem I. Assume that the coefficients of the series (1) are real and non- 
negative, and that it converges in the half -plane a > 1, defining there a regular 
function f(s). Assume, moreover, that in the same half-plane one can write 

f(s) = X>(s)log b ' (s - I)"*' +9(8), 

where the functions g,go, . . . ,g q are regular in the closed half-plane a > 1, 
the bj-s are non-negative rational integers, cto is a positive real number, 
ai, . . . , a q are complex numbers with Re aj < ao, and go(l) ^ 0. 



2 See Delange [54], Narkiewicz [83,Chap. III]. 
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Then for the summatory function S(x) = Yl n <x a ™ we have, for x tending 
to infinity, 

S(x) = +o(l)) zlog^^loglogz) 60 . 

If f satisfies the same assumptions, except that ao = 0 and bo > 1, then 
S(x) = (boffo(l) + oil)) ^ 1 ^ 0 ' 1 . 

Note that in Delange's paper the ctj's are assumed to be real, however 
this assumption is not used in the proof. 

2. We need also a result of Landau. For its proof see e.g. Narkiewicz [83, Th. 
3.5] or Prachar [57]. 

Theorem II. If a > C defines the half-plane of convergence of a series (1) 
with non-negative coefficients, then the sum of this series has a singularity at 
s = C. 

We also include for reference two results from function theory not con- 
nected with Dirichlet series. Their proofs can be found in Prachar [57]. Put 
D(s 0 ;r) = {s : \s - s 0 \ < r}. 

Theorem III. Assume that f(s) is regular in the disc D(so; r), and does not 
vanish in the set 

{s: |s-s 0 |<r/2, Re (s - s 0 ) > 0}. 
Assume, moreover, that it satisfies 

in D(so]r). If z is a zero of f of order h, satisfying \z — sq\ < r/2, and 
Re (z — so) < 0, then one has the following inequalities: 

Re _41ogM 

V /( s o) J r 



/(so)/ r V s o-^ 

Theorem IV. If f is regular in the disc D(so;R), and 0 < r < R, then for 
s G D(so',r) we have 

2\Hs 0 )\R 2r_ ^ 

lJ Wl ~ R-r R - r seD( S0 ;R) w 
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Baker's Method 

In the proof of Theorem 8.29 the use is made of a result of A.Baker and 
G.Wiistholz [93], giving a lower bound for linear forms in logarithms. To 
state it we denote by H(a) the height of an algebraic number a, denned as 
the maximal absolute value of the coefficients of the minimal polynomial of 
a over Q. 

Theorem. Let ai, a2, . . . , a n be non-zero algebraic numbers, and let 

X 2 , • • . , X n ) = X 1 log ai + • • • + X n log a n . 

Assume that the numbers Ai,...,A n satisfy Aj > e, and H(aj) < Aj 
for j — 1, 2, . . . , n. If M > e, and xi,...,x n are rational integers, satisfying 
\xj\ < M (j = 1, . . . , n), then either L(xi, . . . ,x n ) = 0 ; or 

n 

log\L(x u ...,x n )\ > -(16cin) 2 - +4 logM JJlogA,, 
where d is the degree of the extension Q(ai, . . . , a n )/Q- 
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In the first edition a list of 35 open problems was presented, and in the second 
edition 14 problems were added. In the meantime certain of them have been solved 
either completely (they are marked by an asterisk), or partially. Here we reproduce 
this list, and add certain other problems. 

1. (Lehmer [33a]) Prove that for every e > 0 one can find an algebraic integer 
a, not a root of unity, with 

M(a) = Yl max(l, \a (i) |) < 1 + e, 

where the product runs over all conjugates of a. 

The answer is negative in the case, when the minimal polynomial P of a is not 
reciprocal, i.e., P(X) ^ X n P(l/X) 1 with n = degP (Breusch [51], Smyth [71]). 
Now it is rather believed that the answer is negative. See Chap. 2 for comments. 

2*. (Robinson [62]) Show that if b — a > 4, then the interval [a, b] contains a 
full system of conjugates of an integer of degree n, provided n is sufficiently large. 

Solved by Ennola [75a]. 

3. (Samet [53]) Let U be the set of all non-real integers, whose all conjugates 
except two lie in the closed unit disc, and there are some on its circumference, 
Determine the closure of U. 

4. (Robinson [69]) Determine all circles with irrational center which contain 
infinitely many full systems of conjugates of algebraic integers. 

Circles of this type with rational centers have been described in Robinson [69] . 
Circles with totally real centers were described in Ennola [73a] , and circles with cen- 
ters of degree 3 or 4 in Ennola, Smyth [74]. All algebraic integers whose conjugates 
lie on a circle were described in Ennola, Smyth [76]. 

5. Determine all numbers which are discriminants of finite extensions of Q. 

For Abelian extensions of Q with a given Galois group the answer is given by 
the conductor-discriminant formula. In the general case nothing seems to be known 
apart of Stickelberger's theorem. 

6. Find a necessary and sufficient condition for a field to have index 1. 

It follows from Uchida [77b] that this happens if and only if the field has an 
integral generator, whose minimal polynomial does not lie in the square of a maxi- 
mal ideal in Z[X]. An effective procedure to check whether a given field has index 
1 was given by Gyory [73]. 
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7. Let Nk(x) denote the number of non-isomorphic fields of degree k whose 
discriminants do not exceed x in absolute value. Prove the existence of a positive 
limit lim^oo Nk(x)/x. 

For k — 2 this is trivial, and for k — 3 this has been proved in Davenport, 
Heilbronn [69]. Lower and upper bounds for N±(x) have been obtained in Baily 
[80]. Upper bounds in the general case were given in W.M.Schmidt [95]. 

8. Find a necessary and sufficient condition for the existence of a normal integral 
basis in a normal extension. 

9. Can one determine reasonable classes of extensions K/Q for which tame 
ramification is necessary and sufficient for the existence of a normal basis. 

There was an enormous progress on the two last questions. We refer the reader 
to the book of Frohlich [83a] on that subject and to the literature quoted in Chap. 4. 

10. Describe fields K (not necessarily algebraic over Q) having the property 
that every polynomial P £ K[X] for which there exists an infinite set X C K with 
P(X) = X must be linear. 

Algebraic number fields have this property (Narkiewicz [62]), and, more gener- 
ally, all finitely generated extensions of a prime field (Liardet [70], Lewis [72]). See 
also Kubota, Liardet [76], Liardet [71], [72], [75]. 

11. Assume that K has the property indicated in the preceding problem. Prove 
that if the rational function / £ K(X) maps an infinite subset of K onto itself, 
then f(X) = {aX + b)/(cX + d). 

This is known to be true for a large class of fields (Liardet [70]). 

12. Let G be a finite Abelian group. Show that there is an algebraic number 
field with H(K) ~ G. The same problem may be also stated for the group H*(K). 

13. Give a simple criterion for the existence of a unit with negative norm in a 
real quadratic field. 

A rather quick algorithm for testing this was presented in Lagarias [80a]. 

14. Characterize real fields with a system of totally positive fundamental units. 

This is equivalent to h*{K) = 2 ri ~ 1 h(K). See Armitage, Frohlich [67], where 
this possibility is ruled out for a large class of fields. 

15. Characterize fields with a system of real fundamental units. 

16. Give a convenient necessary and sufficient condition for a normal field to 
have a conjugated system of fundamental units. 

17. In which fields has the group U + (K) a conjugated system of generators? 

Fields with cyclic Galois group of 3 and 5 elements have this property. This was 
proved by Hasse [48a], and Morikawa [68], respectively. 

18. (Jacobson [64]) In which fields is every integer a sum of distinct units? 
There are only two such quadratic fields (with d(K) = 5,8) (Jacobson [64], 

Sliwa [74]), but infinitely many cubic and quartic fields (Belcher [74], [75]). 

19*. Prove that only a finite number of units in a given field can have the same 
discriminant. 

This was proved in Birch, Merriman [72] and Gyory [73 [, [83]. Gyory's proof is 
effective. 
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20. (Heilbronn [50]) Prove the existence of infinitely many Euclidean cubic 
fields. 

21. (Gauss) Show that infinitely many real quadratic fields have class- number 

1. 

For an heuristical approach see Takhtayan, Vinogradov [82]. 

22. Give an explicit formula for the highest power of a given prime which divides 
the index of a field K. 

For unramified primes this problem was solved in Sliwa [82a] . See also Del Corso, 
Dvornicich [02], Gaal, Petho, Pohst [91], Nakahara [83], Nart [85]. 

23. (Shafarevich [63a]) Prove that for real quadratic fields with a prime dis- 
criminant the rank of H(K) is bounded. 

24. (Leopoldt 's Conjecture, Leopoldt [62]) Find the rank of the p-adic regulator 
matrix. 

In fact Leopoldt conjectured that this rank equals n +r2 — 1. This is true for all 
Abelian fields, and also in certain other cases. See G.Gras [03, Chap. 3], Washington 
[82,Chap.5]. 

25. Determine Dedekind domains for which the class of the different of an 
extension is always a square. 

Cf. Frohlich, Serre, Tate [62]. 

26. (Artin) Prove that if K C L, then (l(s)/(k(s) is entire. 

This holds if the extension L/K is normal (Aramata [31], [33], Brauer [47a]). 
See also the literature quoted in Chap. 7. 

27*. Prove the analogue of Proposition 7.19 for non- normal extensions. 
This has been done by Odoni [75a] (cf. Odoni [73b], [75b]). 

28. Determine the structure of Rl as an Rk[G] -module for a given normal 
extension L/K with Galois group G. 

This problem is closely related to problems 8 and 9, and we refer the reader to 
the literature mentioned there. 

29* . Characterize Dedekind domains in which all factorizations into irreducibles 
of a given element have the same length. 

This has been done by Skula [76] (cf. Zaks [76], [80]). For analogues in more 
general rings see the survey given in Chapman, Coykendall [00]. 

30. (Davenport) Evaluate Davenport's constant D(G) for finite Abelian groups 

G. 

Cf. the literature quoted in Chap. 9. 

31*. (Turan) Let f(n) denote the number of distinct factorizations of a given 
natural number n into irreducibles in an algebraic number field K with h(K) / 1. 
Prove that / cannot have a non-decreasing normal order. 

Solved by Rosinski and Sliwa [76]. 

32*. Characterize arithmetically fields with a given class-number / 1, 2. 
This has been done by Kaczorowski [84] and Rush [83]. See Theorem 9.2. 

33. Prove that there are only finitely many totally imaginary fields of a given 
degree and class-number one. 
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34*. Prove that for any positive integer N there are infinitely many fields of 
given degree and signature with class- number divisible by N. 

This was established for not totally real fields by Azuhata, Ichimura [84], and 
by Nakano [84] in the remaining case. 

35. Give an elementary proof of Dirichlet's class-number formulas. 
For imaginary quadratic fields this has been done by Orde [78]. 

36. (H.C.Williams [81a]) Prove that the length of the period of the continued 
fraction for y/D is 0(\/Z> log log D). 

37. (Browkin, Schinzel) Let K be an algebraic number field. Prove that if there 
exists an infinite sequence of integers of K, such that for every ideal I the first N (I) 
terms of this sequence are distinct mod 7, then K is the field of rational numbers. 

For partial results see Latham [73], Wantula [74], Wasen [74], [76], [77]. 

38. (Boyd [77]) Is the union of the sets of Pisot numbers and Salem numbers 
closed? 

39. (Lenstra [77a]) Evaluate L(K), the Lenstra constant of the field K, defined 
as the cardinality of the largest set A of integers of K, having the property that for 
all a 7^ b in A the difference a — b is a unit. 

40. Characterize fields K in which every totally positive unit is a square. 
Cf. Armitage, Fr6hlich[67], Garbanati [76], Hasse [52a], Hughes, Mollin [83]. 

41. For a finite group G characterize ZfGJ-modules, which are isomorphic to 
U(K)/E(K) for suitable normal extensions K/Q) with Galois group G. 

See the comments in Chap. 3. 

42. (Newman [74a]) Which rational integers are sums of two units from the 
p-th cyclotomic field? 

43. (Newman [74a,b], [90]) For a given field K and a <E Rk denote by N(K, a) 
the maximal number k with the property that there exists a unit u G Rk such that 
u + a, u + 2a, . . . , u + (k — l)a are all units. 

(a) Determine N(K,a). 

The inequality N(K,a) < ri(K) + r2(K) has been established by K.Gyory 
[79b]. 

(b) Prove that N(Q(C P ), 1) = 4. 

This is true for 5 < p < 37 and for p = 47, 73 ((Newman [90]). 

44* (Jehne [77b]) Prove that the only one-element Kronecker class consists of 
the base field. 

A counterexample has been constructed by Saxl [88]. Cf.Lochter [94b]. 

45*. (Perlis [78]) Do arithmetically equivalent fields have the same class- 
number? 

The answer is negative (de Smit, Perlis [94]). 

46. (Baker, Schinzel [71]) Prove that in an imaginary quadratic field of discrim- 
inant d every genus contains an ideal of norm 0(|d| e ) for every e > 0. 

The best known bound is 0(|d| c ) for every c > 1/4 (Heath-Brown [79]). 

47. Obtain analogues of the Frobenius-Rabinowitsch theorem for other values 
of the class- number and other classes of fields. 
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Much work has been done on this question. See the book of Mollin [96d] on the 
quadratic case , as well as the literature quoted in Chap. 8. 

48. Evaluate the constants a±(A) and M(A), associated with finite Abelian 
groups A. 

49. (Chowla, Kessler, Livingston [77]). Let p = 1 (mod 4) be a prime. Prove 
that if for all x = 1, 2, . . . , (p — l)/2 one has 



then p = 5, 13 or 37. 

This has been checked for p < 43 000. 

Problems added in the third edition: 

50. (Sprindzhuk [73], [82]) Let e > 0 be given. Prove that every algebraic 
number field K of degree n has an extension L/K with 



where A depends only on n, and B depends only on n and e. 

This is a rather strong conjecture. It implies that for all fields of a fixed degree 
one has h{K) > \d(K)\ 1/2 ~ e for every e > 0. 

51. (Gordon. This problem has been often attributed to Erdos) Can one walk 
from the origin to infinity, using steps of bounded length, and the Gaussian primes 
as the stepping stones? 

Jordan, Rabung [70] proved that steps must be > y/l0 and Gethner, Wagon, 
Wick [98] improved this to > v^. Cf. Gethner, Stark [97], Haugland [95]. 

52. (V.K.Murty [00]) Let L/K be a normal extension, and C a conjugacy class 
in Gal(L/K). Let IIc(x, L/K) be the number of unramified prime ideals of first 
degree of norm < x, whose Frobenius symbol lies in C, and let p(L/K) be the 
smallest value of x with i7c(#, L/K) > 0 for all C. Prove 



with an absolute constant c. 

This is true in case when K is the rational field, and L is cyclotomic. 

53. Let K be a totally real field, and let A be the set of all totally positive 
elements of Rk, A number a £ A is said to be indecomposable, if it is not a sum 
of two elements of A. Determine the maximal norm c{K) of an indecomposable 
element of A. 

For quadratic K this has been done in Dress, Scharlau [82], and a bound for 
c{K) in the general case was obtained in Brunotte [83]. 

54. In which fields does every integral basis contain a field generator? 
For partial results see de Smit [95]. 

55. Let K be an algebraic number field, which has infinitely many units. Prove 
the existence of infinitely many prime ideals p in Rk such that every non-zero 
residue class mod p contains units. 




[L:K]<A, R(L) < B(e)\d(K)\\ 



p(L/K)«log c d(L), 
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This follows from GRH (Lenstra [77b]). Unconditionally this has been proved 
for all Abelian totally real fields of degree > 4 and for totally real quadratic and 
cubic fields with at most three exceptions (Narkiewicz [88]). 

56. (Artin's Conjecture for number fields) Prove that if a G Rk is neither zero, 
nor a unit, nor a square of an integer in Rk, then there are infinitely many prime 
ideals in Rk for which a is a primitive root. 

This is true under GRH (Lenstra [77b]). For partial unconditional results see 
Narkiewicz [87]). Cf. Hinz [86]. 

57. (Bremner [88]) Let K = Q(C P ). Prove that if a £ Rk and R K = Z[a], then 
up to equivalence and conjugation one has either a — £ p or a = £ p + + • • • + 

>(p-l)/2 

This is true for p = 7 (Bremner [88]). 

58. (Stevenhagen [95]) Let F(x) denote the number of real quadratic fields K 
with d(K) < x, in which there exists units with negative norm. Prove that with a 
certain c > 0 one has F(x) = (c + o(l))x/y/\ogx 

59. (Tollis [97]) Prove that for every n there exists a constant C(n) such that 
for every field K of degree n the function £k{s) has a root p, satisfying Imp < 
C(n)/log\d(K)\. 

The bound C(n)/logloglog(|d(iif)|) was obtained in Neugebauer [88], and 
GRH permits to eliminate one of the logarithms (Omar [00]). 

60. (Morton, Silverman [94]) Let K be an algebraic number field of degree n, 
and let / G K[X] be of degree > 2. Assume that / has a cycle of length k in 
K, i.e., there exist distinct elements xi, . . . ,Xk in K such that f(xk) = xi, and 
f(xi) = Xi+i holds for i = 1, 2, . . . , k — 1. Prove that k does not exceed a bound 
B(d,n), depending only on d and n, but not on K or /. 

This is open already in the simplest case n = 1, d = 2. It is known only 
that quadratic polynomials with rational coefficients cannot have cycles of length 
4 (Morton [92,11]), or 5 (Flynn, Poonen, Schaefer [97]). 
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